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PREFACE. 

• 

This volome consists chiefly of reprinted articles, on Electro- 
statics and mathematically allied subjects, which originally 
appeared at different times. during the last thirty years, in the 
Cambridge Malhemaiieal Jotbrnal^ the Cambridge arid DuUin 
Mathematical Journal, liouville's Journal de MaihhuUigtiei, 
the Philosophical Magaxme, Nichol's Cydopasdia, the Rtports of 
ihe British Assodaiior^ the Transactions or Proceediiigs of the 
Royal Societies of London and Edinbtt/rgh, the JRoyal InstittUian 
of Oreat Britain, and the Philosophical Societies of Manchester 
and Olasgaw. The remainder, constituting about a quarter of the 
whole, is now printed for the fibnst time from manuscript^ which,^ 
except a small part about twenty years old, entitled " Electro- 
magnets,'' has been written for the present publication, to fill 
up roughly gaps in the collection. The original dates of the 
republished articles, the dates of all new matter appearing as 
insertions or notes in the course of those articles, and the dates 
of the fresh articles have all been carefully indicated. 

The artide on Atmospheric Electricity, extracted from 
Nichol's Cyelopcedia, was originally written at the request of 
my late friend and colleague the Editor ; and for the permission 
to reprint it I am indebted to his son, my colleague, Professor 
John Kichol, and to the Messrs. OrifKn, the publishers of the 
Oy€l<qMedia. 



▼i PREFACE. 

The present volume indudes as nearly as may be all that I 
have hitherto written on electrostatics and magnetisiii. I have 
exdnded fiom it electrical papers in which either tfaermo- 
djnamics or the kinetics of electricity is prominent I intend 
thal^ as soon as possible, it shall be followed by a collected re- 
print of all my other papers hitherto published. 

I take this opportunity of thanking Professors Clerk Max- 
well and Tait for much valuable assistanee which they have 
given ma in the course of this work. 

WILLIAM THOMSON. 
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L-ON THE UNIFOBM MOTIOK OF HEAT IN HOMOOSNBOUB 
SOLID BODIES^ AND ITS OONNEXION WITH THE 
HATHBMATIGAL THEORY OF ELECTBICnT.* 

(F^om CbM6K(^ iraOeMoiieDl /ovnid; Feb. 184S: Baprintod Pka^wphiml 

[Since the following article was written,-|* the writer finds 
that most of his ideas have been anticipated by M. Chasles 
in two Mdmoires in the Journal de Mathimaiigwu ; the first, 
in voL IIL» on the Determination of the Value of a certain 
Definite Integral, and the second, in voL v., on a new Method 
of Determining the Attraction of an Ellipsoid on a Point with- 
out it In the latter of these Mdmoires, M. Chasles refers to 
a paper, by himself, in the twenty-fifth Cdhiar of the Journal 
de VEcoU Polytechnique, in which it ib probable there ate still 
further anticipations, though the writer of the present article 

* [yoU added Jtme 1854]. — This paper first appeared atnoojnkiomitj m the 
Caimbridge McUKenuUieal Journal in February 1842. The text is re prin ted 
without alteration oi addition. All the footnotee are of the present date 
(March 1854). The general eondvaions established in it show that the lawi 
'.istribntion of electric or magnetic force in any case whatever most be 
identical with the laws of distribution of the lines of motion of best in certain 
I>erfectly defined circumstances. With developments and applications con« 
tained in a subsequent paper (n. below) on the Elomentaiy Laws of Statical 
Electricity {Cambridge and DMin J/athemalkal JamnuU, Not. 1845), they 
constitute a full theory of the characteristics of lines of force, which hava 
been so admirably investigated ezperimentaUy by Faraday, and complete the 
analogy with the tibeory of the conduction of heat» of which such terms as '* con- 
ducting power for lines of force" (Ap. 1U», §§ 2797-2802) involve the idea. 

t [Note added June 1854]. — ^This preliminary notice was written soms 
montiis later than the text which foUowi, and was communicated to the 
editor of the journal to be prefixed to the paper, which had been in his 
hands since the month of September 1841. The ideas in whidi the anther 
had ascertained he had been anticipated by M. CShasles, were those by which 
he was led to the determination of the attraction of an ellipsoid given in the 
latter part, of the paper. He found soon afterwards that ha waa anticipated 
by the ssme author in an ennnciation of the general theonms legwding 
attraction ; still later he found that both an enunciation and demonatration 
of the same genenl theomis had been given by Qaaai^ whoso paper ap* 
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has not had acceasi to so late a volume of the latter journaL 
Sincep however, moeftof his methods are very different from 
those of M. Ghasles, which are nearly entirely geometrical, the 
following article may be not nninteresting to some readers : — ] 

1. If an infinite homogeneous solid be submitted to the action 
of certain constant sources of heat^ the stationary temperature 
at any point will vary according to its position ; and through 
every point there will be a surfieu^, over the whole extent of 
which the tempeiature is constant^ which is therefore called an 
uoihermal surface. In this paper the case will be considered 
in which these surfaces are finite, and consequently dosed. 

2. It iB obvious that the temperature of any point without a 
given isothermal surface, depends merely on the form and 
temperature of the surfSace, being independent of the actual 
•ouxces of heat by which this temperature is produced, pro- 
vided there are no sources without the surface. The tempera- 
ture of an extenuJ point is consequently the same as if all the 
flonroes were distributed over this surface in such a manner 
as to produce the given constant temperature. Hence we may 
consider the temperature of any point without the isothermal 
surface, as the sum of the temperatures due to certain constant 
sources of heat, distributed over that surface 

pourad shortly after M. Ckaslet* enoiicUtioiis ; and after all, lie found that 
these theorema had been diacorered and pnblUhed in the most oomplete and 
general manner, with rieh applications to the theories of eleotrioitj and 
magnetism, mors than ten yean prsvioosly, by Oreen 1 It was not until 
ear^ in 1S45 that the author, after baring inquired for it in rain for several 
years, in eonsequence of an obscure allusion to it in one of Murphy's papers, 
was fortunate enough to meet with a copy of the remarkable paper (*' An 
Enay on the Application of Mathematical Analysis to the Theories of 
Elecbicity and MagnetiBm,** by George Green, Nottingham, 1828) in which 
this grsat adraace in physical mathematics was first made. It is worth 
remariunf^ that, referring to Green as the originator of the term, Murphy 

£>es m mistaken definition of " potential" It appears highly probable that 
I may nerer hare had access to Green's essay at all, and that this is the 
esplanation d the fact (of which any othoT explanation is scarcely conceiv- 
able), that in his Treatise on EJectridty <Muri)hy's EUdrkUy, Cambridge, 
ISaS) he makes no allusion whatever to Green*s discoveries, and gives a 
theory in no respect pushed beyond what had been done by Poisson. AU 
the general theorems on a^^raetion which Green and the other writers re- 
Isfivd to^ demoostrsted by varioua purely mathematical processes, see seen 
as axiomatio tnttha in approaching the subject by the way laid down in the 
paper whioh is now republished. The analogy with the oooduction of heat 
Ml whibh these views are founded, has Bot» so far as the anthor is aware, 
by any ether wiitsr. 
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3. To find the temperatoie produced by a single sonite of 
heat, let r be the distance of any point from it^ and let v be 
the temperature at that point Then, since the temperature is 
the same for all points situated at the same distance from the 
source, it is readily shown that i; is determined by the equation 

alt -) - 

Dividing both members by r*, and integrating, we have 

r 

Now let us suppose that the natural temperature of the solid, 
or the temperature at an infinite distance from the source^ is 
zero : then we shall have (7= 0, and consequently 

v^^ (1). 

r 

4. Hence that part of the temperature of a point without an 
isothermal surfieu^ which is due to the sources of heat situated 

on any element, d^^, of the surface, is ^- — - 1 where r^ is the 

distance from the element to that point, and pi a quantity 
measuring the intensity of the sources of heat at. different 
parts of the surfiBU^ Hence, the supposition being still made 
that there are no sources of heat without the surfeuM if v be the 
temperature at the external pointy we have 

\P^d^ ' (2), 

the integrals being extended over the whole surface. The 
quantity pi must be determined by the condition 

»=»i ^ (8), 

for any point in the surface, Vi being a given constant tem- 
perature. 

6. Let us now consider what will be the temperature of a 
point within the surface, supposing all the sources of heat by 
which the surface is retained at the temperature t'l to be distri* 
buted over it Since tiiere are no sources in the interior of the 
surface, it follows that as much heat must flow out from the 
interior across the surface as flows into the interior, &om the 
sources of heat at the surface^ Hence the total flux of heat 
from the original surface to an a4jacent isothermal surfSskce in 
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Hie interior is nothing. Hence also the flux of heat from this 

latter snifiace to an a4jacent isothermal surfince in its interior I 

mnst be nothing; and so on through the whole of the body | 

irithin the original surface. Hence the temperature in the # 

interior is constant^ and equal to t^ and therefore^ for points at 

the woabiOb, or within it, we have i 

e!^*.r, (4). 

ITow, if we suppose the surfAce to be covered with an attrac- 
tive medium, whose density at different points is proportional 

*^ P^ '^'3x1 1 *' ^^ ^ *^® attraction, in the direction of 

the axis of as, on a point whose rectangular co-ordinates are 
d^ y, SL Hence it foUows that the attraction of this medium 
on a point within the surfiftce is nothing, and consequently pi 
is proportional to the intensity of electricity in a state of equi- 
librium on the suriiBbce, the attraction of electricity in a state 
of equilibrium being nothing on an interior point Since, at 

the 8ur£Ekce» the value of \\^ — ^ is constant, and since, on 

that account^ its value within the surface is constant also, it 
follows, that if the attractive force on a point at the surface 
is perpendicular to the surface, the attraction on a point within 
the surface is nothing. Hence the sole condition of equi- 
librium of electricity, distributed over the surface of a body, 
ia, that it must be so distributed that the attraction on a point 
at the surface, oppositely electrified, may be perpendicular to 
the BurfiskceL 

6. Since, at any of the isothermal surfaces, v is constant, it 

follows that — ^ I where n is the length of a curve which cuts 

an the surfisces perpendicularly, measured from a fixed point 
to the point attracted, is the total attraction on the latter point ; 
and that this attnu^tion is in a tangent to the curve n, or in 
a nonnal to the isothenoal surface passing through the point 
Par the same reason also, if p^ represent a flux of heat a&d not 

an electrical intensity, '— — will be the total flux of heat at the 

variable extramity of a, and the direction of this flux will be 
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along n, or perpendicular to the isothermal anrface. Hence, if 
a surface in an infinite solid be retained at a constant tempera- 
ture, and if a conducting body, bounded by a similar surface^ 
be dectrified, the flux of heat, at any pointy in the first case, 
will be proportional to the attraction on an electrical point, 
similarly situated, in the second ; and the direction of the flux 
will correspond to that of the attraction. 

7. Let — -TT be the external value of — -^r* ^ ^^ original 

aiii m 

sur£BU>e» or the attraction on a point without it^ and indefinitelj 
near it Now this attraction is composed of two parts ; one the 
attraction of the a4]acent element of the surftce ; and the other 
the attraction of all the rest of the surfaoa. Hence, calling the 
former of these a, and the latter b, we have 

Now, since the adjacent element of the sur&ce may be taken 
as infinitely larger, in its linear dimensions, than, the distance 
from it of the point attracted, its attraction will be the same as 
that of an infinite plane, of the densily pi. Hence a is inde- 
pendent of the distance of the point fiN>m the surfaocb and is 
equal to 27rpi. Hence 

Now, for a point within the surfieu^e, the attraction of the adja- 
cent element will be the same, but in a contrary direction, and 
the attraction of the rest of the surface will be the same^ and 
in the same direction. Hence the attraction on a point within 
the sur£ace, and indefinitely near it, is — Sirpi + h ; and conse- 
quently, since this is equal to nothing; we must have bssz^vpi^ 



and therefore j^^ 



Atp, {6). 



Hence p^ is equal to the total flux of heat^ at any point of the 
surface, divided by 4m 

8. It also follows that if the attraction of matter spread over 
the surface be nothing on an interior pointy the attraction on 
an exterior point, indefinitely near the surface, is perpendicular 
to the surface, and equal to the density of the matter at the 
part of the surface adjacent to that point, multiplied by 4ir« 



6 Unifcrm Motion qf Htat and [i. 

' 9. If V be the tempeiature at any isothermal mrho^ and p the 
intensily of the sooices at any point of this sarfiu^e, which would 
be neoemuy to aastain the temperature v, we hare, by (6), 

dv 

which equation holds, whatever be the manner in which the 
actual sonices of heat are arranged, whether over an iiotheimal 
anrfiuse or not; and the temperatore produced in an external 
point by the former sonrcee, is the same as that produced by 
the lattei: Also^ the total flux of heat across the isothermal 
ani&oe^ whose temperature is v, is equal to the total flux of 
heat from the actual sources. From this, and from what has 
beat proved above, it follows that if a surface be described 
round a conducting or non-conducting electrified body, so that 
tiie attraction on points situated ou this surface may be every* 
where perpendicular to it, and if the electricity be removed 
from the original body, and distributed in equilibrium over 
this snr&oe, its intensity at any point will be equal to the 
attraction of the original body on that point, divided by 4v, 
and its attraction on any point without it wiU be equal to the 
attraction of the original body on the same point* 

If we call J? the total expenditure of hei^ or the whole flux 
any isothennal surface, we have, obviously. 



^-//^*^'- 



10. Now this quantity should be equal to the sum of the 
expenditures of heat from aU the sources. To verify this, we 
mus^ in the first places find the expenditure of a single source. 
Now the temperature produced by a.sin^e source is, by (1), 

«=: — f and hence the expenditure is obviously equal to 



• [JSToie added Jum 1854].— After htmng etUbliihed this remukabla 
ilieomi m th« mMuamr ibown in the text, the anther attempted to prore it 
I17 direct iate^ration, hat only enee e eded in doinf lo npwarda of a year later, 
whmk he ohtiuned the demonitnition pnUiahed in a paper, " Propoeitiona in 
tibe Theory of AttrMtion" {CatiA. Maih, Jfmr. Kov. 1842), whioh appeared 
ahnoirik eo ntM pporaneondy with a paper hy M. Stnnn in lionTiUe'e JammtU^ 
containing the tame demoiiatratioB ; exactly the eame demonstratioB, ai the 
WBoAat aft a i w swl a On lS4S)'fo«nd, had been gifen loarteen yeart earlier by 
Gflwp.] 
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do 

— ^ X iirf^, or to iwA. If J. = pid^, this beoomes 

iirpidfOi\ Hence the total ezpenditaie is Xfiirpidt^, or 

-^^^ which agrees with the expression found abore. 

The following is an example of the application of thestf 
principles : — 

Uniform Motion of Heat in an EUipmJL 

11. The principles established above afford an easy method 
of determining the isothermal smdEaces, and the correaponding 
temperatures, in the case in whidi the original isothermal sur- 
face is an ellipsoid. 

The first step is to find p^ which is proportional to the 
quantity of matter at any point in the surface of an ellipsoid, 
when the matter is so distributed that the attraction on A point 
within the ellipsoid is nothing. Now the attraction of a shell* 
bounded by two concentric similar ellipsoids^ on a point within 
it, is nothing. If the shell be infinitely thin, its attraction will 
be the same as that of matter distributed over the surfibce of 
one of the ellipsoids in such a manner that the quantity on a 
given infinitely small area at any point is proportional to the 
thickness of the shell at the same point Let o^ (^ 6| be the 
semi-axes of one of the ellipsoids, a^ -f &ii, &i + Sfri, <i + &i those 
of the other. Let also j>| be the perpendicular from the centre 
to the tangent plane at any point on the first ellipsoid, and 
P\ + ^1 the perpendicular ficom the centre to the tangent plane 
at a point similarly situated on the second, llien ^ is the 
thickness of the shell, since, the two ellipsoids being similar, 
the tangent planes at the points similarly situated on their 
surfaces are parallel Also, on account of their similarity, 

■^ss-y^s-^sa^l , aad consequently the thickness of the shell 
is proportional to jp|. Hence we have^ by (6), 

where A^i is a constant, to be determined by the condition 9sV|, 
at the surface of the dlipsoid. 

12. To find the equation of the isothermal surfitce at which the 
temperature is v^ + dv^ let — i{V| = (7, in (a). Then we have 
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tiPidn^^— 9 €(tpidnisz$if where diisBSi infinitelj small oon* 

stant quBnaty; and the required equation will be the equation 
of the 8iii£eu» traced by the extremity of the line dni^ drawn 
eztemaUy perpendiciilar to the ellipsoid. Let a/, j^, /he the 
co-ordinatea of any point in that aurface, and x, y, z those of 
the ooirasponding point in the ellipsoid. Then, calling oi, fii, ji 
the angles which a normal to the ellipsoid at the point whose 
oo-ordinates 9m x, jf, z makes with these co-ordinates* and 
supposing the axes of ds; y, s to coincide with the axes of the 
ellipsoid, So^ ti^ S^ respectively, we hare 

— d^i 






cr j/->cs— ;^ nnoe ^i is infinitely small, and therefore also 
j/— c; wheaoe 






xmx 

\ a." f 

In « similar manner we should find 

TT* •«** ^" A 



'+^ 



1+ 



c* «■ s* 

Bat Ti+'iiH — r"l. M^a nence we have 

^* y^« /• _ 

fo the equation to the isothermal surface whose temperature 
is Vi+dvi, and which is therefore an ellipsoid described from 
fhe same fod aa the original isothermal ellipsoid. In exactly 
fha same manner it might be shown that the isothermal surf ace 
whose temperature is ifi+dvi+dPi\ is an ellipsoid haying the 
mne tod as the ellipsoid whose temperature is Vi + dvi, and 
eonseqiiently, as the original ellipsoid alsa By continuing this 



i 
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process it may be proved that all the isothennal sufaoes ate 
ellipsoids, having the same foci as the original one. 

1 3. From the form of the equation found above for the isother- 
mal ellipsoid whose temperature is 9| + dv^ it follows that 0^ 
or Pidfii is = Oidoi, where doi is the increment of o^, correspond- 
ing to the increment dn^ of n|. Hence, if a be one of the 
semi-axes of an ellipsoid/ a + da the corresponding semi-axis 
of another ellipsoid having the same foci, dn the thictness at 
any point of the shell bounded by the two ellipsoids, and p 
the perpendicular from the centre to the plane touching either 
ellipsoid at the same pointy we have 

14. All that remains to be done is to find the temperature at 
the sur&ce of any given ellipsoid, having the same foci as the 
original ellipsoid. For this purpose, let us first find the value 

do 

of — ^ at any point in the surfEU^ of the isothermal ellipsoid 
whose semi-axes are a, ft, e. Now we have, from (a), 

where k is constant for any point in the surfietce of the isothermal 
ellipsoid under consideration, and determined by the condition 
that the whole flux of heat across this surface must be equal 
to the whole flux across the surface of the original ellipsoid. 

Now the first of these quantities is equal to Wlcffpd^ {d^ 

ha 
being an element of the surfSsu^), or to ^w/j-//ipd€i?9 since 

— s-^ . But Jfhpdo^ is equal to the volume of a shell 

bounded by two similar ellipsoids, whose semi-axes are o^ &, c» 
and a+ 8(1^ i+ 2&, c+ &> And is therefore readily shown to be 

equal to 4ir — ola Hence ^tr-^fjhpd^^ or ^^vkf/pd^f^ is 

equal to 4 Viboia In a similar manner we have, for the flux 
of heat across the original isothennal sur£Ace» 4V^a|i^0|, and 
therefore 4Via6c«4Vii«Ac„ 



^ which gives ^^^^^^iS" 
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Heooe we have 

15. The value of « may be found by int^gratiiig thie equation. 
To effect flue, tinoe a^ i, e aie the eemi-azee of an ellipeoid 
paasing thioug^ the yariable extremity of % and having the 
same fod as the original ellipeoid* whoee axes uBo^l^c^we 

which ghree 



vrhera 

Hence (e) becomes 






Kow, I17 ^)^ <b»B-— , and hence 

InfeegiHting Uufl^ we have 

16. The two conetante, Jk| and 0, must be detennined by the 
conditions « =: 9| when a^a^ and 9 = when a =s 00 ; the 
latter of which must be fulfilled, in order that the expression 

faundfor*nuybeeqn.lto//*!2^*. 

17. To reduce the expression for 9 to an elliptic function, let 

« — a -/ocec* ) ^,j, 

a,»/cosec^ j 

wludi we may do with propriety if / be the greater of the two 
quantities / and g^ since a is always gratter than either of 
them, as we see from (<i). On this assumption, equation («) 






'-^ (i^). 
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18. Detennining from this the valueB of and k^ hj the 
oonditions mentioned above, we find (7= 0, and 

hence the expression for v becomes 

19. The results which hiaye been obtained may be stated as 
follows : — 

If, in an infinite solid, the sorbce of an ellipsoid be retained 
at a constant temperature, the temperature of any point in the 
solid will be the same as that of any other point in the surface 
of an ellipsoid described from the same foci, and passing throu^ 
that point ; and the flux of heat at any point in the surface of 
this ellipsoid will be proportional to the perpendicular from the 
centre to a plane touching it at the pointy and uiYersely pro- 
portional to the volume of the ellipsoid 

20. This case of the uniform motion of heat was first solved 
by Lam^, in his M^oire on Isothermal Surfiices, in lioaviUe'a 
Journal de MathinuUijues, voL ii p. 147, by showing that a 
series of isothennal surfaces of the second order will satisfy the 
equation ^j.^a.^-o 

provided they are all described from the same foci The yalne 
which he finds for v agrees with (e), and he finds, for the flux 
of heat at any pointy the expression 

KA 

V(M'-V)V(/*'-/>')' 

or, according to the notation which we have employed, 

4tThiaibiCi 

V (a'- v')V {«•-/»•) ' 
where p is the greater real semi-axis of the hyperboloid of 
one sheet, and p the real semi-axis of the hyperboloid of two 
sheets, described from the same fod as the original ellipsoid^ 
and passing through the point considered. Hence a^, y^ ^ are 
: the three roots of the equation 



< 
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or 

and ^^+ay+^p'mrg'+{/*+fy+sr^+r^^ 

Tliexefore^ 

»««-(a«-»*)(a«-c*)-.(«a«-*«-««)««-(a«-c"y 
««4_(a«-V)(a«-c«)-(»«+c«)««-(a"-c»y 

»a*-(€i«-J«)(a«-c«)-(ft*+c*)»*-(«*+c")y«-(a«+»«)#«+3li«c* 

wUeh 18 readily shown, by subrtituting for aV + aV + Vi^ 
ito eqiial (aV+aV+l^c«)(5+^+5), to be equal to 2^ 

Hence the ezpreeaion for — — » given above^ becomes 

which agrees with (c). 

' AttrueHon 0/ a Honu)ffmeom EUipsoid on a Pomi vnihi^ 

toiOunU it* 

21. It, in (c), we put ij*— i the value of — r-^^t wiy point 

win be the attraction on that point of a shell bounded by two 
similar conoentiic ellipsoids^ whose semi-axes are 

smd «i+*i„ («i+<fai)Va-«')i («i+dii,)V(l-0> 
wheie a*-V-ai«-V-«tV )^ ..y 

and ««-c"«ai«-c,«-ajV« j ^ '* 

the denailgr of the shell being unity. Now this attraction is in 
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a nonnal drawn through the point attracted to the snr&ce of 
the ellipsoid, whose semi-axes Biea,l,c If we call «» A y 
the angles which this nonnal makes with the oo-oxdinateft 
X, y, z of the point attracted, we have 

X 



oosa] 



a* px 



and similarly, oosjSs^i oosy»^' 

Hence, calling dA, dB, dC the components of the attraction 
parallel to the axes of co-ordinates, we have, from (c), . 



dO^^'^^P^da, J 



(2)- 



22. The int^;rals of these expressions, between the limits 
Oi = and o^ = o^^, are the components of the attraction of an 
ellipsoid whose semi-axes are a/, 6/, e/, or a/, aiV(l— 0» 

ai'V(i— 0> ^^ *^® v^^^ (^» y> *)• No^* ^y OX ^^ ™*y 

express each of the quantities b, e, bi, Ci, in terms of a and Oj, 
and the equation 

?+?+5-^' «r ^+-^+^-^.-1 (8). 

enables us to eiqpress either of the quantities a, o^ in terms of 
the other. The simplest way, however, to integrate equations 
(2), will be to express each in terms of a third quantity, 

«=2i . (4). 

a * ' 

Eliminating a from (3), by means of this quantity, we have 
Hence «.*,.« {«».+^jj^^-.+^-:H^j*. 

Also, fh>m (4), we have a>B — ; from which we find, by (!)» 
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Uniform Motum 4^ Seat. 



[1. 



^BOiVO-'O' l^>lang these sabetitations in (3), uid inte- 
gfatiag, m ham, calling of the Tslne of a, when Oi ~<h^ 



^-"^^<^-'>^<^- <ft-eV)f?-..>,* 



^ (6). 



70 (1 — «■•!•)• (1 — «■«•)» ^ 

SS. If the point attracted be within the ellipeoid, the attraction 
<»f all the similar concentric shellfl without the point will be 
nothing; and hence the raperior limit of « will be the tbIub of 

-^ at the BoxtaM of an ellipsoid, similaT to the given one^ and 

puning throogh the point attracted. 

Now, in this case, Oi^ma, since a is one of the semi-axes of 
an ellipsoid passing through the point attracted, and haying 
the same fed as another ellipsoid (passing through the same 
point) whose corresponding semi-axis is Ox* Hence, for an 
interior pointy we have 

c-^v(i-^)v(-^-)j; ,._^..y;;-_^..,. 

34. These are the known expressions for the attraction of an 
ellipsoid on a point within it Equations (6) agree with the 
expressions given in the Supplement to liy. y. of Pont4x>ulant's 
Thdarie Analyiigu$ du SyMme du Monde, where they are found 
1>7 direct intq^ation, by a method discoyered by Poisson. 
Tbej may also be readily deduced from equations (6) by Ivoi/s 
TheorenL Or, on the other hand, by a comparison of them, 
after xedudng the limits of the integrals to and 1, by substi- 

tatiDg ^f fixr u, with equation (6), lyoiy's Theorem may be 

leadily dsmonstrated. 



n. ON THE MATHEMATICAL THEOBT OF ELEOTBICITY 

IN EQUILIBBIUM. 

L— ON THE ELEMENTABT LAWS OF 8TAXI0AL XLECTBICnT.* 

[From Cambridge and DvbUn MaikemaiiccU Joumai^ Nor. 1845. Beprinied 
PhOo^ophieal Magazine^ 1864^ teoond half-jMr, with additioiua Notn 
of d*te Mwoh 18M.] 

25. The elementary laws which regulate the difltribntion of 
electricity on conducting bodies have been determined by 
means of direct experiments, by Coulomb, and in the form 
he has given them, which is independent of any hypothesis,')' 
they have long been, considered as rigorously established. The 
problem of the distribution of electricity in equilibrium on a 
conductor of any form was thus brought within the province 
of mathematical analysis ; but the solution, even in the simplest 
cases, presented so much difficulty that Coulomb, after having 
investigated it experimentally for bodies of various forms, could 
only compare his measurements with the results of his theory 
by very rude processes of approximation. Without, however, 
giving rigorous solutions in particular cases, he examined the 
general problem with great care, and left nothing indefinite in 
the conditions to be satisfied, so that it was entirely by analyti- 
cal difficulties that he was stopped. As an example of the 



* This paper is a translation (with considerable additions) of obo 
appeared in LiouviUe's Jcvmal de Mathimatiquee, 1845, p. 200. 

t Conlomb has expressed his theory in sudi a manner that it ean only be 
attacked in the way of proving his experimental resnlto to be inaoonrate. 
This is shown in the foUowing remarkable passage in his sixth memoir, 
which follows a short discussion of some of the physical ideas then oom* 
roonly held with reference to electricity. " Je privk$u pour wuUre Id Mbrit 
qui va mihn d Vabri de touie dispute eyetSmaUquet que dine la eitppomtioa dee 
deuxjluidee dectriquee, Je n'at d^autre intetUwn que de prSsenier oece le moku 
d^ilSmene poeeiblet lee reeuUate du cdlcul et de VexpMence^ ef wm d^Miqitet 
lee vMuMee caueee de VUectridU. Je r s mwro i, d la Jm de mm IrvMitf tmr 
PHearidt^ PeBDomen dee prindpawi eifiUmee amaojada lie pMiumhm UtdHqmte 
ant d4m»i ftaiiMnce."— Histoire de rAcad^mie^ 1788, pw 878. 
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ffoccess of bis theoretical investigatioiw, we may lefer to the 
"well-known demonstration of the theorem (nsiially attributed 
to Laplace) lelatiye to the lepuluon exercised by a chaiged 
condactor on a point near its surface.* 

The memoirs of Poisson, on the mathematical theory, con- 
tain the analytical determination of the distribution of elec- 
tricity on two conducting spheres placed near one another, 
the solution being worked out in numbers in the case of two 
equal spheres in contact^ which had been investigated experi- 
mentally by Coulomb (as well as in another case, not examined 
by Coulomb, which is given as a specimen of the numerical 
xesults that may be deduced from the formuhe). The calcu- 
lated ratios of the intensities at different points of the surface 
lie is therefore enabled to compare with Coulomb's measure- 
ments^ and he finds an agreement which is quite as close as 
could be expected, when we consider the excessively difficult 
and precarious iiature of quantitative experiments in electricity : 
but tfie most remarkable confirmation of the theory from these 
lesearehes is the entire agreement of the principal features, 

* This theorem nuky be tUtad m foUowi :«-Let ul be a oloeed surface of 
any fona, and let matter, attraetiog iiiTereely aa the eqnare of the distanoe, 
be to distriboted orer it that the resultant attraction on an interior point ia 
nothing : the resultant attraction on an exterior point, indefinitely near any 
jMOi.of the anriaoe^ wiU be perpendicular to the sur^oe and equal to 4rp, 
If ^ be the quantity of matter on an element w of the surface in the neigh- 
iMHuhood of the point Coulomb's demonstration of this theorem may be 
foinnd in a preoediog paper in the Mathemaikal Joumal, toL iii pu 74 (aboye, 
I. 7). He gives it himself^ in his sixth memoir on Electricity {HUUdre de 
fAeadSmiet 17SSy p. 677)f in connexion with an investigation of the theory 
of the proof plane in which, by an error that is readily rectified, he anrives at 
the resnit that a smsU insulated conducting disc, put in contact with an elec- 
trified conductor at any pointy and then removed, carries with it as much elec- 
tricity as lies on an element d the condactor at that point equal in area to the 
two faces of the disc ; the quantity actually removed being only half of this. 
ThiM rmvlt, however, does not at all affect the experimental nse which he 
makes of the proof plane, which is merely to find the ratios of the intensities 
at different points of a chaiged conductor. As the complete theory of this 
'Valuable instrument has not» so far as T am aware, been given in any English 
woriEy I annex the following remaikably dear account of it, which is ex- 
tracted from Pouillet's Traiii de Php$iqu€>^*' Quand le plan d*epr«uve est 
tangent I uae sarfaos^ il ae oonfond aveo T^Ument qu'il touche, il prend en 
^udt^tts aorte sa place rslativement I r41eetrioit4, on plat6t il devient lui- 
aiAme r^Umcat aur lequel la flnide ae i4pand ; ainai, quand on retire oe 
flan, on fail la alma ohoae qua si Ton avait d4ooup4 aur la aurface nn 
wk da mteaa 4paiaswir si da mAna 4taadne qua Ini, ei qu'on Tett enlev4 
la porter dana la balanoa aaaa qu*il petdlt nan da r41eotrioit4 qui la 



n.] SUnwiUary Lain of Staiieal XUetricUjf. 1 7 

even in some yeiy singular phenomena^ of the experimental 
results with the theoretical deductions. For a complete ac- 
count of the experiments we must refer to Coulomb's fifth 
memoir (Histaire de tAeadimie, 1787), and for the mathe- 
matical investigations to the first and second memoirs of 
Poisson (Mimoires de rinstitut, 1811), or to the treatise, on 
Electricity in the Encydopasdia Meiropolitana, where the sab- 
stance of Poisson's first memoir is given. 

The mathematical theory received by far the most complete 
development which it has hitherto obtained, in Green's JSsBOjf 
en ths Application of McUhtmatical Analysis to the Theories 
of Eleetrieity and Magnetism,^ in which a series of general 
theorems were demonstrated, and many interesting applications 
made to actual problema'f' 

Of late years some distinguished experimentalists have began 
to doubt the truth of the laws established by Coulomb, and 
have made extensive researches with a view to discover the 
laws of certain phenomena which they considered incompatible 
with his theory. The most remarkable works of this kind 

oouvre; nne foia ■<(p«r6 de 1* tuHaoe, cet ^Ument n'Mirait plus dam ms 
diff&rents points qa'aoo ^paisiear 41eotrique iiAoiti^ moindre, pauqne !• 
flaide demit se i^pandre pour en convrir let deux facet. Ce principe poe^^ • 
Tezp^rienoe n'exige pine que de rhabitnde et de la deztMt^ : apAs aToir 
touch6 nn point de la enrfaoe avec le plan dVpreure, on I'apporte dan* la 
balance, oii il partage son Electricity avec le dieque de Taignille qui Ini est 
Egale, et Ton oboerve la force de tonion H une distance connue. On ripMe 
la mdme experience en tonchant nn autre point, et le rapport dee forces de 
torsion est le rapport des repulsions ^ectriqnes ; on en pread la racine eairte 
pour avoir le rapport des Epaisseurs. Ainsi le g^nie de Conlomb a doon4 en 
m6me temps aux matlu^niaticiens la loi fondamentale snivant laquelle la 
mati^re Electrique s*attire et se repousse; et aux physidens une frfilftTK^ 
nouvelle, et des principes d'ExpErience au moyen desquels ils peuvent ea 
quelqne sorts sender r^patiseur de IMlectricitE sur tons les corps, et deter- 
miner les pressions qu*eUe axeroe sur les obstacles qui Tarr^tent." 

To this explanation it sbouii be added tbat, when the proof plane is still 
very near the body to which it has been applied, the effect of mutual influ* 
ence is such as to make the intensity be insensible at every point of the dise 
on the side next the conductor, and at each i>oint of the oonduotor which 
is under the disc. It is only when the disc is removed to a oousidsrabU 
distance that the electricity spreads itself symmetrically on its two faossg 
and that the intensity at the point of the conductor to which it was applied, 
recovers its original value. It was the omission of this oonsidtraikioa thai 
caused Coulomb to fall into the error alluded to above. 
\ • Nottingham, 182S. 

^ t This memoir of Green's has been unfortunately vwy little known, 
either in this conntiy or on the Continent Some ol the prioapal theevsms 

B 
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have been undertaken independently by Mr. Snow Harris and 
Mr. Faraday* and in their memoii8» published in the PhUo- 
Mophieal TransadioM, we find detailed accounts of their re- 
aearchea All the experimentSp however, which they have 
made, having direct reference to the diBtribution of electricity 
in equilibrium, are, I think, in full accordance with the laws 
of Coulomb, and must therefore, instead of objections to his 
theoiy, be considered as confirming it As, however, many 
have believed CoulomVs theoiy to be overturned by these 
investigations, and as others have at least been led to entertain 
doubts as to its certainty or accuracy, the following attempt 
to explain the apparent difficulties is made the subject of the 
first of a series of papers in which various parts of the mathe- 
matical theory of electricity, and corresponding problems in 
the theories of magnetism and heat^ will be considered 

S6. We may commence by examining some experimental 
results published in Mr. Harris's first memoir On ths Ulemen- 
Uary Lavm of Eledricity* After describing the instruments 
employed in his researches, Mr. Harris gives the details of 
some experiments with reference to the attraction exercised 
by an insulated electrified body on an uninsulated conductor 
placed in its neighbourhood. The first result which he an- 



in it hATe beea re-ditoorered witiuD tha last few yearib sn^ paUubed in the 
following worka : — 

Compiet Ren dm for Feb. llth, 1839, wbere peri of tbe leriee of theorems 
it ennoiiacod withoat demonatretion, by Chaalee. 

Gaoje*! memoir on "General Theorema relating to Attraettve and Re- 
mdaiTe For.:ea, varjring inreraelj aa the aqnara of the distance, " in the 
RetuUaU au» den Bechaehtungen de$ nMgnieti§ehen Veretm im Jahre 1S39» 
Ldptie, ISiO. (Trbnalationa of thia paper hare been publiahed in Taylor'^ 
JS^enlifie Mtmoin for April 1S42, and in the Kombera of LiowfUU^s Journal 
for July and Augnat 1848.) 

iraihemaiietd JwarmU, vol iiL, Feb. 1842, in n paper ** On the Uniform 
Motion of Heat, ete." (i. aboTe). 

AddUUmi to the OonnaUMOM dm Tern for 1845 (publiahed Jnne 1842), 
where Chaalea aappliea demonatrationa of the theorema which he had proTi* 
ooaljr annonnced. 

I ahoald add that it waa not tiU the beginning of the preaent year (1845) 
that I snooeeded in meeting with Green'a Eaaay. The alloaion made to hia 
name with i«ferenee to the word ** potential " (Moikma H oid Jowrml^ toL iii 
& 190), waa taken from a memeir of Murphy*B, " On definite Int^grali with 
Phyaknl Applieatinna," in the Cambridge TrommMmt^ where n miataken 
dalinitiim of that term, aa vaed by Gieen, ia giten. 

* FMkoopldetd TVwiiMcfioM^ ]8S4i 
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noonces iB that^ whea other dicumstanoes lemain the sazne^ 
the attraction Taiies as the sqoaie of the qdantity of electricitjr. 
with which the insulated body is chaiged. It is readily seen, 
as was first remarked by Dr« Whewell in his Rupert o» ths 
Theories of Ekctrieity, etc^ that this is a rigorous deduction 
from the mathematical theory, following from the £act that the 
quantity of electricity induced upon the uninsulated body ia 
proportional to the chaige on the electrified body by whic^ it 
is attracted. 

27. The remaining results have reference to the force of 
attraction at different distancecf, and with bodies of different 
forms opposed. As these aregenerally very irregular (such as 
''plane circular areas backed by small cones'^, we should not, 
according to Coulomb's theory, expect any very simple laws^ 
such as Mr. Harris discovers, to be rigorously trua Accord- 
ingly, though they are announced by him without restriction^ 
we must examine whether the experiments from which they 
have been deduced are of a sufficiently comprehensive character 
to lead to any general conclusions with respect to electrical 
action. Now, in the first place, we find that in all of them the 
attraction is ^ independent of the form of the unopposed parts * 
of the bodies, which will be the case only when the intensity 
of the induced electricity on the unopposed parts of the un- - 
insulated body is insensible. According to the mathematical 
theory, and according to Mr. Faraday's researches ** on induction 
in curved lines,** which will be referred to below, the intensity 
never absolutely vanishes at any point of the uninsulated 
body : but it is readily seen that in the case of Mr. Harris's 
experiments, it will Y^ so slight on the unopposed portions 
that it could not be perceived without experiments of a very 
refined nature, such as might be made by the proof plane of 
Coulomb, which is in fact, with a alight modification, the 
instrument employed by Mr. Faraday in the investigatioa 
Now to the d^;ree of approximation to which the intensity on 
the unopposed parts may be neglected, the laws observed by 
Mr. Harris when the opposed surfaces are plane may be readily 
deduced from the mathematical theory. Thus let « be the 



* BrUiA AuodojUUm Bepori far 1S87. 
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potential in the interior of the chaiged body, A ; a quantify 
which will depend solely on the state of the interior coating 
of the battery with which in Mr. Harris's experiments A is 
connected, and will therefore be sensibly constant for di£ferent 
positions of A relative to the uninsulated opposed body, B. 
Let a be the distance between the plane opposed faces of il and 
Bj and let iSf be the area of the opposed parts of these faces, 
which will in general be the area of the smaller, if they be 
unequal When the distance a is so small that we may en- 
tirely n^ect the intensity on all the unopposed parts of the 
bodies^ it is readily shown from the mathematical theoiy that 
(since the difference of the potentials at the surfiu^es of il and 
BiMv) the intensity of the electricity produced by induction at 
any point of the portion of the suifiBice of jB which is opposed 

to il, is ^* Hence the attraction on any small element m, 

of the portion S of the surface of B, will be in a direction 

perpendicular to the plane and equal to 3ir[^] •* Hence 

the whole attraction on A is 

This jformula expresses all the laws stated by Mr. Hanis 
88 results of his experiments in the case when the opposed 
aurfjEkoes are plana 

38. When the opposed surCnces are curved, for instance when 
A and B are equal spheres, we can make no approximation 
analogous to that which has led us to so simple an expression 
in the case of opposed planes ; and we find accordingly that 
no such simple law for the attraction in this case has been 
announced by Mr. Harris. He has, however, found that it is 
expressed with tolerable accuracy by the formula 

c(c-Ja) ' 

where e is the distance between the centres of the spheres, 
u the radius of each, k a constant^ which will depend on a and 
.oa the charge of the battery with which J. is in communica- 

* (Gks vn. bdow. 



n.] 



EUmentary Lavm of Statical EUetricUy, 



SI 



tion. Though, howeyer, this foimtda may give results vhicsli. 
do not differ veiy much from observation within a limifaHl 
range of distances, it cannot, according to any theoiy, be oox^^ 
sidered as expressing the physical law of the phenomenon^ 
For, according to it, when the balls are veiy distant^ F ulti- 
mately varies as -^ • Kow it is clear that the law of force 



must ultimately become the inverse cube of the distance^ since 
the quantity of electricity induced upon B will be ultimateljr 
in the inverse ratio of the distance^ and the attraction betweea 
the balls as the product of the quantities of electricity direody. 
and as the square of the distance inversely, and hence the 
formula given by Mr. Harris cannot express the law <^ force 
when the balls are veiy distant In the experiments by which 
his formula is tested, the force of attraction is measured by 
means of an ordinary balance and weights : the only com* 
parison of results which he publishes is transcribed ia the 
following table : — 



I>irt.orOai«Ni. 


MtMQfedForM 
liiOndat. 




e|-i2*3 

eb-2-5 
eb-2-8 

€41-3-0 


15 

8*25-1- 
4-6 + 
3-5- 


15 
8-28 
4*62 
3*45 



29. From this table we see that the formula is verified in three 
cases to the extent of accuracy of the experiments. Comparisons 
extended to a much wider range of distances would be required 
to establish it^ and it would be necessaiy to take precautions 
to prevent the experimental results from being influenced by 
disturbing causes. In the experiments made by Mr. Harris, 
we find that no precautions have been taken to avoid the dis-. 
turbing influence of extraneous conductoxsy which, according 
to the descriptions and drawings he gives of his mstrumentSi 
seem to exist very abundantly in the neighbourhood of the 
bodies operated upon, being partly metal in connexion with 
the insulated system with which the body A communicates, 
and partly uninsulated metal, in the fixed parts of the electro- 
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meter, and in the movable parts by which B is supported. 
The general effect prodnced by the presence of such bodies 
in disturbing the observed law of force, must be to make it 
^liminiftli less rapidly with the distance when A and B are 
aepazated 1^ a considerable interval : and it is probably owing, 
at least in part, to such disturbing causes that Mr. Harris's 
results nearly agree, as £ar as they go, with a formula which 
would ultimately give for the law of force the inverse square of 
the distance between A and B, instead of the inverse cube. 

30. The determination by the mathematical theory of the 
attraction or repulsion between two electrified conducting 
spheres has not hitherto, so far as I am aware, been attempted, 
and would present considerable difficulty by means of the 
formuln ordinarily given for such problems. It may, however, 
▼eiy readily be effected by means of a general theorem on the 
attraction between electrified conductors, which wiU be given 
in a subsequent paper.* Thus, if J^(e) be the force of attraction, 
oorresponding to the distance e between the centres, in the 
particular case when the two spheres are equal (the radius of 
each being unity), and the potential in the interior of one of 
ih^n is nothing (as will be the case when the body is un- 
insulated), the potential in the interior of the other being «, 
I have found the following formulsB, which express F{f) by a 
oonveiging series : — 



(B), . \CU ={c«-2)Q,-l, 



(0). 






;^..«(c«-2)P.+,+(Q^+,-P.). 



• [KeU odML March 1864.— The ennnciAtioii of tha ''genena theorem'* 
aUuded to^ the iiiTettigalioii foanded on it» bj which the Mthor first arriTed 
•k the oonelaHon made nee of here, and eaother demonitiation of the »^*nt 
eoMlamm, fovaded on the method of eleotcioel images, and striotlT svnthe- 
tieal ia its ehtfaoler, are published, with comprehesMre nnmerioal resolts, 
ia the PAiisMynUoo^ Jfi^^BciM for April ISSS.] 
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SL These foimolse enable us to calculate Qi, Q,, Q,» Qi, 

eta, and then Pi, Pf, Pg, P4, etc., suocessiyely, by a simple 

and uniform arithmetical process, for any particular value of c, 

Fie) 
I have thus calculated the values of -j^ in five case^ the 

first four of which are those examined by Mr. Hanis, and have 
obtained the following results^ each of which is true to five 
places of decimals : — 



«. 


•-/(e). 


2-3 


0*32926 


2-6 


017423 


2-8 


0*09168 


8-0 


0<06602 


4-0 

i 


0D2076 



32. To compare these with Mr. Harris's measurements, we 
may calculate the value of the potential in his battery, during 
the observations, by means of his first result^ and thence find 
the attraction for the other three cases by means of the calcu- 
lated values of V^Fip). Thus we have ir* x 16 = '3293, which 
gives V= 46*66, 

and hence J^(2-6) = 794, 

J'(2-8) = 4-18, 

1^(3) = 300. 

These numbers differ considerably from Mr. Harris's results^ 
but in the direction indicated by the considerations mentioned 
above. 

33. The most important part of the researches of Mr. Harris 
is that in which he investigates the insulating power of air of 
different densities. The result at which he arrives is, that the 
intensity necessary to produce a spark depends soldy on the 
density of the air, and not otherwise on the pressure or tem- 
perature. He thus shows that the conducting power of flamOp 
of heated bodies, and of a vacuum, are due solely to the raie- 
iSaction of the air in each case. He also shows that the in- 
tensities necessary to produce a spark are in the simple ratioe 
of the densities of the air. 
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S4« In a 3ub8equent memoir, by the same author,* we find 
additional experiments on the elementaiy principles of the 
theory of electricity. The first series which is described, was 
made for the purpose of testing the truth of Coulomb's law, 
that the repulsion of two similarly charged points is inversely 
as the square of the distance, and directly as the product of 
the massea In experiments of this kind in which accurate 
quantitative results are aimed at^ many precautions are neces- 
sary. Thus all conducting bodies^ except those operated upon, 
must be placed beyond the reach of influence, and the distance 
between the repelling bodies must be considerable with refer- 
ence to their linear dimensibns, so that the distribution of 
electricity on each may be uninfluenced by the presence of the 
other. Also the bodies should be spheres, so that the attrac- 
tion may be the same as if the whole electricity of each were 
collected at its centre ; and the distance to be measured will 
then be the distance between the centres. These conditions 
have been expressly mentioned by Coulomb, and they have 
been fulfilled, as far as possible, in his researches, as we see by 
the descriptions of the experiments made, which we find in his 
memoirs. He has thus arrived by direct measurement at the 
law, which we know by a mathematical demonstration,f founded 
upon independent experiments, to be the rigorous law of nature, 
for electrical action. None of these precautions, however, have 
been taken in the experiments described in Mr. Harris's 

* PkUoiopkical TrafuactUms, 1836. 

t See Murphy'i ElectricUy, p. 41, or Pr»tt*t Mechanie9, Art 154. 

[NoU added March 1854.--O^TeiidiBli demomtratet mftihemaiicaUy that 
if tlM law of force be any other than the inreree equare of the distance, 
electrici^ could not rest in equilibrium on the luiHfaoe of a conductor. But 
experiment hat shown that electricity does rest at the surface of a conductor. 
Hence the law of force must be the inrerse square of the distnnoe. Caren- 
dish considered the second proposition as highly probable^ but had not ex* 
pcrimentsl eridence to support this opinion, in his published work (An 
attempt to explain the phaoDomena of Electricity by means of an Elastic 
nnid). Since his time, the most perfect experimental eridence has been 
obtained that electricity resides at the surface of a conductor ; in such facts, 
for instance, as the perfect equiTslence in all electro-statical reUtions of a 
hollow actaUic conductor of erer so thin substance, or of a gilt non-con- 
dactcr ( po sse ssin g a condnctiDg film of not more than «nArw <>' ^ "kch 
thodk) and a solid conductor of the same external foim and dimensions ; the 
premise of his qrUogism is thus dsmoastrated. and the condnsion is 
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memoir^ and the.resultB are accoidingly unavailable for the 
accurate quantitative verification of any law, on account of the 
numerous unlmown disturbing circumstances by which they 
are affected. The phenomena which he observes, however, 
afford qualitative illustrations of the mathematical theory of 
a very interesting nature, as may be seen from the following 
examples of his results : — 

(a.) When the distance between the bodies is great with 
reference to their linear dimensions, the repulsion is inversely 
as the square of the distance, and directly as the product of the 
masses. 

(b.) When the distance is small, the action becomes ap« 
parently irregular^ Thus if the quantities of electricity on l^e 
two bodies be equal, the force, which is always of nepulsion, 
does not increase so rapidly when the bodies approach, as if it 
followed the law of the inverse square of the distance; 

(cl) If the charges be unequal, the repulsion ceases at a 
certain distance, and at all smaller distances there is attraction 
between the bodies. 

35. These results are, with all their peculiarities, in full ac- 
cordance with the theory of Coulomb, which indicates that^ if 
the quantities of electricity be equal, and the bodies equal and 
similar, there wiU be repulsion in every position : but if there 
be any difference, however small, between the charges, the 
repulsion will necessarily cease, and attraction commence, 
before contact takes place, when one body is made to i^proach 
the other. Unless, however, the difference of the charges be 
sufficiently considerable, a spark may pass between the bodies, 
and render the chaiges equal, before attraction commences. 
In Mr. Harris's experiments, in which the bodies seem to have 
been nearly oblate spheroids, the attraction is generally sensible 
before the distance is small enough to allow a spark to pail8» if 
the chaige on one be double of that on the other. 

Mr. Harris next proceeds to investigate the theory of the 
proof plane, and to examine whether it can be considered as 
indicating with certainty the intensity of electricity at any 
part of a charged body, and, principally from an experiment 
made on a charged non-conductor (a hoUow sphere of glass), 
comes to a negative conclusion. It should be lemembeied. 
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however, that, the proof plane having never been applied to 
determine the intensity at points of the surface of a charged 
non-conductor, such conclusions in no way interfere with 
adopted ideas. Since there can be no manner of doubt as to 
the theoiy of this valuable instrument^ as we find it explained 
by M. PouiUet^^ nor as to the experimental use of it made by 
Coulomb, it is unnecessary to enter more at length on the 
subject heia 

3(i;^Mr. Farada/s researches on electrostatical induction, 
which ate published in a memoir forming the eleventh series 
of his Experimental Beseaiches in Electricity, were under- 
taken with a view to test an idea which he had long possessed, 
that the forces of attraction and repulsion exercised by free 
electricity, are not the resultant of actions exercised at a dis- 
tance, but are propagated by means of molecular action among 
the contiguous particles of the insulating medium surrounding 
the electrified bodies^ which he therefore calls the dieUetrie, 
By this idea he has been led to some very remarkable views 
upon induction, or, in bd, upon electrical action in general 
As it is impossible that the phenomena observed by Faraday 
can be incompatible with the results of experiment which 
constitute Coulomb's theory, it is to be expected that the 
difEnence of his ideas from those of Coulomb must arise solely 
from a different method of stating, and interpreting physically, 
the same laws : and farther, it may, I think, be shown that 
either method of viewing the subject, when carried sufiSciently 
far, may be made the foundation of a mathematical theor}' 
which would lead to the elementary principles of the other as 
consequences. This theory would accordingly be the expres- 
sion of the ultimate law of the phenomena^ independently of 
any physical hypothesis we mighty from other circumstances, 
be led to adopt That there are necessarily two distinct 
elementary ways of viewing the theory of dectricity, may 
be seen from the following considerations^ founded on the 
principles developed in a previous paper in this Joumal.f 



* 8m lool>note on I 2S. 

t Oa tlw TTnilonii Motion of Hm*^ and ita Connoxion wilh ibe Hsthe- 
litWil Thcoiy of Boo ti i ci ty (r. abovo). 
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37. Cioirespondmg to evezy problem relative to the distribu- 
tion of electricity on conductors, or to forces of attraction and 
lepulsion exercised by electrified bodies, there is a problem in 
the uniform motion of heat which presents the same analytical 
conditions, and which, therefore, considered mathematically, is 
the same problem. Thus, let a conductor A^ charged with 
a given quantity of electricity, be insulated in a hollow con- 
ducting shell, B, which we may suppose to be uninsulated. 
According to the mathematical theory, an equal quantity of 
electricity of the contrary kind will be attracted to the interior 
surface of B (or the surface of B, as we may call it to avoid 
circumlocution), and the distribution of this charge, and of the 
charge on A, will take place so that the resultant attraction at 
any point of each surfeuse may be in the direction of the normaL 
This condition beiiig satisfied, it will follow that there is no 
attraction on any point within A, or without the surfistce of J?, 
that is, on any point within either of the conducting bodies. 
The most convenient mathematical expression for the condition 
of equilibrium, is that the potential at any point P^ must 
have a constant value when P is on the sur&ce of A, and the 
value nothing when P is on the surface of B ; and it will 
follow from this that the potential will have the same constant 
value for any point within A, and will be equal to nothing for 
any point without the surface of B. 

If il be subject to the influence of any uninsulated con- 
ductors, we must consider such bodies as belonging to the 
shell in which A is contained, and their surfiaces as forming 
part of the surface of J? : in such cases this surface will gene- 
rally be the interior surface of the walls of the room in which 
A is contained, and of all uninsulated conductors in the room. 
If, however, we have to consider the case in which A is subject 
to no external influence, we must suppose every part of the 
surface of £ to be very far from A. The most general problem 
we can contemplate in electricity (exclusively of the case in 
which the insulating medium is heterogeneous, and exercises a 
special action, which will be alluded to below), is to determine 

* The term need hy Qreen for the sqm of the qvotieDti obtained by dind* 
ing the piodaot of each element of the sorfacea of A and B, and ita eleetrieal 
inteaaity, by ita diataaoe from P. 
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the potential at any point when A, instead of being a single 
oondnctor, is a group of separate insulated conductors charged 
to different degrees, and when there are non-conductors elec- 
trified in a given manner, placed in the insulating medium, in 
the neighbourhood. The conditions of equilibrium will still be 
that the potential at each sur&ce due to all the free electricity 
must be constant^ and the theorems stated above will still be 
true: thus the attraction will be nothing in the interior of 
each portion of A, and without the surface of B; and the 
whole quantity of induced electricity on the latter surface will 
be the algebraic sum of the charges of all the interior bodies 
with its sign changed. When the potential due to such a 
system is determined for every pointy the component of the 
resultant force at any point P, in any direction PL, may be 
found by differentiation, being the limit of the difference 
between the values of the potential at P, and at a point Q, in 
PZ, divided by PQ, when Q moves up towards and ultimately 
coincides with P, and the direction of the force, on a mgaiive 
partide^ being that in which the potential increasea By 
Coulomb's theorem, the intensity at any point in one of the 
conducting surfaces is equal to the attraction (on a negative 
unit) at that pointy divided by 4w. 

38. Now if we wish to consider the corresponding problem in 
the theory of heat, we must suppose the space between A and 
B, instead of being filled with a dielectric medium (that is 
a non-conductor for electricity), to be occupied by any homo- 
geneous solid body, and sources of heat or cold to be so dis- 
tributed over the terminating surfaces, or the interior sur&ce 
of B and the surface of A, that the permanent temperature 
at the first surface may be zero, and at the second shall have a 
certain constant value, the same as that of the poUrUiai in the 
case of electricity. If A consist of different isolated portions, 
the temperature at the surfsu^e of each will have a constant 
valuer which is not necessarily the same for the different por- 
tions. The problem of distrSnUing wurees of heat, aeeording to 
these etmditume, is mathematically identical with the problem 
of distributing eleetrieity in eguUibrium on the surfaces of A 
and B* In the case of heat, the permanent temperature at any 
point replaces the potential at the corresponding point in the 
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electrical system, and consequentlj the rtgiMafU fivx of heai 
replaces the resuUant aUraetion of the electrified bodies, in 
direction and magnitade. The problem in each case is deter- 
minate, and we may therefore employ the elementary principles 
of one theory, as theorems^ relatiye to the other. Thus, in the 
paper in which these considerations are developed. Coulomb's 
iiindamental theorem relatiye to electricity is applied to the 
theory of heat; and self-evident propositions in the latter 
theory are made the foundation of Oreen's theorems in elec- 
tricity.* Now the laws of motion for heat which Fourier lays 
down in his l%Arie Analjftique de la ChaUur, are of thai 
simple elementary kind which constitute a mathematical theorj 
properly so called ; abd therefore, when we find oorrespondii^ 
laws to be true for the phenomena presented by electrified 
bodies, we may make them the foundation of the mathematical 
theory of electricity : and this may be done if we consider 
them merely as actual truths, without adoptiQg any physical 
hypothesis, although the idea they naturally suggest is that 
of the propagation of sqme effect by means of the mutual 
action of contiguous particles ; just as Coulomb, although his 
laws naturally suggest the idea of material partides attracting 
or repelling one another at a distance, most carefully avoids 
making this a physical hypothms, and confines himself to the 
consideration of tiie mechanical effects which he observes and 
their necessary consequences.'f' 

39. All the views which Faraday has brought forward, and 
illustrated or demonstrated by experiment^ lead to this method 
of establishing the mathematical theory, and, as fiff as the 
analysis is concerned, it would, in most general propositiGns^ 
be even more simple^ if possible, than that of Couldnb. (Of 
course the analysis of partieular problems would be identical 
in the two metiioda) It is thus that Faraday arrives at a 
knowledge of some of the most important ot the general 



^ It WM Ml ania MM time after tka ptpw WM paUidMd, ^a* I 
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theoieinflk which» from their nature, seemed destmed never 
to be peroeiTed except as mathematical tmtha. Thna^ in his 
fheoiy, the following proposition is an elementaiy principle : — 
Let any portion a of Uie snrface of ^ be projected on A, by 
means of lines (which will be in general cnrred) possessing the 
property that the resultant electrical force at any point of each 
of tiiem is in the direction of the tangent : the quantity of 
electricity produced by induction on this projection is equal 
to the quantity of the opposite kind of electricity on a^ Ihe 
lines thus defined ue what Faraday caUs the *" curved lines of 
inductiTB action." >For a detailed account of the experiments 
by which these phenomena are investigated, reference must be 
made to Mr. Farada/s own memoirs, published in the PhUo- 
scphieal Transaeiion», and in a separate fonn in his Essperi^ 
munJUd Ruearehu. 

* 40. The hypothesiB adopted by Faraday, of the fropagaium 
of inductive action^ naturally led him to the idea that its effects 
may be in some dq;ree dependent upon the nature of the 
insulfttiing medium or dielectric, by which, according to this 
-view, it is transmitted. In the second part of his memoir he. 
describes a series of researches instituted to put this to the test 
of experiment^ and arrives at the following conclusions : — 



* Thk tiworem may be prored m foUows : — 

Let 8 be any doaed rarfaoa, ooatainiiig no |»ait of the electrified bodiea 
withia it» whidi we mi^ eonceire to be deacribed between A and Bi let P 
be the oomponent in the dureetion of the normal, of the reaoltant force at 
any point of the anrfaoe 5, and let d« be an element of the anrfaoe at the 
name poink IVen it may be easily prared (see Camh, MaUL /oun, toL iiL 
p. 204) that J/PtUmmO (a), 

the intM^ona being extended over the entire anileoe. Kow let i9 be 
nappoeed to eoneiet of three porta ; the portion a, of the anrfaoe of ^ ; ita 
pio|eolaon fi^ on the interior enifaoe of ^ ; and the anrfiuse generated by the 
cured linea of proJeetioQ. The Taloe of P at each point of the latter 
portion of 8 wfll be nothing; anee the tangent at any point of a line of pio- 
jeetion ia the diieetion of the f one. Utae% U IffPds] mad UfPdi) dmaU 
thn valaea ^JfPdih '« the portiona a and /I of iS; the eqnatioa (a) beeomea 

Bnt if ^ be the intennty of the diatribntion on the anrfioe it or B, at any 
poini^ wn hav% by Oonlonb'a theorem, 

P 
widah is As thee w qnoted in the t«t> 
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41. If the dielectric be air, the indactive action is quite inde- 
pendent of itB density or temperature (which, aa Mr. Faradaj 
remarks, agrees perfectly with previous results obtained hj 
Mr. Harris) ; and in general, if the dielectric be any gas or 
vapour capable of insulating a charge, the inductive action is 
invariable. Hence he concludes that '' oil gau$ hav$ iks mme 
potoer of, or eapaciiy far, sustaining induction through them 
(which might have been expected when it was found that no 
variation of density or pressure produced any eflfect)." 

When the dielectric is solid, the induction is greater than 
through air, and varies according to the nature of the sub- 
stance. Numbers which measure the '^ specific inductive 
capacities" of the dielectrics employed (sulphur, shell lao» 
glass, etc) ate deduced from the experiments. 

42. To express these results in the language of the mathe* 
matical theory, let us recur to the supposition of a body. A, 
chaiged with a given quantity of electricity, and insulated in the 
interior of a closed conducting shell, B. The potential of the 
system at the interior surface of B, and at every point without 
this surface, will be nothing ; at the surface and in the interior of 
,A it wUl liave a constant value, which will depend on the form, 

magnitude, and relative position of the surfaces A and B, on 
the quantity of electricity on A, and, according to Fankday'a 
discovery, on the dieUdrie power of the insulating medium which 
fills the space between A and B. If this be gaseous^ neither 
its nature nor its state as to temperature, pressure^ or density 
will a£fect the value of the potential in A ; but if it be a solid 
substance, such as sulphur or shell lac, the value of the potential 
will be less than when the space is occupied by air, and will 
vary with the nature of the insulating solid. 

43. The result in the case of a gaseous dielectric is what 
would follow from CSoulomb's theory, if we consider gases to be 
quite impermeable to electricity, and to be entirely unaffected 
by electrical influence. The phenomena observed with solid 
dielectrics, which agree with the circumstance observed by 
Nicholson, that the diirimidaHng powr of a Leyden phi^ 
depends on the nature of the glass of which it is made, aa 
well as on its thickness, have been by some attributed to a 
alight degree of oonducting power, or of penetrability, pot- 
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sessed by solid i]i8aIatoT& This explanation, however, seems 
to be yerj insufficient ; and besides, Faraday has estimated the 
nature of the effects of imperfect insulation by independent 
experiments, and has established, in what seems to be a very 
satisfactoiy manner, the existence of a peculiar action in the 
interior of solid insulators when subjected to electrical influ- 
ence. As &r as can be gathered from the experiments which 
hare yet been made, it seems probable that a dielectric, sub- 
jected to electrical influence, becomes excited in such a manner 
that every portion of it^ however small, possesses pdlarUy 
exactiy analogous to the magnetic polarity induced in the sub- 
stance of a piece of soft iron under the influence of a magnet. 
By means of a certain hypothesis regarding the nature of mag- 
netic action,^ Poisson has investigated the mathematical laws 
of the distribution of magnetism, and of magnetic attractions 
and repulsions. These laws seem to represent in the most 
general manner the state of a body polarized by influence, and 
tiierefore, without adopting any particular mechanical hypo- 
thesis, we may make use of them to form a mathematical 
theory of electrical influence in dielectrics, the truth of which 
can only be established by a rigorous comparison of its results 
witli experiment 

44. Let us therefore consider what would be the effect, accord- 
ing to this theory, which would be produced by the presence 
of a solid dielectric, C7, placed in the space between A and J?, 
the rest of which is occupied by air. The action of (7, when 
excited by the influence of the electricities on A and B, may 
(as Poisson has shown for magnetism) be represented, whether 

* YwndMif adojits tlifl oorrespondiag hypotbesb to ezpUin the aotioii of % 
■olid dielectric, which he states thai : — " II the space roand a charged globe 
ivere filled with a mixture of an inBulatii^ dielectric, at oil of tarpentine or 
an; aad mall lobular oondnetoni as ahot, the latter being at a little die- 
taaee from eadi other, ao aa to be inaolated, then theae in their condition 
and action exactly reaemble what T conaider to be the condition and action 
«f the partidea of the inaolatmff dielectric itaelf . If the globe were charged, 
theae litde ooodnetofa would aU be pdar ; if the dobe were diaohaiged, they 
wodd all return to their normal atate, to be polariied again upon the re- 
chaigiiw of the a^bei*'---<JBBpeniiica<a/ Ruwrtku, { 1679.) The reanlta of 
tba mattwimatJcaT aaalyaii of anch an action are giTen in the text It may 
1M added that the Taloe of the ooefficient ib wffl differ aenaibly fram unity if 
iha iralnae oee ny ied by the anuUl oondnctiqg balla bear a finHe ratio to that 
* * h» l^i§ mnlatiiig madiun* 
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on points within or without C, hj a certain distribution of 
positive electricity on one portion of the suriiace of C^ and of 
an equal quantity of n^ative electricity on the remainder. 
The condition necessaiy and sufficient for detennining this 
distribution may (as can be shown from Poisson's analysis) be 
expressed as follow& Let R be the resultant force on a 
point P without 0, and Ji' on a point P^ within 0^ due to 
the electrified sui&ces A and B^ and to the imagined distribu- 
tion on (7. HP and P" be taken infinitely near one another, 
and consequently each infinitely near the sarbod of 0, the 
component of B! in the direction of the normal must bear to 
the component of i( in the same direction a constant ratio 

l-jA depending on the capacity for dielectric induction of the 

matter of C.^ The components of R and JB' in the tangent 
plane will of course be equal and in the same direction, and, 
if p be the intensity of the imagined distribution on the sur&ce 
of (7, in the neighbourhood of P and P', the difference of the 
normal components will be 4ir/>, as is evident from Coulomb's 
theorem, referred to above. 

45. Let us now suppose (7 to be a shell surrounding A^ and . 
let 8 and S>^ its interior and exterior surfaces, be 9wrfium qf 
equUibrium in the system of forces due to the action of A and 
B, and of the polarity of (7. It may be shown that the same 
surfaces 5, jST, would. necessarily be surfieuses of equilibrium, 
if were removed and the whole space were filled with air; 
and consequently, that the whole series of surfaces of equi- 

* From this it follows tli*t» in tli« ease of heat» O must bo replaeed ty % • 
body whose oonductiiig power is h times as great as that of the matter oo* \ 
CQpjrtng the remainder of the spsoe between A and B, 

[Note added March 1854.— The same demonstration, of coarse, is appiio- 
able to the inflaence of a piece of soft iron, or other ^ paramagnetic ** (iCn 
sabstance of fem-magnetic indnctive oapaoity)^ or to the leTerse inflaence 
of a diamagnetio on the magnetic force in any locality near a magnet in which \ 
it can be placed, and shows that the lines of magnetic force will be altered 
by it precasely as the lines of motion of heat in corresponding tbennal circam* 
stances woold be altered by introdacinff a body of greater or of less condoct- 
ing power for heat Hence we see how strict is the fonndaticii for an 
analogy on which the CMMiiic^M^jMiser t^a magnOie medimm/ar fines qf/&n$ 
may be spoken of, and we have a pMfect explanaticii of the condensing 
action of a paramagnetic, and the lepolaiTe effect of a diamagnetfc^ npon the ' 
lines of force of a magnetic field, which hs?« been dsioribed Inr nmday.— t 
(JSiji. jresaoftAei^ §{ 2S07, 880SM < 
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librimn, commencmg with A and ending with B, will be the 
same in the two cases. Hence the resultant force due to the 
excitation of the dielectric C (or to the imagined distributions 
of electricity on S and ff which produce it), on points within 
S or without jST, must be such as not to alter the distributions 
on A and B when the quantity on ii is given ; and is ther^ore 
nothing. Accordingly, let Q be the total force on a point 
indefinitely near 8, and within it ; Q' the total force on a point 
without iST, but indefinitdy near it Since the forces on pointa 
without 8 and within £t indefinitely near the former points 

aie^ according to the law stated aboTe» -r and -r » it follows* 

that the intensities of the imagined distributions on 8 and ff^ 
in the ndghbourhood of the points considered, are 



-i(«-?)-i(*-D- 

Hence, if CT, IT be the potentials at 8, 8\ due to A BXkd B 
alone, and v the potential at any point P, it follows that the 
potential at P, due to the polarity of the dielectric, is 



or 



'"0"t)'^ + (^-T^'*^'^^» 



according as P is within S; within 5' and without 8, or without 
£r. Hence the total potential will be» according to the position 



or 



H-iy- 



or V. 

Hence the sole effect of the dielectric (7, on the state of A 
and jB, is to diminish the potential in the interior of the former 
by the quantity / i\,^ ^ 



8m GrtM^a Jbay, Art 12; or tAwf, l I 8. 
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If the whole space between A and B be occupied bj the solid 
dielectric, the surfaces 8 and A will coincide, as also^ S and 
B, and therefore U^ V, U'= 0. Hence the' potential in ibe 
interior of A will be v 

or the fraction -^ of the potential, with the same charge on A, 

and with a gaseous dielectric. From this it follows that^ when 
the dielectric is solid, it would require, to produce a given 
potential in the interior of A, k times the charge which would 
be necessary to produce the same potential when the didectrie 
is gaseous, and therefore the body ^ in a given state, defined 
by the potential in its interior, produces on the interior surface 
of B, by induction, through the solid dielectric, a quantity of 
electricity k times as great as through a gaseous dielectria On 
this account Faraday calls the property of a dielectric measured 
by k, its " specific inductive capacity/' 

46. In Farada/s experiments an apparatus (which is in £eu^ 
a Leyden phial, in which any solid or fluid may be substituted 
for the glass dielectric of an ordinary Leyden phial) is used, 
corresponding to the case we have been considering, in which 
Jl is a conducting sphere (2*33 inches in diameter), and B a 
concentric spherical shell surrounding it (the distance between 
the surfaces of J. and B being '62 of an inch). In the shell B 
there is an aperture into which a shell-lac stem is fixed; a 
wire, attached to A, passes through the centre of this stem to 
the outside of the shell, and supports a ball of metal, if, which 
is thus insulated and connected with A. It may be shown 
that in such an apparatus the state of the ball A and of the 
shell B will approximately be not affected by the aperture in 
the latter, or by the wire supporting if, and that the distribu- 
tion of electricity on if wiU be approximately the same as if 
the wire supporting it and the conductors A and B were re- 
moved Hence the sole relation between A and if will be 
that the potentiaU in their interiors are the same; and there- 
fore the latter, which is accessible, may be taken as an index of 
the state of this former. 

47. To determine the q^ecific inductive capacity of any dielec- 
tric^ Faraday uses two apparatus of the kind just described, pie- 
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dsely equal and similar, in one of which the space between 
A and B is filled with air, and in the other with the dielectric 
to be examined. One of these apparatus is charged, and the 
intensity measured : the balls JIf, JT in the two are then made 
to touch and separate again, and the remaining intensity on 
the first (which is equal to the intensity imparted to the 
second) is measured. If this be found to differ from half the 
original intensity, it will follow that the spedfio inductive 
capacity of the substance examined differs from that of air, 
which is unity, and its value may be determined by means of 
a simple expression from the experimental data. To investi- 
gate this» let us first suppose each apparatus to be chaiged, and 
let it be required to find the intensity on the balls after they 
are made to touch, and then removed fiom mutual influenoe ; 
and let the dielectrics be any two substances, whose inductive 
capacities are k, h\ Let p^ p' be the intensities before, and a 
the common intensity after contact Then, denoting by Q, Q' 
the quantities of electricity constituting the chaiges before, 
and q, ^ after contact^ we shall have, by the principles already 
developed, Q hp ^9 ^9' 



/-/ 



Hence we deduce oraa ? ^^^^ 



In the experiment described, one of the dielectrics is air. 
Hence, to obtain the required fonnula^ we may put Uss 1, in 
this equation, and then resolve for k 

Thus we find is^^ZJ^. 

If only one of the apparatus be originally charged, according 
as it is tiie first or the second, we shall have 



/»-<r 



9 



48. If the substance examined (the dielectric of the first 
apparatus) be any gas, or air in a different state as to pressure 
m temperature firom tfie air of the second apparatus, Faraday 
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always finds the intensity after contact to be half the origiDal 
intexisity, and hence for evety gaseous body Jb= 1. 

49. If the dielectric of the first apparatus be solid, the in- 
tensity after contact is found to be greater than half the original 
intensity when the firsts and less than half when the second is 
the apparatus originally chaiged. Hence for a solid dielectrio, 
i > 1. For sulphur Faraday finds the value to be rather more 
than 2*2 ; for sheU-kc, about 2 ; and for flint-gUsSi greater than 
1-76. 

50. The conunonly received ideas of attraction and repul- 
sion exercised at a distance, independently of any intervening 
medium, are quite consistent with all the phenomena of eleo- 
trical action which have been here adduced. Thus we may 
consider the particles of air in the neighbourhood of dectrified 
bodies to be entirely xminfluenced, and therefore to produce no 
effect in the resultant action on any point : but the particles 
of a solid non-conductor must be considered as assuming a 
polarized state when under the influence of free electricity, so 
as to exercise attractions or repulsions on points at a distance, 
which, with the action due to the chaiged surfSftces, produce the 
resultant force at any point It is^ no doubt, possible that 
such forces at a distance may be discovered to be produced 
entirely by the action of contiguous particles of some inter- 
vening medium, and we have an analogy for this in the case 
of heat^ where certain effects which fdlow the same laws are 
undoubtedly propagated firom particle to partide. It might 
also be found that magnetic forces are propagated by means of 
a second medium, and the force of gravitation by means of a 
third. We know nothing, however, of the molecular action by 
which such effects could be produced, and in the present state 
of physical science it is necessary to admit the known fisu^ in 
each theoiy as the foundation of the ultimate laws of aetion at 
adistanoa 

Sr. PKna's Goluboi^ 
Kim. 22, 1S45. 



m. ON THE ELEOIBO^ATIGAL GAPAGIT7 OF A LKTDSN 
PHIAL AND OF A TBLBOBAPH WIBE INSULATED IN 
THE AXIS OF A OTLINDBIOAL OONDUCIING SHEATR* 

51, The pnndples bionglit forward in the preceding articles 
On the Uniform Motion of Heat^ eta, enable ns with great ease 
to inYSStigate the ^ capacity "i* of a Leyden phial with either air, 
car any liqnid or solid dielectric, and of other analogous arrange- 
ments^ snch as the copper wires in gutta-percha tabes under 
water, with which Faraday has recently performed such re- 
markable ezpeiiments.t 

62. Thus» for a Leyden phial, let us suppose a portion ;Sf of the 
Bvxbce of a conductor J. to be eyeiywhere so near the surface 
of a conductor A\ that the distance between them at any point 
is a small firaction of the radii of curvature of each surface in 
the neighbourhood ; and let z be the distance between them at 
a particular position, P. Then, by the analogy with heat^ it is 
dear that if the two surfaces be kept at different electrical 
potentials, V and TT, the potentials at equidistant points in 
any line across from one to the other will be in arithmetical 

(logiession. Hence will be the rate of variation of the 

potential perpendicularly across in the position P. If, in the 
first places the dielectric be air, the electric force in the ait 

«... . . 

• Gommimicftked m an Additumal Note to two l»pen (l and n. abore) 
^Ob tiM Unifofm Motion of Heat in Homofieneoiia Solid Bodiee, and iU 
eonnezioB wtdi the If aUiematical ' Tbeoty of Electridt/,'* and *' On the 
MathemeticiT Tbeorj of Electricity in Eqnilibriiim;" only not in time 
to be appended to the leprinte of thoae papen which appeared in the 
PkU9$apkiMl MagaUne, June and July 1854 (1854, L and n.) 

t Defined (PhUompkkal MagoMbi^ Jnne 1853) for any eondnotor (eobjeot 
•r not to the inflnenoe of other eondncton), as the qnaatity of doBtrioity 
which it takee to chai|^ it to nnit potentiaL 

t Described in a lectors at the Boyal Institotion, Jan. 20, 1854^ and 

Mte^nsnt^ pnUislMd in the PiUroMvMool ir<v^ 
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between the two about the poeition P will oonaequeDtly be 

> and Aerefore the electrical dtosity (accotding to the 

theorem proved in the first article) on one eor&oe mnat be 

I +- f and on the other — r • The quantity of 

j electricity in the position P, on an area ib of the suifiue 8, is 
therefore t- d$, and therefore the whole quantity on £f ia 

F-rr* 

9 



', • 



•/! 



4r 

which is Green's general expression for the electrification of 
either coating of a Leyden phiaL If the thickness of the 
dielectric be constant and equal to r, it becomes 

63. Now if J' be uninsulated, we have 7"= ; and then» 

to chaige 8 to the potential V, it takes the quantity Fx j — • 
Hence the ''capacity'' ciSis 

S 
4irT' 

If instead of air there be a solid or liquid dielectric of inductive 
capacity, k, occupying the space between the two sur&ces, the 
quantity of heat conducted across, in the analogous thermal 
circumstances, would be k times as great as in the case cor- 
responding to the air dielectric, with the same difierence of 
temperatures; and in the actual electrical anangonen^ the 
quantity of electricity on each of the conducting surfSu^es would 
be k times as great as with air for dielectric and the same dif- 
ference of potentials. The expression for the capacity of aa 
actual Leyden phial is therefore 

kS 

4i^' 

k being the inductiye capacity of the solid non-conductor of 
which it is formed, r its thickness, and 8 the area of it which 
I is coated on each side. 

04. To investigate tibe capacity of a copper wire in the dr- 
I cumstances experimeiited on by Faraday, let us first consider the 

i analogous circumstances regarding the conduction of heat ; that 

I is» let us consider the conduction of heat that would take place 
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acio68 the gutta-pextha» if the copper wire in its interior were 
kept continually at a temperatare a little above that of the 
water which sononnds it Here the quantity of heat flowing 
ontwBida firom any length of the copper wire^ the qnantitiee 
flowing across different snr&ces sarronnding it in the gutti^ 
percha^ and the quantity flowing into the water from the same 
length of gatta-percha tabe, in the same time, must be eqnaL 
Bat the areas of the same length of different c^lindiical sorfaces 
are proportional to their radii, and therafore the flow of heat 
across equal areas of different cylindrical sui&ces in the gutta* 
percha^ coaxial with the wire, must be inversely as their radii 
Hence, in the corresponding electrical problem, with air as the 
dielectric instead of gutta-percha^ if R denote the resultant 
electrical force at any point P in the air between an insulated, 
decferified, infinitely long cylindrical conductor, and an un- 
insulated, coaxial, hoUow cylindrical conductor surrounding it^ 
and if « be the distance of P from the axis» we have 

irhere A denotes a constant But if v be the potential at P; 
by the definition of "potential* we have 

dx » ' 
and, l^" integration, 

VaB— illog«-f (7. 

Assigning the constants A and so that the potential may 

hare the value F at the surface of the wire, and may vanish 

at the hollow conducting surface round it if r and / dttiote the 

ladii of these cylinders respectively, we have 

• r' 
log- 



^7 

M. lUdng «=:r, we find l»y this the electric force in the air 
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infinitely near the inner electrified condnotor ; and dividing the 
yalue found, by 4ir (aooording to the general theorem), we have 

1 V 

rlog- 

for the electrical density on the anrftoe of the OQndnctoii 
Multiplying thia by 2irrl, the area of a length I (Hike auzfiMM^ 
we find . VI 

log^ 

for the whole quantity of electricity on that length. Henoe, if 
k be the spedfio inductive capacity of gutta-percha, the electri- 
city resting on a length 2 of the wire in the actual cizenmataDcea 
will amount to i ^^ ir 

log- 

Or if iSf denote the aurface of the wire, we have, for the quantity 
of electricity which it holds, 

hS 



V. 



V' 



irrlog— 

and therefore its capacity ia the same as that of a Leyden 
phial with an equal area of coated glass of thickness equal to 

-r-rlog— > if I denote the specific inductive capacity of the 

glass. 

56. In the case ezpeiimented on by Mr. Faraday, the diameter 
of the wire was -nrth of an inch, and the exterior diameter of the 
gutta-percha covering was about four times as great Hence 
the thickness of the equivalent Leyden phial must have been 

I I, . I 1 



t 83 ^ k 2808 

As the surface of the wire amounted to 8300 square feet^ we 
may infer that if tho gutta-percha had only the same induc- 
tive capacity as glass (and it probably has a little greater), the 
insulated wire, when the outer surfiEu^ of the gutta-percha was 
uninsulated, would have had an electrical capacity equal to that 
of an ordimuy Leyden batteiy of 8300 square feet of coated 
g^ass Ad of an indi thick. 

Iktbbolot, Amblax, Jtme 1S54. 



lY. ON THB MATHEIUTIOAL THEOBT OF ELEOTBIdTT 

IN EQUnJBSiniL 

. IL — A SZITDIKNT OF THE PBIVCIPLB8 OK "WHICH THE MATHE- 
ICATZGAIi THEOBT 01 SLEGTRICITT 18 FOUNDEa 

tCMMdge and JhMm MtUkmaHetUJimnial, Uank 1848w] 

' ' 57. This paper may be regarded as intxodactory to some 
others which irill follow, containing Tsrions inrestigations in 
the Theoiy of Electricity. The fundamental mathematical prin- 
ciples of Uie phenomena of Electricity in Equilibrium are stated 
and explained in as concise a manner as seems consistent with 
deamesa To avoid lengthening the paper and unnecessarily 
distracting the attention of the reader, no details are given with 
reference to the experiments which have been, or which might 
be^ made fiyr establishing the various propositions asserted ; and, 
for the same reasons, scarcely any allusion is made to the his- 
tory of the subject With regard to the nature of the evidence 
on which the mathematical theoiy of electricity rests, the reader 
is referred to the preceding paper " On the Elementaiy Laws . 
of Statical Electricity,* where, besides some general ex- 
planations on the subject^ the works containing accounts of the 
actual experimental researches of principal importance are 
indicated. That paper is marked as the first of a series which 
it was my intention to publish in this Jaumal, and of which 
the second now appears. In this series it will not be attempted 
to adhere to a systematic course of investigations such as might 
oonstituto a complete treatise on the subject; and my only 
reason for publishing this introductory article is for the sake 
of reference in other papers, there being no published work in 
which the principles are stated in a sufficiently concise and 
eonect form, independently of any hypothesiSi to be altogether 
aatisfacfawy in the present steto of science. 

The Tmo Emdi qf BketrieUy. 

68. If a piece of glass andapieoe of resin are rubbed together 
and then separated, it is found that they attract one another 



mutuallj. The tenn ebelrinfy ^ luM been apfdied to the a^ 
devebped in this opention ; the excitation of the bodies^ to 
which the attractiTe foice iB doe» is called dedrieal, and the 
bodies 80 excited are said to be cbjlri^ai^ or to be cikof^ 10^ 
ekdrieUjf. 

If second pieces of glass and lesin be nibbed together and 
then separated, and placed in the neighbourhood of the fiist peiiT 
of dec^ified bodies^ it may be obserred — 

(1) lliai ik4 tu» pieee$ of glau rq^ one anoiisr. 

(2) Thai each pieu of gla$$ aUraeii eack pieci qf retUk 

(3) That Ae two pieeei qf reiin rqpd cn€ another. 

Hence it is inferred that the two pieces of glass possess dee- 
trical properties which differ in their characteristics from those 
of the resin ; and the two kinds of electricity thns indicated are 
called vitreons and resinons» alter the substances on which they 
are developed. Bodies may in yarious ways be made electric ; 
but the characteristics presented are always those of either 
vUreauB eUetricUy or rttinofUMdeebricUy. 

59. An electrified body exerts no force, whether of attraction 
or of repulsion, upon any non-electric matter. When in any case 
bodies not preTiously electrified are observed to be attracted, or 
urged in any direction, by an electrical mass, it is because the 
bodies have become eleettieally excited by injluenee. 

60. If a small piece of glass and a small piece of resin, which 
have been electrified by mutual friction, be placed successively 
in the same position in the neighbourhood of an electrified body, 
they will be acted upon by equal forces^ in the same line^ 
but in contrary directions. Hence the two bodies are said to be 
equally Aarged with the two kinds of electricity reapectively. . 

Eleetriad Quantity* 

61. The force between two electrified bodies depends, eeeterie 
paribus, on the amotrnts of their charges, or on tiie quantitiea 
of electricity which they possess. 

If a small piece of glass and a small piece of resin be electrified 
by mutual friction to such an extent that^ when separated and 
placed at a unit of distance, they attract one another with a 
unit of force, the quantity of electridty possessed by the fimner 



* Ynm IkMKrfmf, iaber, on ateoont of tndk phmonenft baring bom ftnS 
olMTfod witk amUr M OM ol tU nibrtMMM n&btd togi*hMv 
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18 ndd to be unity ; the latter poMeases what may be called a 
unit of resinous electricity. 

If m bodies, each possessing a unit of vitreous electricity^ be 
incorporated together, the single body thus composed is chaiged 
with m units of the same kind of electricity : It is said to pos- 
sess a quantity of electricity equal to m, or its iUetrieal mas$ is 
Mw A similar definition is applicable with reference to the 
measurement of resinous electricity. 

63. If two bodies possessing equal quantities of vitreous and 
resinous electricity be incorporated, the single body thus com- 
posed will be found either to be non-electri^ or to be in such a 
state that, without the removal of any electricity of either kind 
fiom it^ it may, merely by an alteration in the distribution of 
what it already possesses, be deprived of all electrical symptoms 
Thus it appears that a body either vitreously or resinously 
electrified, may be deprived of its chaige merely by supplying 
it with an equal quantity of the other kind of electricity. 

In consequence of this fact, we may establish a complete 
system of algebraic notation with reference to electrical quantity, 
whether of vitreous or resinous electricity, by adopting as 
univeisal the law that the total quantity of dectricity possessed 
by two bodies, or the quantity possessed by one body made up 
of two^ is equal to the sum of the quantities with which they 
are separately charged. Thus let m be the quantity of elec- 
tricity with which a vitreously electrified body is chaiged, and 
let f»'^ be the quantity contained by a body equally chaiged 
with resinous electricity. We must have 

m + m'ssO^ 
and therefore m'. is equal to — m. Now it is usual to regard 
vitreous electricity as positive ; and we must therefore regard 
the other kind as native; so that a body possessing m units 
of resinous electricity is to be considered as chaiged with a 
quantity —m of electricity. 

Ti4 Siiperpoutian qfEtedrieal Foreti. 

6S. If a body, electrified in a given invariable manner, be 
placed in the neighbourhood of any number of electrified bodies, 
it will experience a force which is the resultant of the forces 
tkak would be separately exerted upon it by the different bodies 
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if they were placed in suooeseion in the positions which thej 
actuallj occupy, without any alteration in their electrical 
conditiona 

Thi8 law is true even if any number of the bodies oonsideied 
be merely different parts of one continuous masa 

Cob. 1. The total mechanical action between two electrified 
bodies, whether parts of one continuous mass or isolated 
bodies, is the resultant of the forces due to the mutual actiona 
between all parts of either body and all parts of the other, 
if we conceive the two bodies to be arbitnuily divided each 
into parts in any manner whatever. 

Cob. 3. We may, in any electrical problem, imagine the 
charge possessed by a body to be divided into two or more 
parts, each distributed arbitrarily with the sole condition 
that the sum of the quantities of electricity in any veiy small 
space of the body due to the different distributions shall be 
equal to the given quantity of electricily in that space, 
according to the actual distribution of electricity in the1)ody ; 
and we may consider the force actually exerted upon any other 
electrified body as equivalent to the resultant of the forces due 
to these partial distributiona 

The Law qf Force between EUdrified BodUe. 

64. The force between two small electrified bodies varies 
inversely as the square of the distance between them. 

Cob. If two small bodies be charged respectively with 
quantities m and fnf of electricity, they will mutually repel 
with a force equal to mm' 

m 

(an action which will be really attractive when m and m^ have 
unlike signs, as would be the case were the bodies dissimilaxly 
electrified). For two units, placed at a distance unity, repel 
with a force equal to unity, and therefore if placed ata distance 

^ they will repel with a force ^; and the expression for the 

repulsion between m units and m^ units is deduced from this^ 
according to the principle of the supeiposition of forces, hj 
mTiltiplying by mm\ 
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Dtfim&m of ike SesuUani EUetrieal Farce at a PcmL 

65. Let a unit of negatiTe electricity be conceiyed to be oon- 
oentrated at a point P in the neighbourhood of an electrified 
body or group of bodiee, without producing any alteration in 
the previously existing electrical distribution. The force exerted 
upon this electrical point is what we shall throughout under- 
stand a$ ike rauliant force ai P due to the electricity of the 
body or bodies considered. 

Cox. If Ji be As rceuUant force at P in any case^ then 
the force actually exerted upon an electrical mass m, concen* 
trated aft P, will be equal to — fii& 

Eleetrieai EfuiStriitm* 

66. When a body held at rest is electrified, and when, being 
either subject to electrical action from other bodies, or entirely 
isolated, tiie distribution of its chaige remains permanently 
unaltered, the electricity upon it is said to be in equilibrium. 

Electrical equilibrium may be disturbed in yarious ways. 
Thus if a body chaiged with electricity in equilibrium be 
touched, or eren approached by another electrified body, the 
equilibrium may be broken, and can only be restored after a 
difiierent distribution has been effected, by a motion of electricity 
through the body or along its sur&ce : or if a body be initially 
electrified in any arbitrary manner, whether by Motion or other- 
wise, it may be that^ as soon as the exciting cause is removed* 
the electricity will either gradually become altered from its 
initial distribution, by moving slowly through the body, or will 
suddenly assume a certain definite distributioa 

The laws which regulate the distribution of electricity in 
equilibrium on bodies in various circumstances have been the 
subject of most important experimental researches ; and having 
been established with perfect precision by Coulomb, and placed 
beyond all doubt by verifications afforded in subsequent ex- 
periments, they constitute the foundation of an extremely in- . 
teresting branch of the Mathematical Theory of Electricity. Tn 
oonnexion with these laws» and before stating them, it will be 
ixmvenient to explain the nature of the distinction which is 
drawn between the two great classes of bodies in nature^ called 
Ooodueton of Electricity, and Kon-Conductors of Electricity. 



67. A body which affords such a resigUnce to the tnosmia* 
tion of electricitj tfaiongh it^ or along its razfiioe, that^ if it be 
once electrified in any way^ it tetains pennanenily, withont 
any change of distribntion, the charge which it has leoeiTed, is 
called a Non-Condnctor of Electricity. 

Ko body eziata in natnie which fnlfila strictly the terns 
of this definition; bat glass and lesin, besides many other 
substances; are soch that they may, within certain limits and 
snbject to certain lestrictionSp be oonsiderad as nan* 
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Ccndatetcn ^EUdrki^, 

68. A very extensive dass of bodies in natoie^ indnding all 
the metals, many liquids, etc, aie found to possess the property 
that, in all conceivable dicomstances of electrical ezdtation, the 
resultant force at any point within their substance vanishes. 
Such bodies are called Conductors of Electricity, since they are 
destitute of the property, possessed by non-conduetois,^ of 
retaining permanently, by a resistance to every diange, any 
distribution of electricity arbitrarily imposed; the only kind of 
distribution which can exist unchanged for an instant being 
such as satisfies the condition that the resultant force must 
vanish in the interior. 

It is found by experiment that the dectridty of a charged 
conductor rests entirely on its surface, and that the dectrical 
circumstances are not at all affected by the nature of the 
interior, but depend soldy upon the fonn of the external 
conducting surfebce. Thus the dectrical properties of a solid 
conductor, of a hollow conducting shell, or of a non-conductor 
enclosed in an envelop, however thin (the finest gold leat for 
i nstance), are identical, provided the external forms be the 
same. A hollow conductor never shows symptoms of dectridty 
on its interior surface, unless an dectrified body be insulated 
' within it ; in which case the interior surfiace will become deo-^ 
trified by influence, or by indudion, in sudi a way as to make 
the total resultant force at any point in the conducting matteib 
vanish, by balancing, for any sudi pointy the force due to the 
electricity of the insulated body . 
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It has been freqaentlj assumed that electricity penetrates to 
a finite depth below the surface of conductors ; and, in accord- 
ance with certain hypothetical ideas regarding the nature of 
electricity; the ** thickness of the stratum " at difierent points of 
the surface of a conductor has been considered as a suitable 
term with reference to the vaiying or uniform distribution of 
electricity oyer the body. All the conclusion with reference to 
this delicate subject which can as yet be drawn from experiment^ 
is that the "thickness^" if it exist at all« must be less than that 
of the finest gold leaf; and in the present state of science we 
must regard it as immeasurably smalL It may be conceived 
that the actual thickness of the excited stratum at the mabce 
of an electrified conductor is of the same order as the space 
through which the physical properties of the pervading matter 
change continuously from those of the solids to those which 
characteriM the surrounding air. 

Eiedrieal Dendl^ ai an^f Point qfa Charged Surface. 

€9. In this» and in all the papers which will follow, instead 
of the expression ^the thickness of the stratum,"* Coulomb's 
fiur more philosophical term, JSEecfrioa/DefwAy, will be employed 
with reference to the distribution of electricity on the surface 
of a body; a term which is to be understood strictly in 
accordance to the following definitions, without involving 
even the idea of a hypothesis regarding the nature of electricity. 
The dectrical density of a uniformly charged surfiice is the 
quantity of electricity distributed over a unit of surfSaca 

The electrical density at any point of a surfaco, whether the 
distribution be uniform or not^ is the quotient obtained by 
dividing the quantity of electricity distributed over an infinitely 
small element at this pointy by the area of the element 

JBaseftiftW of all Non^Condueion except Air. 

70. In the present paper, and in some others which will 
follow, no bodies will be considered except conductors ; and 
the air surrounding them, which will be considered as offering 
% resistance to the transference of electricity between two 
detached conduiotoTS, but as otherwise destitute of electrical 
propeitieai A full development of the mathematical theory, 
of the internal electrical polarintion of solid or liquid non-con- 
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ductoisi rabject to the influence of electrified bodies^ diaooTBied 
by Fataday (in bis Experimental Beseaiches on the specific in- 
ductive capacities of non-conducting media), must be zesenred 
for.a later communicatioa* 

Inmdated Condudor$. 

71. A conductor separated from the ground, and touched only 
by air, is said to be insulated. Insulation may be practi- 
cally effSacted by means of solid props of matter, such as glasQ, 
shell-lac, or gutta percha;t and if the props be sufBciently thin, 
it is found that their presence does not in any way aJter or 
afiect the electrical drcumstances, and that their ruiding 
'power, as non-conductors of electricity, prevents any alteration 
in the quantity of electricily possessed by the insulated body ; 
so that however the distribution may be affected by tiie 
influence of surrounding bodies, it is only by a temporary 
breaking of the insulation that the absolute charge can be in- 
creased or diminished. 

If an. insulated uncharged conductor be placed in the 
neighbourhood of bodies charged with electricity, it will become 
"* electrified by influence," in such a manner that its resultant 
electrical force at every internal point shall counterbalance the 
force due to the exterior charged bodies : but, in accordance 
with what has been stated in the preceding paragraph, the 
total quantity of electricity will remain equal to nothing; 
that is to say, the two kinds of electricity produced upon it by 
influence will be equal to one another in amount 

BeeapUulaium of the Fundamental Law$. 

72. The laws of electricity in equilibrium in relation with 
conductors may — ^if we tacitiy take into account such principles 



• The resulti of ibis Theory wen ezpkined brieilj in « p^per entitled 
«" Note sur ke Loie EUmentaizee de I'Electriciti Statiqae" ({mUiebed, in 
1S4S, in Li€fu/9&i^9 Journal^, wad more fnlly in the Snt paper A the ptewnt 
■eries, on the ** Mathematicftl Theoiy of Eleotricitgr" (IL luxnre). A eimDar 
Tiew of this enbjeot hee been tftken by Moetotti, whoee inTeitigalione ere pub* 
lUhed in a paper entitled " DiioutUme AnaUtica $uW Jf^umaa dU VAaiome 
di un Meao DiOeUrko k(k mOUi J>%dr9^itU^ 

ptK Carpi JBleUrid DUaemkuUi in £uo. (VoL xxiv. of the M4mark Mia 
Sodetd ItaUaaa deOe SeUnu SuidenU in Modena, dated lS4ei) 

t It hat been recently dieoorered by Faraday thai gntta penha ia one el 
the beat inaolatori among known anbetanoea—^AiL Jlcv*, llaroh ISiS.) 
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as ihe Baperpofiition of electrical forces, and the invariableness 
of the quantity of electricity on a body, except by addition or 
subtraction (in the extended algebraic sense of these terms)— 7 
be considered as fully expressed in the three following pro- 
positions : — 

L The repulsion between two electrical points is inversdy 
proportional to the square of their distanca 

n. Electricity resides at the boundary of a charged con- 
ductor. 

. Ill The resultant force at any point in the substance of 
a conductor, due to all existing electrified bodies, vanishes. 

It has been proved by Green that the second of these laws 
is a mathematical consequence of the first and third; and it has 
been demonstrated by La Place* that the first law may be in- 
ferred from the truth, in a certain particular case, of the second 
and third. The three laws were, however, first announced by 
Coulomb, as the result of his experimental researches on the 
subject 

Oijeeti of the Mathematical Theory of Eledrimiy. 

73. The varied problems which occur in the mathematical 
theory of electricity in equilibrium may be divided into the 
two great classes of Synthetical and Analytical investigationa 
In problems of the former class^ the object is in each case the 
determination either of a resultant force or of an aggregate 
electrical mass, according to special data regarding distributions 
of electricity : in the latter class, inverse problems, such as the 
determination of the electrical density at each point of the 
surfietce of a conductor in any circumstances, according to the 
laws stated above, are the objects proposed. 

It has been proved (by Green and Gauss) that there is a 
determinate unique solution of every actual analytical problem 
of the Theory of Electricity in relation with conductora The 
demonstration of this with reference to the complete Theory of 
Electricity (induding the action of solid non-conducting media 
discovered by Faraday), as well as with reference to the Theories 
of Heat^ Magnetism, and Hydrodynamics, may be deduced fiN>m 
two theorems proved in the Cambridge and Dublin Mathemati- 
eel Journal for 1847, '' Begardmg the Solution of certain Partial 

• IJMamSlj hf GbTttidttli, m I Icwned ftlter th* finl pabliaatioB ol this 
-e. Sm looteoto «l Hank 1S54 00 1 S4 abom] 
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Differential Equations'' (zm below, or Thomson and Tait's 
Ifattiral PhOoBophy, App. A.) 

The foil investigation of any actual ease of eleGtrical equi- 
librium will generally involve both analytical and synthetical 
problems; as it may be desirable, besides determining the 
distribution, to find the resulting electrical force at points not 
in the interior of any conductor, or to find the total mechanical 
action due to the attractions or repulsions of the elements of 
two conductorBi or of two portions of one conductor; and 
besides, it is frequentiy interesting to verify synthetically the 
solutions obtained for analytical problems. 

Actual Progrea in ike Matkematietd Theory qfEXedri^. 

74. In Poisson's valuable memoirs on this subject^ the dis- 
tribution of electricity on two electrified spheres, uninfluenced 
by other electric matter, in considered ; a complete solution of 
the analytical problem is arrived at ; and various special cases 
of interest are examined in detail with great rigor. In a very 
elaborate memoir by Plana»* the solution given by Poisson is 
worked out much more fully, the excessive mathematical difficul- 
ties in the way of many actual numerical applications of interest 
being such as to render a work of this kind extremely important 

The distribution of electridly on an ellipsoid (including the 
extreme cases of elliptic and circular diBcs» and of a straight 
rod), and the results of consequent ejfniheHeal investigations are 
well known. 

The analytical problem r^;arding an ellipsoid subject to the 
influence of given electrical masses, has been solved by M» 
liouville, by the aid of a very refined mathematical method 
suggested by some investigations of M. Lam£ with reference to 
corresponding problems in the Theory of Heatu 

Green's Essay on Electricity and his other papers on allied 
subjects contain, besides the solution of several special problems 
of interest, most valuable discoveries with rderence to the 
general Theory of Attraction, and open the way to much mate 
extended investigations in the Theory of Electridly than any 
that have yet been published. 

Olasqow Goixiei» Marek 4, 1S4S. 

* Turim Academy ^ Btkmtou^ toaM viL Utm il pnUiihad m/g m t M tf ia a 
qvuto TohuM of SS8 pagw t IMa, lS4fiL 



Y. ON THE MATHEMATICAL THEOBT OF ELEOTBIOITT 

IN EQUILIBRIUM. 

iSL — 610METBI0AL DVySSTIOATIONS WITH BEFBBINCE TO THS 
DDTBIBUTION OF ELBOTBIGirT OK 8PHIBICAL CONDUGIOBS.* 

ICMMdfft md DMim Jiaikemaiieal JoutwO, Maraht May, and Nor. 1848^ 

Not. 1849, Feb. 1850.] 

75. Th^re is so branch of physical science which affords 8 
surer foundation, or more definite objects for the application of 
mathematical reasoning, than the theory of electricity. The 
small amount of attention which this most attractive subject 
has obtained is no doubt owing to the extreme difficulty of the 
analysis by which even a very limited progress has as yet been 
made ; and no other circumstance could have totally excluded 
from an elementary course of reading, a subject which, besides 
its great physical importance, abounds so much in beautiful 
illustrations of oidinaiy mechanical principles. This character 
of difficulty and impracticability is not howeyer inseparable 
from the mathematical theory of electricity : by very elemen- 
tary geometrical investigations we may arrive at the solution 

* The laveBtigsiioiii given in ibis paper (§§ 75-127) fonn the tubjeci of the 
fint perk of n eeries of leetnree on the Mathematical Theory of Electricity giren 
in the UniTeniiy of Glasgow during the present eeaiion [1847-8]. They are 
adaptataona of certain methods of proof which first occnrred to me as appli- 
cations of the princ^tle ^ tUdrieal image$, made with a Tiew to inTCstigating 
the solations of Tarions problems reganling spherical conductors, without the 
explicit use of the differential or integral odculus. The spirit, if not the 
notation, of the dijfereiUial calculus must enter into any investigations with 
reference to Green's theoiy of the potential, and therefore a more extended 
Tiew of the subject* is reserved for a second part of the course of lectures. 
A oomplete exposition of the prindpU ^f deAncal image$ (of which a short 
J M)oo un t was rwid at the late meeting of the British Association at Oxford) haa 
not jet been published ; but an outline of it was communicated by me to 
11 liowiUe in three letters, of which extracts are published in the Journal dt 
JfoMsMCigMef (1846 ft 1847, vols. x.,xii.) [See xxv. below.] A full and elegant 
exposition of tiie method indicated, together with some highly interesting 
i^iplieations to problems in geometay not contemplated by me, an given by 
tSL liiouville himself; in an article written with reference to thoee letten^ 
and pnUiahed along with the last of them. I cannot neglect the present op> 
Mtnnity of expmssing my thanks for the honour whioh has thus been con- 
isned upon me by so distinguished a mathematidaa, as weU as for the kind 
in which he reeeived those eommunieations, imperfect as th^ were^ 
Isr the fafOBvable mtntioa made of them in his own valuahle memoir* 
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of a great variety of interesting problems with reference to the 
distribution of electricity on spherical conductors, including 
Poisson's celebrated problem of the two spheres, and others which 
might at first sight be regarded as presenting difficulties of aikr 
higher order, ^e object of the following paper is to present^ 
in as simple a form as possible, some investigations of this kind. 
The methods followed, being for the most part synihetieal, weiB 
suggested by a knowledge of results founded on a less restricted 
view of the theoiy of electricity; and it must not be oonsidersd 
either that they constitute the best or the easiest way of 
advancing towards a wmplete knowledge of the subject, or that 
they would be suitable as instruments of research in endeavour- 
ing to arrive at the solutions of new problemsL 

IntulaUd Otmdueting Sphere nd>feei to no External If^bienee. * 

76. We may commence with the simplest possible case, thai 
of a spherical conductor, charged with dectridty and insulated 
in a position removed from all other bodies which could influence 
the distribution of its charge. In this, as in the other cases 
which will be considered, the various problems, of the anslyticsl 
and synthetical classes, alluded to in a previous paper (iv. 
§ 73) will be successively subjects of investigation. Thus let 
us first determine the density at any point of the snrfiEUse, and 
then, after verifying the result by showing that the laws Q| 7S) 
are satisfied, let us investigate the resultant force at an external 
point 

Determination qf the Dieiriiution. 

77. Let a be the radius of the sphere, and E the amount of 
the charge. 

According to Law IL, the whole charge will reside on the 
surface, and, on account of the symmetry, it must be uniformly 
distributed. Hence, if p be the required density at any pointy 
we have, e 

Verification of Law IIL 

78. The well-known theorem, that the resultant force due to a 
uniform spherical shell vanishes for any interior pointy consti* 
tutes the verification required in this case. This thecnem was 
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fiist giTen }3j Newton, and is to be found in the 

bat as his demonstration is the foundation of eveiy synthetical 

inTestigation which will be given in this paper, it may not be 

sopeiflnoas to insert it here ; and accordingly the passage of 

the Frineipia m which it occurs, translated literally, is given 

lieraL 

NewUm^ Fint Bookf 2We{/tt AdJon, Prep. LXX. Tketfrem ZXX. 

If the different points of a spherical surface attract equally 
with forces vaiying inversely as the squares of the distances, 
a particle placed within the surface is not attracted in any 
curectum* 

Let HIKL be the spherical surface, and P the particle within 

it Let two lines HK^ IL^ intercepting very small arcs J7J, 

^^..i— ^...^^ KL^ be drawn through P; then on account 

^^^— ^ of the similar triangles J2P/, KPL (Cor. 

^y^ \ 8, Lemma VIL Newton), those arcs will be 

I J proportional to the distances HP^ LP; and 

\^^ >^ any small elements of the spherical surface at 

HI and KL, each bounded all round by straight 
lines passing through P [and very nearly coinciding with HK\ 
will be in the duplicate ratio of those lineSb Hence the forces 
exercised by the matter of these elements on the particle P are 
^ual ; for they are as the quantities of matter directly, and the 
squares of the distances^ inversely ; and these two ratios com- 
pounded give that of equality, 13ie attractions therefore, being 
equal and opposite, destroy one another : and a similar proof 
shows that all the attractions due to the whole spherical sur- 
fiwe are destroyed by contrary attractions. Hence the particle 
P is not urged in any direction by these attractiona Q. £. D. 

Digrtmcn on Ou Dwiiton of 8urfaee$ itUo Elements. 

19. The division of a spherical surface into infinitely small 
elements will frequently occur in the investigations which 
Ibllow : and Newton's method, described in the preceding de- 
monstration, in which the division is effected in such a manner 
that all the parts may be taken together in pairs of opposite 
demeeiie with rtferenes to a% i$Uemal point; besides other 
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methods deduced from it^ suitable to the special pioblems to be 
examined ; will be repeatedly employed. The present digression^ 
in which some definitions and cdementaiy geometrical pro-- 
positions regarding this subject are laid down, will sunplify 
the subsequent demonstrations, both by enabling us» throa|^ 
the use of convenient terms, to avoid circumlocution, and by 
affording us convenient means of reference for elementary 
principles, regarding which repeated explanations might other* 
wise be ncicessaiy. 

EacplanalAtmM and De/bdtions regarding Cana. 

80. If a straight line which constantly passes through a 
fixed point be moved in any manner, it is said to describe, or 
generate, a ea/nioal mrfaea of which the fixed point ia the 
vertex 

If the generating line be carried firom a given position con- 
tinuously through any series of positions, no two of which 
coincide, till it is brought back ta the firsts the entire line on the 
two sides of the fixed point will generate a complete conical 
surface, consisting of two sheets, which are called vertical or 
cppoeite cones. Thus the elements HI and EL, described 
in Newton's demonstration given above, may be considered 
as being cut from the spherical snxftce by two cppaaiU consa 
having P for their common vertex, 

ne Solid Angle qfa Chne^ or of a confute Corneal Surfaee. 

81. If any number of spheres be described from the vertex 
of a cone iu centre, the segments cut from the concentria 
spherical surfaces will be similar, and their areas will be as the 
squares of the radii The quotient obtained by dividing th^ 
area of one of these segments by the square of the radius of 
the spherical sur&ce from which it is cut^ is taken as the 
measure of the solid angle of the eone^ The segments of the 
same spherical surfaces made by the opposite cone, are re- 
spectively equal and similar to ihe former. Hence the solid 
angles of two vertical or opposite cones aire equal : either may 
be taken as the solid angle of the complete conical surface, of 
which the opposite coneA are the two i^eets. 
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Ami ^oS the Sofid Angles round a Paini « 4r. 

83. Smoe the area of a spherical aorfaoe is equal to the 
flqnaie of its radius multiplied by iw, it follows that the sum 
of the solid angles of all ^e distinct cones which can be de- 
Kiibed with a given point as vertex, is equal to 4w. 

. Sim i^AeStMAnghM of MAeeompkU Corned 

. 8S, The solid angles of vertical or opposite cones being 
equal, we may infer from what precedes that the sum of the 
solid anj^ of all the complete conical surfiu^s which can be 
described without mutual intersection, with a given point as 
▼eitez, is equal to 3ir. 

Solid Angle iubtendedaia Point hg a TerminaUd Swrfaee. 

84. The solid angle subtended at a point by a superficial 
area of any kind, is the solid angle of the cone generated by % 
straight line passing through the pointy and carried entirely 
lound the boundary of the area. 

Orthogonal and GbUque SeeUom qfa Small Cone. 

85. A very small cone, that is, a cone such that any two 
positions of the generating line contain but a very small angle, 
is said to be cut at right angles, or orthogonally, by a spherical 
aurfSftce described from its vertex as centre^ or by any surface, 
whether plane or curved, which touches the spherical surfiBU» 
at the part whera the cone is cut by it 

A veiy small cone is said to be cut obliquely, when the 
section is inclined at any finite angle to an orthogonal section ; 
and this angle of inclination is called the Miguitif qf ihe 
aectunk 

The area of an orthogonal section of a vety small cone is 
equal to the area of an oblique section in the same position, 
multiplied by the cosine of the obliquity. 

Hence the area of an oblique section of a small cone is equal 
to the quotient obtained by dividing the product of tiie square 
of its distance from the vertex, into the solid angle, by the 
cosine of the obliquity. 

Area qfihe Segment aUjIrom a Spherical Surface bg a Small (Jone. 
88. Let X denote the area of a very email element of a 
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sphexical boAm at the point E (that is to mj, an clemeiii 
eveij part of which ia rerj near the point X\ kt m denote 
the solid angle aobtended bj if at any point P» and let FJ^ 
produced if neeeasaiy, meet the sufaoe again in ^i then, • 
denoting the ladins <Mf the spherical maboe, we hate 

For, the obliquity of the element S, conndeied as a seetim 
of the cone of which P is the vertez and the 
element S, a section; being the angle 
the given spherical snifSue and another 
scribed £rom P as eentn, with PS as ladins ; i - . 
is equal to the angle between the ladii, JEP N. / 

and EC, of the two spheies. HencOp by con* ^^ ^ 

sidering the isosceles tpang^ ECE^, we find that the coaine of 

the obliquity is equal to ^„^ » or to -r— » and we arrire afc 
the preceding expression for E. 

• « 

87. Theorem.^ The attraction of a uniform spherical saifiue 
on an external point is the same as if the whole mass were 
collected at the centre. 

Let P be the external point, C the centre of the sphere^ 
and CAP a straight line cutting the 
spherical surface in A. Take I in 
OP, so that CP, CA, CI may be 
continual proportionals, and let the 
whole spherical sur&ce be divided 
into pain of opporiU eUnunU vrith 
reference to ffie paint L 

Let E and H^ denote the magnitudes of a pair of such 

* ThiB theorem, which la more oompreheneiTe then thel of Newton in hie 
fint propoeition regerding attraction on an eztonal point (Ptrep. UCXL), ie 
foUy eetabliahed at a corollary to a eaheeqaent propoeition (Prop. uoon. 
Cor. 2). If we had coneidered the proportion of the foroee exerted npon two 
external points at differont .iirtaneee, ineteed of, ae in the text^ inTeet^jati^g 
the absolnte force on one pointy and if beadee we had taken together all the 
pain of elements which wonld constitate two narrow annular portkna of the 
enrlMe, in planes perpendicular to PC, the theorem and its dei 
would hare coincided precisely with Prop. lxxx. of the iV inojp kk 
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elements^ rituated lespeciiyely at the extremities of a chord 
HETi and let m denote the magnitude of the solid angle suIk 
tended \fj either of these elements at the point /, 
.YTe have (§ 85), 

Henoe^ if p denote the density of the surface (§ 60), the attrac« 
tiona of the two elements H and IT on P are respectiyely 

m IE* , « ISf* 

Now the two tiiangiles PCH, HCI hare a common angle at (7, 
and^ Binoe PC t CH :: CH : CI, the sides about this angle are 
prop o r ti onal Hence the triangles are similar; so that the 
floiglea GPffand (7J7I are equal, and 

Iff Off tf» 
HP GP ISP 

In tlie Mune way it may be prored, by conaidering the triangles 
fCE\ E'OI, that the angles OfB^ and QWl ate equal, and 
that 

IW Cff a 

Wp" op "cp' 

■ 

Hence the expressions for the attractions of the elements H 
and JET' on P become 

vhich are equal, since the triangle HCH^ is isosceles ; and, for 
the same reason, the angles CPH, CPH\ which hare been 
piored to be respectiyelj equal to the angles CHI, CH'I, are 
equal We infer thai Uie resultant of the forces due to the 
two dements is in the direction P(7, and is equal to 

^•^•^ • 
To find the total force on P, we must take the sum of all 



^ nwi thk w« inte tiial tine ntio of Iff to HP if oonitMiti whAtonr 
bo tho poritMNi oi ff wk tho iiilMnetl ouIom^ o woU-knmni ptopotitioB.— 
~ I'o JWU; n. Plrop. G.) 
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the forces along PO due to the pairs of opposite elements; 
and, since the multiplier of « is the same for each pair, we 
must add. all the yalues of «, and we therefore obtain (g 83X 
for the required resultant^ 

The numerator of this expression ; being the product of the 
density, into the area of the spherical sur&ce ; is equal to the 
mass of the entire charge ; and therefore the force on P is the 
same as if the whole mass were collected at (7. Q. s. D. 

Cob. The force on an external pointy infinitely near the 
surfiftce, is equal to iirp, and is in the direction of a normal at 
the point The force on an internal point, however near the 
sur&ce, is, by a preceding proposition, equal to nothing 

ReptMon an an dement of tke Eleetr^ed Sur/aee. 

88. Let c be the area of an infinitely small element of the 
surfiace at any point P, and at any other point 
ff of the surface let a small element subtend- 
ing a solid angle «, at P, be taken. The area 
of this element will be equal to 

m.PH* 
hobCHP' 

and therefore the repulsion along HP, which it exerts on the 
element c at P, will be equal to 

iS^GSP'^SSTcSp^'- 

Now the total repulsion on the element at P is in the direction 
CP I the component in this direction of the repulsion due to 
the element J7, is 

and, since all the cones corresponding to the different elements 
of the spherical surface lie on the same side of the tangent 
plane at P, we deduce, for the resultant repulsion on the 
element c. 

From the corollaiy to the preceding proposition, it follows that 
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this zepulsion is half the force which would be exerted on an 
external pointy possessing the same quantity of electridty as 
.the element e, and placed infinitely near the snrfaca 

Olasoow Oouaoi^ JtfortA 14» 1S4S. 



IN8ULATED 8PHEBE SUBJKCTSD TO THK IK7LUKNCB Of AK 
SLSCTBICAL POIHT — (§§ 89-95). 

89. A conducting sphere placed in the neighbourhood of an 
electrified body most necessarily become itself electric, even if 
it were previously uncharged ; since (Law m.) the entire resul- 
tant force at any point within it must vanish, and consequently 
there must be a distribution of electricity on its surihce which 
will for internal points balance the force resulting from the ex- 
ternal electrified body. If the sphere, being insulated, be pre- 
viously charged with a given quantity of electricity, the whole 
amount will (§ 71) remain unaltered by the electrical influence, 
but its distribution cannot be unifonn, since in that case, it 
would exert no force on an internal point, and there would re- 
main the unbalanced resultant due to the external body. In 
what follows, it will be proved that the conditions are satisfied 
by a certain assumed distribution of electricity in each instance ; 
but the proposition that no other distribution can satisfy the 
conditions, which is merely a case of a general theorem referred 
to above (§ 73), will not be specially demonstrated with re^ 
ference to the particular problems ; although we shall have to 
assume its truth when a certain distribution which is proved 
synthetically to satisfy the conditions is asserted to be the 
unique solution of the problem. 

AUraedtm qfa SphtrieaL Surface qf which the deneUjf variee iwenefy 
as the cube qfthe dietance/rom affivenpomL 

90. Let us first consider the case in which the given point 8 
and the attracted point P are separated by the spherical sur- 
&oe. The two figures represent the varieties of this case in 
which the point 8 being without the sphere, P is within ; and^ 
8 being within, the attracted point is external The same de- 
monsfaratian is applicable literally with reference to the two 
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figures ; but, for avoiding the consideration of negative quanti- 
ties, some of the expressions may be conyeniently modified to 
suit the second figure. In such instances the two expressions 
are given in a double line, the upper being that which is most 
convenient for the first figure, and the lower for the second. 

Let the radius of the sphere be denoted hj a, and let/be the 
distance of 8 from C, the centre of the sphere (not represented 
in the figures). 

Join SP and take T in this line (or its continuation) so thai 

(fig. 1.) 8PJ3T^r-a* \ m. 

(fig. 2.) SP.ra=a«-/« I ^ ^* 

Through jTdraw any line cutting the spherical surface at K, K\ 
Join 8K, 8S7, and let the lines so drawn cut the spherical sur- 
face again in EE'. 

Let the whole spherical sur&ce be divided into pairs of op- 
posite elements with reference to the point T. Let K and K^ 
be a pair of such elements situated at the extremities of the 
chord KK", and subtending the solid angle « at the point T ; 
and let elements JS and S' be taken subtending at 8 the same 
solid angles respectively as the elements K and K\ By this 
means we may divide the whole spherical surfSeu^ into pairs of 
conjugate elements, E, E, since it is easily seen that when we 
have taken every pair of elements, f, K', tiie whole surfiaoe will 

* If, in geometrical inyeatigfttioni in wbidi diagrams are refeired t(H tlia 
diatinotioh of poBttioe and negative qnaotitiee be obsenred, tbe order of the 
letters expressing a straight line will detennine the algebraic sign of tbe 
quantUjf denoted : tbns ve shonld bave, nniyenaUy, if <^, ^ be the ejctremi- 
ties of a straight line, AB» —BA, each membor of this equation being 
positiye or negatiTe according to the eonrentional direction in which pcsi* 
tiye quantities are estimated. In the present instance, lengths meanired 
along the line 8P in the direction from S towards P, or in corresponding 
directions in the continuation of this line on either side, are, in both figures, 
considered as positive. Hence, in the first figure ST wiU be posHiTS ; 
but when / is less than a, 8T must be negative on account of the equation 
8PMT^P-a\ Hence the second fiffure represents this case; and, if 
we wish to express the circumstances without the use of negative quantities^ 
we must change the signs of both members of the equation, and substitato 
for the positive quantity -ST its equivalent T8^ so that we have 6P.ra«ii^ 
-y, as the most convenient form of the expression, when reference Is made 
to the second figure. See above (Symbolical Oeometiy, i 4), in volume d tlie 
(kaanhridQeaiiidDvbUnMaih^^ ISiS, where the principles cf 

interpretation of the sign - in geometry are laid down \ff Sir WiOiaai B. 
Hamilton [or Tait's QiMleniioiMb I 20, ISSS]. 
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liaTB been ezfaansted, witlumt lepetttion, hy the deduced da- 
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mentfl^ S, E\ Hence the attraction on P will be the final xe-* 
raltant of the attiactions of all the pain of elements^ JE7 ^. 

Now if p be the electrical density at B, and if F denote the 
■ttiaction of the element B on P, we have 

According to tiie giren law of denaity we shall have 

X 

where X is a conatanb Again, since SEK is equally inclined 
to the spherical suifieu^ at the two points of inteisection, we 
have (§§ 85, 86) 

„ 8E^ «. BE' tam.TK* 
^■g^^'^^SF*' KK' ' 
andhenoe 

X BE* %am.TK* 

i?' K]^* aE.aKKEF''^' 

Kow, by considering the great circle in which the sphere is cut 
by a plane through the line SK^ we find that 

(fig.l.) SKJSE^r^a^X .J. 

(fig. 2.) KS^Emi^^/^ J ^ '' 

and hence 8KM = 8PMT, bom which we infer that the 
triangles £Sf2; PA7 are similar; so that TKi8Ki:PEx8P. 
Henoe TK^ 1 

8K\PE'^'SF^' 

and the expression for P becomes 
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Ifbdiifppg tliit bjr (S) ve baTe 



(H-L) j.-x.5,.^^,_jpjg^.fflr 



SmSMdj, if F^ deaH*e the 9Xtnc^ 

(fig. a.) r^x^.^^J^^^.ra. 

Now in Uie triang^ which have been shown to be mnilu; the 
angles TKS, EPS are equal ; and the seme maj be proYed oC 
the angles TE'S, E^PS. Hence the two sides SK, ^ of the 
triangle ESK^ aie inclined to the thiid at the same angles as 
those between the line PS and directions PE^ PE^ai the two. 
foices on the point P; and the sides SK, SK^ an to one 
another as the fbioes» F, f^ in the directions PE^ PJff. It 
follows, by *the triangle of fioroesy* that the resoltant of jPand 
W is along PS, snd that it been to the component finoes the 
same ratios as the side EE^dt the triangle bean to the other 
two sidesL Hence the resultant force due to the two elements 
<ff and ^, on the point P, is towards S, and is equal to 

The total resultant force will consequently be towards S\ 
and we find, by summation (§ 85) for its magnitude^ 

KWa 

Hence we infer that the resultant force at any pcunt P, 
separated from S by the spherical sur&ce^ is the same as if 

a quantiiy of matter equal to ;r~i ^^^ concentnted at the 
point S •^•^* 

91. To find the attnction when £f and P an eiiher both 
without or both within the spherical surfacOi 

Take in OSS (fig. s.^ or in CiSf produced thnu^ £f (4g. 4.^ a 
point £^ such that 

09.09, «itf*. 
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Tlieii, ligr a wen-known geometrical tlieoiem (see note on § 87)/ 
if J? be any point on the spherical siufaoey we have 

as f 



HencewehaTS 






HduM^ f being the electrical density at J*, we haye 



'a^'^ax 



if *t-yrr- 

Henee^ by the inTestigation in the preceding paragraph, the 
attaactioii on P is towards 8^ and is the same as if a qnanti^* 
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of matter eqnal to ^ — ; were concentrated at that point; /| 

being taiken to denote 08i. If for/| and Xj we substitute their 

a' Xa* 

Talnes^ y and -j^t we have the modified expression 

for the quantity of matter which we nrast oonoeive to be 
collected at iS^ 

9S. PlOP. If a spherical sur&ce be electrified in such a way 
that the electrical density yaries inversely as the cube of the 
distance from an internal point 8 (fig. 4), or from the corre- 
sponding external point 8^ it will attract any external pointy 
as if its whole mass were ooncentiated at 8^ and any internal 
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point as if a qoantily of matter greater than tbe whole maas in 
the ratio of a to >^were concentrated at &. 

I^tthedenaityati?l)edenoted,a8l)efoie,tyg^. Then. 

if we consider two opposite elements at E and S^ which sub- 
tend a solid angle «» at the point S^ the areas of these elamanta 

^^®^ ® *^5 \e^^ *^* 'jg<jg ' **^ qnantily of deo-- 
tridty which they possess will be 



X.taM ( 1 , 1 \ / K%a.m 



Now 8S.E^S is constant (Euc m. S5), and its Talna is a^—/*. 
Hence, by summation, we find for the total quantity of elec- 
tricity on the spherical surfSace 

X.4ira 

Hence^ if this be denoted by m, the expressions in the preced- 
ing paragraphs, for the quantities of electricity which we must 
suppose to be concentrated at the point jSf or Si^ according as P 
is without or within the spherical surface, become respeotiTely ' 

m, and ^m. g.B.]k 

/ 

AppUcaHon qfihe preeedmg Theorems to the PrMsm qfEketrieal 

93. Pbob. To find the electrical density at any point of an 
insulated conducting sphere (radius a) chuged with a quantity 
Q (either positive, or negative, or zero) of electricity, and placed 
with its centre at a given distance/from an electrical point M 
possessing m units of electricity. 

If the expression for the electrical density at any point E of 
the surfSace be i 

X and k being constants ; the force exerted by the electrified 
surfiace on any internal point will be the same as if the oon- 
stant distribution k, which (§ 78) exerts no force on an 
internal pointy were removed ; and therefore (§ 90) will be 

X 
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X.4va 
tlie same is if a quantitf of matter equal to jtzt^ ^^^ 

^Iflfitffd at the point JT. Henoe, if the condition 

• 

1)8 satiafied, the total attraction on an internal point, dae to 
tlie electrified aoifiioe and to the inflnendng pointy will vanish. 

Hence this distribution satisfies the 
condition of eqnilibrimn (§ 72) ; and 
to complete the solution of the pro- 
posed problem it only remains to de- 
termine the quanti^i, so that the 
total quantity of electricity on the 
auzftee may have the given value Q: Nov (§ 9S) the total 

mass of the diBtri]nition» depending on the tenn ^^ in the 

expression fixr the density, since Jf is an tadUmal pointy is 
•a^lto a A.4ira 

Henoe^ adding ivafk, the quantity depending on the constant 
tenn h^ we obtain the entire quantity, which must be equal to 
Q; and we theiefixie have the equation 

nam eqiiatioDs (S) and («) we dedooe 

4ira Aira^ 

Hence, by substituting in (a), we have 

^ 4ra ME^^ 4to« ^ '' 

as the e]q^ression of the required distribution of electricity. 
This agrees with the result obtained by Poisson, by means 
of an investigation in which the analysis known as that of 
" Laplace's coe£BcientSy* is empbyed 

M. To find the attraction exerted by the electrified conductor 
on any external point 
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We may consider separately the distributions conesponding 
to the constant and the vaiiable term in the expression for the 
electrical density at any point of the surface. '. The attraction 
of the first of these on an external point is (§ 87) the same, 
as if its whole mass were collected at the centre of the sphere r 
the attraction of the second on an external point is (§ 98) 
the same as if its whole mass were collected at an interior, 
point /, taken in MO so that MlJiOsz a^ HenGe» according: 
to the investigation in the preceding paragraph, we infer that 
the conductor attracts any external point with the same foioe 

as would be produced by quantities Q+ym, and — -7«i' of 

electricity, concentrated at the points O and I respectively. 

Cob. The resultant force at an external point infinitely near 
the surface is in the direction of the normal, and is equal to 
Wp, if /» be the electrical density of the surface, in the neigh- 
bourhood. 

95. To find the mutual attraction or repulsion between the 
influencing point, M, and the conducting sphere. 

According to what precedes, the required attraction or repul- 
sion will be the entire force exerted upon m units of dectiicity 

at the point If, by Q + ^^m at and *—- 7M at a point J, 

a* 
taken in GM^ at a distance -r ftom CI Hence^ if the xequiied 

aiiractionhe denoted by jP (a quantity which will be negathre 
if the actual fbrce be of rqwM^n), we have 

r- i I / (JB), 






or 



^'^ /•(/•-«•)• ^^ 

Cob. 1. If Q be zero or native, the value of i^ is neoea* 
saiily positive, since / must be greater than a; and therafixra 
there is a force of attraction between the influenoing point 
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and the oonductiiig sphere, whatever be the diatance between 
thraL 

Cob. S. If Q be poaitive, then for suffidentlj laige values of 
f^FiB negative^ while for valnea nearly equal to a, jP ia 
positive. Hence if an electrical point be brought into the 
neighbourhood of a similarly charged insulated sphere, and 
if it be held at a great distance, the mutual action will be 
xepulsive ; if it then be gradually moved towards the sphere, 
the repulsion, which will at first increase, will, after attaining 
a maximum value, begin to diminish till the electrical point 
is moved up to a certain distance where there will be no force 
either of attraction or repulsion; if it be brought stiU nearer 
to the conductor, the action will become attractive and wiU 
continually augment as the distance is diminished. 

If the value of Q be positive, and sufficiently greats a spark 
will be produced between the nearest part of the conductor 
and the influencing pointy before the force becomes changed 
fiom repulsion to attraction. 

8r. Psisali Oouaei^ 



XfflCn OV KLKCTBICAL IN7LUKKCK OH INTXBNAL SPHEBICAL^ 
IKD ON PLAm CONDUGTIKa SURFAOES. 

96. In the preceding articles of this series certain problems 
with reference to conductors bounded externally by spherical 
surfaces have been considered It is now proposed to exhibit 
the solutions of similar problems with reference to the dis- 
tribution of electricity on concave spherical surfaces, and on 
planfla 

The object of the following short digression is to define and 
ei^lain the precise signification of certain technical terms and 
eq^OMsions which will be used in this and in subsequent papers 
OB the Mathematical Theory of 



EabUniid amd InUnial (knA»^^ 
97. Dp*. 1. A closed surfiMe separating conducting mattec 
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within it from aii^ without it^ is called an external eondmeUng 
eurfaee, 

Dkf. 2. Adosed surface separating air within it from conduct- 
ing matter without it is called an internal eondueting eurfaee. 

Thus, according to these definitions^ a solid conductor has 
only one * conducting sur&ce," and that *an external conduct- 
ing surface.* 

A conductor containing within it one or more hollow spaces 
filled with air, possesses two or more ** conducting surfibces ;* 
namely, one ^ external conducting surface," and one or mora 
*' internal conducting surfSaces." 

A complex arrangement, consisting of a hollow conductor 
and other conductors insulated within it^ presents several 
external and internal conducting surfiftces ; namely, an ^ external 
conducting surface " for each individual conductor, and as many 
"internal conducting surfaces ** as there are hollow spaces in 
the different conductors. 

98. In any. arrangement such as this, there are different 
masses of air which are completely separated from one another 
by conducting matter. Now among the Greneral Theorems 
alluded to in § 73, it will be proved that the bounding sur- 
face or surfaces of any such mass of air cannot experience 
any electrical influence from the sur&ces of the other masses 
of air, or from any electrified bodies within them. Hence any 
statical phenomena of electricity which may be produced in a 
hollow space surrounded continuously by conducting matter, — 
whether this conducting envelope be a sheet even as thin as 
gold leaf, or a massive conductor of any external form and 
dimensions, — ^will depend solely on the form of the internal 
conducting surfeu^ 

99. Prop. An internal eondueHng eur/aee eannot neeiee a 
charge of eUdrieity indq^endentljf of the injhence iff deetr\fied 
hodiee wUhin ii. 

100. The demonstration of this proposition depends on what 
precedes, and on one of the General Theorems, already alluded 
to (§ 73), by which it appears that it is impossible to distribute 
a charge of electricily on a closed surface in such a manner that 

* Sm § 70» exdiiding «n non-oondooton exoepi air, or gMM. 
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there maj be no resultant foice exerted on external points^ and 
ooDfle^nently impoeaibley with merely a distribntion of electrioity 
on an intenial oondncting sarfiause^ to satisfy the condition of 
electrical equilibrium with reference to the conducting matter 
which surrounds it 

The pfreceding proposition (§ 99) is fully confirmed by ex* 
petiment (Faraday's SoBperimeiUal BetearAes, §§ 1173, 1174). 
In fiu^t^ tiie certainty with which its truth has been practically 
demoDstnited in a Tast variety of cases, by all electrical 
experimenters, may be regarded as a veiy strong part of the 
evidence on which the Elementary Laws as stated above 
^72)rest 

101. It might be further stated that the total quantity of 
.electricity produced by influence on an internal conducting 
8ur&ce is necessarily equal in every case to the total quantity 
of electricity on the influencing electrified bodies insulated 
within it This will also be demonstrated among the General 
Theorems ; but its truth in the special case which we are now 
to consider, will, as we shall see^ be established by a special 
demonstration. 

BUcbrkal Infiuenee on an Internal Spherical Conducting Surface. 

103. In investigating the effects of electrical influence upon 
an external, or convex, spherical conducting surfieu^ (§§ 93, 
94, 95), we have considered the conductor to be insulated and 
initially chaiged with a given amount of electricity. In the 
present investigation no such considoations are necessary, 
sinoe^ aocordipg to the statemcmts in the preceding paragraphs, 
it is of no consequence, in the case now contemplated, whether 
the conductor containing the internal conducting surface be 
insulated or not ; and it is impossible to charge this internal 
aorfiuse initially, or to charge it at all, independently of the 
influence of electrified bodies within it With the modifications 
and omissions necessary on this account^ the preceding investi-* 
gations are applicable to the case now to belDonsidered. 

lOS. Fbob. To find the electrical density at any point of an 
internal spherical conducting surfiioe with an electrical point 
insnlated within it 
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Let m denote the quantity of electrieitjr in the eleetdcal 
point M\ f its distanoe from C the 
centre of the 8phere» and a the ladina 
of the spheieL 

If the expieasion for the electrical 
density at anjpoint i?of the internal 
8iii£BUse be 

(X a constant) ; the force exerted by the electrified spherical 
surfiue on any point without it will (§ 90) be the same aa if 

a quantity of matter equal to ^2% ^^^ collected at the point 

if. Hence if we take X such that 

kAra 

the total resultant force, due to the given electrical point and 
to the electrified surface, will yaxiish at every point external to 
the spherical surfiacey and consequently at every point within 
the substance of the conductor ; so that the condition of dectrical 
equilibrium (§ 72), in the prescribed circumstances^ is satisfied* 
We conclude, therefore, that the required density at any point 
E, of the internal spherical surface is given by the equation 

^ 4wa ME* ^ ' 

This solution of the problem is complete, since it satisfies 
all the conditions that can possibly be prescribed, and it is 
unique, as follows from the general Theorem referred to in § 7S.f 

* We oannot here, m in (o) of ^ 93, aniMZ a oontUnt tenn, nnM in tliii 
case there would reialt a foroe due to a oorresponding quantity of eleetridty, 
oonoentrated at the ceDtre of the sphere on aU pointe oi the oondneting mew. 

t For if there were two diitinot solntioni there would be two different die* 
tributione on the ipherical surfaoe, each belanciiig on external pointi the 
action of the internal influencing body, and therefore each prodoeiDg the eaine 
foroe at external pointi. Hence a dietribution, in which the eleetrical 
density at each point ii equal to the difference of the electrical denaitiei in 
thoee two^ would produce no force at external points. But, by the theoKB 
alluded to, no distribution on a dosed surface of any form can havt the 
property of producing no force on eztemal points; and ihswiors tha 
hypothesis that there are two distinct soluUcns is impoMiblii 

The theorem made use of in this rssecming is stticsptiblaol special flii fl ^ l fa iy 



7S On the McUhenuUieal Theory of EUetricUjf. [v. 

Cob. The total quantity of electricitjr pioduoed by the in- 
flnenoe of an electrical point within an internal spherical con- 
ducting sQiface is equal, but of the opposite kind to that of 
the influencing point 

This follows at once from the investigation of § 93 ; from 
^rhich we also deduce the conclusion stated below in the next 
section. 

104. The entile electrical force, which vanishes for all points 
extenial to the conducting surface, may, for points within it, be 
found bj compounding the force due to the given influencing 
point M (charged, bj hypothesis, with a quantity m of elec- 
tricity) with that due to an imaginaiy point J, taken in CM 
produced, at such a distance from O that OM.CI^<f^ and 

chaiged with a quantity of electricity equal to — -rHk 

Oon. The resultant force at an internal point infinitely near 
the suz&ce, is in the direction of the normal, and is equal to 
4wp, if /> be the electrical density of the surface in the neigh- 
bourhood. 

105. The mutual attraction between the influencing point 
M, and the surfiBUse inductively electrified will be found as in 
§ 96, provided the wntform mppUmeiUary dutributian which was 
there introduced be omitted. Hence, omitting the term of (B) 
which depends on this supplementary distribution ; or simply, 
without reference to (B), considering the mutual force between 

m at Jfand — ^-m at /, a force which is necessarily attractive 



as the two electrical points M and / possess opposite kinds of 
elactriGity; we obtain 

as' the expression for the required attraction. 



(with tk« aid of the method in which •'LapUoe'i ooeffioiente *' 
«n e mp lo y ed) for the cmo of * epherioal sorfftoe ; hut raoh aa inveetig»tion 
woold be iaeooneteat with the eynthetioal ohanoter of the iireient aeriee of 
pepef% anid I therelom do ao more at preaant than aUnde to the general 
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Fbdrica Jiy hfw om « PLtM C om i m rtm t Sufaf tj hfmlU 
crteML 

106. It ID dtber the cam of an extenul cr Uut ease of aa 
iotcnial sjAierical coDdnctiag nnboe^ the radios of the apben 
be taken infinitelj great, the reanlte will be applicable to the. 
jaeaent caae of an infinite plane \ and it ia dear that from either 
we maj dedoce the complete aolution kA the problem <tf deter- 
mining the distribution of electricity, pndaoed npot a cMidoct- 
ing plane, br ^\ ^ infl - nmmi^ of an electrical point Hie 
" npplementaiy distribatant,'* which, io the ease of a convex 
spherical conducting sorfitce, most in general be taken into 
acconnt^ will, in the case of a sphere of infinite radios, be 
a finite qoantitjr of electricity nnifonnlj distriboted orer a 
snrfaoe of infinite extent, and will therefore produoa no effect; 
and the same resolts will be obtained whether we dedoce 
them from the case of an external or of an internal spherical 
sur&cei 

107. Let if be an electrical point poaseving a qnanti^ m of 
electricity placed in the neighbooibood of a oondoctor bounded 
on the aide next Jf by a plane LV 

which we most conceive to be indefi- 
nitely extended in every direction ; it 
is required to determine the electrical 
density at any point S of tiie conduct- 
ing soriace. 

Draw MA perpendicular to the 
plane, and let its length be denoted 
^ p. We may, la the first place, 
conceive that instead of the plane sur- 
face we have a spherical conducting 
Borface entirely enclosing the air in 

which M is insulated ; and, suppoe- • 

ing the shortest line from Jf to the 

spherical suriace to be equal to p, we should have, according to 
thenotationof § IDS, fmta—p. 
Henoe the expression {A) becomes 

jjE-j. 

^ in JiE' 
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In tiiifl^ let a be supposed to be infinitely great; the second 
tenn within the Tuicalum will Tanisb, and we shall have simplj 



for the required electrical density at the point S of the in- 
finite plane electrified inductirely thiongh the inflaence of the 
point Jf. 

CosL The total amonnt of the electricity piodaced by in- 
duction is equal in quantity, but opposite in kind« to that of 
the influendng point Jf. We have seen already that the same 
proposition is true in general for internal spherical surfSaces 
inductiyely electrified; but it does not hold for an external 
spherical sur&ce» even if we neglect the ^ supplementary 
distribution/' as it appears from the demonstration of § 92, 
that the amount of the distribution expressed by the first 
tenn (that which yaries inversely as the cube of the distance 
from the influencing point) of the value of /» in equation {A) 

of § 93. is equal to -V The infinite plane may. as we 

have seen, be regarded as an extreme case of either an external 
or an internal spherical surface ; and the proposition which is 
in general true for internal, but not true for external spherical 
surfiEM^es, holds in this limiting intermediate case. 

108. To detennine the restdtent force at any point in the air, 
before the conducting plane, it will be only necessary, as in 
§ 104, to compound the action of the given electrical point with 
that of an imaginaiy point /. 

To find this pointy we must produce MA beyond ii to a 
distance AI, determined by the equation CM.CI^a^; which, 
if we denote Alhyf^, becomes {a'^p){a+jf)^a\ 

Item this we deduoe 



a 
and thenoe^ in the case of a = oo , we deduce 

ikggin, for the quantity of electricity to be concentrated at J, 
we have the expression 

ai^Mi^ — ^m, or, when a at oo, hi'm— m. 
a— jp 
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Hence the force at any point before the plane wOl be ob- 
tained hj compounding that due to the given electrical point 
M, with a force due to an imaginary point /, possessing an 
equal quantity of the other hand of electricity, and placed at 
an equal distance behind the plane in the peipendicular JfA 
produced. 

109. If reference be made to the general demonstration (§ 90) 
on which all the special conclusions with reference to the ejects 
of electrical influence on convex, concave, or plane conducting 
Burfaces depend, we see that the geometrical construction em- 
ployed fails in the case of a sphere of infinite radius^ becoming 
nugatory in almost every step: we have however deduced 
eandttsums which are not nugatory, but, on the eontrazy, assume 
a remarkably simple form for this case ; and we may regard as 
rigorously established the solution of the problem of electrieal 
influence on an infinite plane which has been thus obtained. 

110. It is interesting to examine the nugatory forms which 
occur in attempting to apply the demonstrations (tf §§ 90 and 
92, to the case of an infinite plane ; and it is not Hiffi^lt to 
derive a special demonstration, free from all nugatory 8tep% of 
the following proposition. 

Let LL^ be an infinite ''material plane," of which the 
'* density " in different positions varies in- 
versely as the cube of the distance from a 
point Sf or from an equidistant point ^, on 
the other side of the plane. The resultant 
force at any point P is the same as if the 
whole matter of the plane were concentrated 
at S ; and the resultant force at any point 
Pi, on the other side of the plane, is the 
same as if the whole matter were collected 
ati%. 

111. In the course of the demonstration 
(in that part which corresponds to the in- 
vestigation in § 93) it would appear that^ if the density at anj 
point E of the plane is given by the expression 

A- 
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flu entile quantity of matter diatributed over the infinite ex- 
^feemt of tlie plane ia given by the ezpreaaion 



piopoaition and that which precedea it* contain the 
nmpleat expieaaion of the mathematical tratha on which the 
Mlation of the problem of electrical influence on an infinite 
plane depends and we might at once obtain from them the 
xeanlta given above. For an iM>lated inveatigation of this caae 
of electrical equilibrium, this would be a better fonn of aolu- 
tion : but I have preferred the method given above, aince the 
solution <rf the more general problem, of which it ia a particular 
jcaae, had been previoualy given. 

112. The caae of electrical influence which haa been conaidered 

* Th« two pfopo ii tioiii maj be asalTtieany txpweeed M f oUows »~- 
Lei O, the point in which 8Si eatt the pbuif^ be origin of oo-ordin»tai| nod 
let thif fine be axie of & Thai, taking OX, OT in the plane, let the oo- 
ofdinatet el P be fs^ yk e). Let alio thoee of iT be ((, % 0) ; ao that we hnre 

^ X 

Heaee the propoeition atafted in the text (§ Illy, that the entire qnantity 
of matter diatribnted orer the infinite extent <rf the plane ia equal to 

— » ia thna expteeMd :— 



r /• U&h J%wk 



Tliia eqnaitoi may be Tery eaaily rerified, and ao an extremely aimple ana- 
lytical demonatration of one of the theorems enuneiated above ii obtained. 

Again, the propoeition with reference to the attraction of the plane may, 
aoeording to tiie weU-known method, be exprewed moot limply by means of 
the potentiaL Iliit mnat^ in virtne of the enunciation in § 110, be equal to 
the -potential due to the aame quantity of matter, coUected at the point 8f or 
the point 8if aecording as the attracted point ia aeparated from the former 
er fram the latter by the plane. Hence we must hare 

2fX 

the pontile or negatiTe sign being attached to a in the denominator of the 
aeccnd nuniber, accord]]^{ as a ia given with a pontiTo or n^;atiTe Talae. 
Ihia equaticn (of which a geometrical demonstration is indnded in §{ 107 and 
106, in emmexion with f 90) ia included in a result (the evaluation of a 
esrtsin multiple integral), of which three different analytioal demonatrationa 
won ghan in a paper On certain D^/lmUe Iniegrak mtgge^ti fty Pr«Xikm» im 
Oe Tlmr^^MUdidd^ pnbliahed in Karoh ia47 in thia /otfrna^ toL ii. 
pu 109 tOL belsfw). 



rx 
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might at first sight appear to be of a singulady unpiaetical 
nature, since a conductor presenting on one side a plane sor&oe 
of infinite extent in every direction would be required for fuUj 
realizing the prescribed circumstances. If, however, we have 
a plane table of conducting matter, or covered with a sheet of 
tinfoil, or if we have a wall presenting an xminterrupted plane 
surface of some extent^ the imagined circumstances axe, as we 
readily see, approximatdy realized with reference to the in* 
fluence of any electrical point in the neighbourhood of such a 
conducting plane, provided the distance of the influencing poipb 
from the plane be small compared with its distance from the 
nearest part where the continuity of the plane sux&oe is in any 
way broken. 

FoRTBBXDi, BsurisT, Ock 17, 1840. 

INSULATED SPHERE BT7BJECT TO THE miiUEKCE OF ▲ BODY OF ANT 
FOBM SLECTBDIED IN ANT GIVEN MANNER. 

113. The problem of determining the distribution of eleo- 
tricity upon a sphere, or upon internal or plane spherical 
conducting surfSaoes, under the influence of an electrical pointy 
was fully solved in §§ 89. ..113 of this series of papers. On 
the principle of the superposition of electrical forces (§ 6S) 
we may apply the same method to the solution of ooneqKmd- 
ing problems with reference to the influence of any number of 
given electrical points. 

114. Thus let Jf, Jf , iT be any number of electrical points 
possessing respectively m, m\ nC units of dectiicifyi at dis- 
tances /, /, f from the centre of a 
sphere insulated and charged with a 
quantity Q of electricity. The actual 
distribution of electricity on the spheri- 
cal surface must be sudh that the force 
due to it at any internal point shall 
be equal and opposite to the force due to the dectridty at 
Jf, JT, Jit. Now if there were a distribution of electrieity on 
the sj^erical surface such that the density aft any point S 

would be <r7=r I the force due to this at any internal point 
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would S M) be the same as that dae to a quantity *^ ^ 
oonoe nfar ated at the point M; and therefore if we take 

the fovoe at internal points due to this distribution would be 
equal and opposite to the force due to the actual electricity 
of M. We might similarly express distributions which would 
vespectiTely bolanee the actions of If, if, etc^ npon points 
within the sphere; and thence, by supposing all those distri- 
butions to coexist on the surfiEtce, we infer that a single dis- 
tnbtttion such that the density at i? is equal to 

"X 4ra IrE*'*" 4ira WW^ 4ra WE*] 
would balance the joint action of all the electrical points 
M, V, W^ on points within the sphere. Again, from § 93, 
we infer that the total quantity of electricity in such a dis- 

tributjon is 

fa .a ,.a A 

Henoe^ unless the data chance to be such that Q is equal to 
this quantity, a supplementary distribution will be necessary 
to constitute the actual distribution which it is required to 
find. Ihe amount of this supplementary distribution will be 

which must be so distributed as to produce no foroe on internal 
pomts. 

11 6. Taking then the distribution found above, which 
balances the action of the electricity at li, M', eta, on points 
within the sphere, and a uniform supplementary distribution ; . 
and superimposing one on the other, we obtain a resultant 
dectiical distribution in which the density at any point E of . 
the sncftoe of the sphere js given by the equation 

•« Hi (1)5 

and we draw the following conclusions : — 
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(1.) The total force at any internal point, dne to this distri- 
bution and to the electricity of M, M\ etc., Taniahes. 

(2.) The entire quantity of electricity on the spherical sur- 
face is equal to Q. 

Hence this distribution of the given charge on the sphere 
satisfies the condition of electrical equilibrium under the in- 
fluence of the given electrical points Jf, il\ eta ; and (§ 7S) 
it is therefore the distribution which actually exists upon the 
spherical conductor in the prescribed circumstances^ 

116. The resultant force at any external point may be found 
as in the particular case treated in § 94. . Thus, if we join 
Jf (7, Jf' (7, ICG^ and take in the lines so drawn, points J, V^ f 
respectively, aft distances from such that 

the resultant action due to the actual electricity of the spherical 
surface will, at any external point, be the same as if the sphere 
were removed, and electrical points J, jT, etc, substituted in its 
stead, besides (except in the case when the supplementary dis- 
tribution vanishes) an electrical point at Oi and tiie quantities 
of electricity whidi must be conceived for this representation, 
to be concentrated aft these points, are respectively 

f 



-^m', atr; 



(2). 



and a+ j^fl-eto., at O. 

117. By means of these imaginary electrical points we may 
give another form to the expression for the distribution on the 
spherical surfSace, which in many important cases, especially 
that of two mutually influencing spherical surfaces, is extremely 
convenient For (as in § 94, Cor.) it is readily seenitfaaft the 
first term, in the expression for p multiplied'by 4ir, or 

IB the resultant force at E, due to M and J, and that this force 
is in the direction of a normal to the spherical surface through 
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X; and that similar conclusions hold with leferenoe to the 
other similar tenns of (2). Again, the last term, 

+ jm + 4m'+6to. 

is the expression for the force at £, due to the imaginary 
dectrio point 0, divided hj iw; and this force also is in the 
direction of the normal Hence» with reference to the total 
lesnltant action at S, dae to M, M\ eta, and the spherical 
surface or the imaginary electrical points within it, we infer 

(1.) That this force is in the direction of the normal ; 

(1) That if J2 be its magnitude oonsidered as positive or 
native according as it is from or towards the centre of the 
sphere, and p the electrical density at JE^, we have 



Ir (8). 



These two propositions constitute the expression, for the 
case of a spherical conductor subject to any electric influence, 
of CauUymJfB Thwrtm.^ 

118. The total action exerted by the given electrical points, 
and by the sphere with its electricity disturbed by their influ*' 
ence upon a given electrified body placed anywhere in their 
neighbourhood, mighty as we have seen, be found by substi- 
tuting in place of the sphere the group of electrical points 
which represents its external action, provided there were no 
disturbance produced by the influence of tlus electrified body. 
This hypothesis, however, cannot be true unless the sphere, 
after experiencing as a conductor the infiuence of Jf , M\ eta, 
were to become a non-conductor so as to preserve with rigidtit/ 
the distribution of its electricity when the new electrified body 
is brought into its neighbourhood : and consequently, when it 
is asserted that the resultant force ai any external point P is 
due to the group of electrical points determined in the preced- 
ing paragraphs, we must remember that the disturbing influence 

that would be actually exerted upon the distribution on the 

• 

* War A MMnl de i iw mU »tiMi of tills tii«omii, Tirtunj tiie hum m tii« 
«ffgiMl d— wiihitinii ^rta hf (Mkmh UmMil, m* Oambridffe Haike- 
/mtiwI (1841) iPoL uL pw 75 (or H 7, 8, aboT«). 
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spherical surface by a unit of electricity at the point P, 
excluded in the definition (§ 65) of the expression ''the 
iuUdfU electrical farce ai a point!" 

119. The actual foiee exerted upon any one^ M, of the infla- 
endng points may be deteimined by inrestjgatang the xesultaat 
force at M, due to all the others and to the conductor, and 
multiplying it by the quantity of electricity, m, situated ai this 
pointp since in this case the influence of the body on which the 
force is required has been actually taken into account 

120. It follows that the entire mutual action between all the 
given electrical points and the sphere under their influfmiMi 
is the same as the mutual action between the two STStems of 
electrical points, 



m atJf 



m'atif' 



> and < 



a 

'7 

a 

7 



«t/ 



txr 



Q+'TMH-^m'+Ato^ at O. 



r"7 

This action may be fully determined with any assigned itofa^ 
by the elementary principles of statics. 

121. There is a remarkable characteristic of this resultant 
action which ought not to be passed over, as it is related to a 
very important physical principle of sjrmmetry, of which many 
other illustrations occur in the theories of electricity and mag- 
netism. It is expressed in the following proposition : — 

The miUual action hetween a spherical conductor and any given 
electrified body coneicte of a oingle farce in a line through the 
centre of the ephere. 

Let us conceive the given electrified body either to consiBt 
of a group of electrical points, or to be divided into infinitely 
small parts, each of which may be regarded as an electricd 
point The mutual action between the given body and the 
conducting sphere under its influence is therefore to be found 
by compounding all the forces between the points Jf, W^ eta^ 
of the given body, and the points J, i', etc. • • • • and (7, of the 
imaginary system within the sphera detennined by the oon- 
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Btniction and fonnolffi of the pieoeding paragraphs. Of these, 
the forces between M and (7, between it and (f, etc. ; and 
again, between M and I, between M^ and /, eta, are actually 
in lines passing through (7; and, therefore, if there were no 
other forces to be taken into account the proposition would be 
proved. But we have also a set of forces between M and I\ 
between M and i^ etc., none of which, except in particular 
Cttseflt, are in lines through (7, and, therefore, it remains for us 
to determine the nature of the resultant action of all these 

force& For this purpose let us consider 
any two points Jf , M' of the given in- 
fluencing body and the corresponding 
imaginary points /, /^; and let us take 
the force between M and i^, and along 
with it the force between / and M^. 
These two forces lie in the plane MOM\ since, by the con- 
struction given above, / and F are respectiYely in the lines 
CM and CM'\ and hence they have a single rMultant Now 
the fince in Mf is due to m units of electricity at Jf , and 

— ^fii*' units at /'; and (% 64) it is therefore a force of re- 
pulsion equal to 

U}yi I or a force of attraction equal to ^mw • 

a , 
Similarly, we find fJ^ 

tax the attraction between JTand /. Now since, 17^ conatruc- 
tion, OM.OI= OU'JOr, the tiianglea TMO, IltO, which have 
a common angle at (7, aie similar. Hence 

rw cr.oM 7^ 

J'/ 

boat which we deduce 

a , a f 

Now if we multiply the first member of this equation by 
mCMt, we obtain the moment round (7 of the force between 
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r and M\ and aimflady, by nudtiplyiiig the aeoond member 
\fj ain CM^I, we find the moment of the foroe between JT and 
J; and, nnce the angle at if la eqnal to the angle at IT, we 
infer that the momenta of the two forcea loond O axe eqnaL 
From thia it foUowa that the leanltant of the faroea in JfT and 
U^I ia a force in a line peaaing throng (7. Now the entire 
gronp of foToea between pointa of the given body and wm* 
correspimdeni imaginaiy points^ conaiata of paixa anch aa that 
which we have jnat been considering ; and therefine the mntoal 
action ia the resultant of a number of fotoea in lines passing 
through C. Thi^ componnded with the fivrdte between if, M\ 
ehx, and the corntpomdimg imaginaiy points^ and the foroee 
between Jf , JT, eta, and the imaginaiy electrical point at O, 
gives for the total mntoal action a final reenltant in a line 
passing through O. 

122. It follows ficom this theorem that if a spherical con- 
ductor be supported in such a manner aa to be able to turn 
freely round its centre, or round any axia passing through its 
centre, it will ranain in equilibrium when subjected to the 
influence of any external electrified body or bodies. We may 
arrive at the same conclusion by merely considering the perfect . 
symmetry of the sphere, round its centre or round any line 
through its centre, without assuming any specific results with 
reference to the distribution of electricity on spherical con- 
ductors. For if there were a tendency to turn round any 
diameter through the influence of external electrified bodiea^ 
the sphere would, on account of its symmetiy, experience the 
same tendency when turned into any other position, its centre 
and the influencing bodies remaining fixed ; and there would 
therefore result a continually accelerated motion of rotation. 
This being a physical impossibility, we conclude that the 
sphere can have no tendency to move when its centre is fixed, 
whatever be the electrical influence to which it is subjected. 

123. It is veiy interesting to trace the different actions 
which, according to the synthetical solution of the problem of 
electrical influence investigated above, must balance to produce 
this equilibrium round the centre of a spherical conductor 
subjected to tiie influence of a group of electrical pointa. Let 
us, for example, consider the case of two influencing points 

For fixing the ideaa, let us conceive the sphere to be oa^Ie 
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of tanking round a vertical axis, and let the influencing points 
be aitoated in the horizontal plane of its centre, (7. If at first 
there be only one electrical point, Jf , which we may suppose 
to be podtive, the sphere under its influence will be electrified 
with a distribution symmetrical round the line MC, but with 
more negative, or, as tiie case may be, less positive, electricity, 
on the hemisphere of the surfiEUse next M than on the remote 
hemisphere. If another positive electrical pointy M\ be brought 
into the neighbourhood of the sphere, on a level with its centre, 
and on one side or the other of Jf (7, and if for a moment we 
conceive the sphere to be a perfect non-conductor of electricity ; 
this second pointy acting on the electricity as distributed under 
the influence of the firsts will make the sphere tend to turn 
round its vertical axis. Thus if AA^ be a diameter of the 
sphere in the line MACAi, the sphere would tend to turn from 
its primitive position so as to bring the point A of its surfiELce 
nearer M\ If now the sphere be supposed to become a perfect 
conductor, the distribution of its electricity will be altered so 
as to be no longer ^pnmetrical round AA^, This alteration 
we may conceive to consist of the superposition of a distribu- 
tion of equal quantities of positive and negative electricities 
symmetrically distributed round the line M^O, with the nega- 
tive electricity preponderating on the hemisphere nearest to 
in To obtain the total action of the two points on the elec- 
trified sphere, it wfll now be necessaiy to compound the action 
of if ^ and the action of M, ou this superimposed distribution 
with the action previously considered. Of these the former 
consists of a simple force of attraction in the line M^C; but 
the latter, if referred to (7 the centre of the sphere, will give, 
besides a simple force, a couple round a vertical axis, tending 
to turn the sphere in such a direction as to bring the point A^ 
of its mubce nearer if. Now, as we know a priori that there 
can be no resultant tendency to turn arising from the entire 
action upon the sphere, it follows that the moment of this 
couple must be equal to the moment of tiie contraiy couple, 
which, as we have seen previously, results from the action of 
iT on the sphere as primitively dectrified under the influence 
of if. This is precisely the proposition of which a synthetical 
damonstntion was given in § 181, and we accordingly see that 
that demonsbntum is merely the verification of a proposition 
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of which the tniih is rendered certain by a priori wmmming 
founded on general physical principlea 

124. When the influencing body, iostead of being, as we 
have hitherto conceived it, a finite group of isolated electrical 
points, is a continuous mass continuously electrified, we must 
imagine it to be divided into an infinite number of electrical 
points ; and then, by means of the integral calculus, the ex- 
pressions investigated above may be modified so as to be 
applicable to any conceivable case. 

135. It appears firom the considerations adduced in §§ 99, 100, 
that it is impossible to have an internal spherical conducting 
surface, or an infinite plane conducting sur&ce, insulated and 
charged with a given amount of electricity ; and that conse- 
quently, there being no ** uniform supplementary distributions " 
to be taken into account, the solutions of ordinary problems 
with reference to such surfaces are somewhat simpler than 
those in which it may be proposed to consider an insulated 
conducting sphere possessing initiaUy a given electrical charge. 
All the investigations of the present article, except those' which 
have reference to the ** supplementary distribution ^ and which 
are not required, are at once applicable to cases of internal or 
of plane conducting surfaces. 

126. The importance of considering the imaginary electrical 
points I, y, etc. (and (7, the centre of the sphere in the case of 
an external spherical surface), whether for solving problems 
with reference to the mutual forces called into action by the 
electrical excitation, or for determining the distribution of 
electricity on the spherical surface, has been shown in what 
precedes. Hence it will be useful, before going further in the 
subject^ to examine the nature of such groups of imaginary 
points, when the influencing bodies are either finite groups of 
electrical points, or continuously electrified bodies. [See ziv. 
below, or Thomson and Taif s Natural Philosophy, §§ 512*. .518.] 

127. The term Electrical Images, which wiU be applied to 
the imaginary electrical points or groups of electrical points, 
IB suggested by the received language of Optics ; and the dose 
analogy of optical images will, it is hoped, be considered as 
a sufficient justification for the introduction of a new and 
extremely convenient mode of expression into the Theory of 
Electricity. 

Stookbolii, Stptember 20, 1849. 
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TWO XLBGTBIFIKD 8PHKRTCAL OONDUCIOB& 

IPhikmpkieat Magm^ April Hid Aagwi 1893.] 

1S8. In a commimication made to the British AjBSociation at 
Cambridge in 1846, 1 indicated a solution adapted for numerical 
calculation, of the problem of detennining the mutual attraction 
between two electrified spherical conductors. A paper (n. above) 
published in November of the same year in the first Number of 
the (Jafnbridg^ and DMin McUhematical Jawmal contains a 
formula actoallj expressing the complete solution for the case of 
an insulated, sphere and a non-insulated sphere of equal radius 
(§ 30» above), and numerical results calculated for four different 
distances for the sake of comparison with experimental results 
which had been published by Mr. Snow Harria The in- 
vestigation hj which I had arrived at this solution, which was 
equally applicable to the general problem of finding the 
attraction between any two electrified spherical conductors, 
has not hitherto been published ; but it was communicated in 
July 1849 to M. liouville, along with another very different 
method by which I had just suceeded in arriving at the same 
result^ in a letter the substance of which constitutes the present 
communication. Formulae marked (8) . . . . (18) in that letter 
expressed the details of the solution according to the two 
methods. They are reproduced here in terms of the same nota- 
tion, and with the same numbers affixed The first-mentioned 
method is expressed by the formulae (16), (17), (18), and the 
other by (8) . • • • (15). The formulae marked wiUi letters 
(a), (b), etc., in the present paper, express details of which I 
had not preserved exact memoranda. 

189. Let A and B designate the two spherical conductors ; 
let a and i be their radii, respectively ; and let e be the dis- 
tance between their centres. Let them be charged with such 
quantities of electricity, that^ when no other conductors and no 
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excited electrics are near them, the values of the potential^ 
within them may be u and v respectiyely. 

130. The dis^bution of electricity on each snr&ce may be 
determined with great fiuolitj by applying the *' principle 
of successiye influences'' suggested by Murphy (Murphy's 
ElectrwUy, Cambridge, 1833, p. 93), and determining tiie effect 
of each influence by the method of "electrical images," given 
in a paper entitled "Oeometrical Investigations regarding 
Spherical Conducton." f The following statement shows as 
much as is required of the results of this investigation for our 
present puiposa 

131. Let us imagine an electrical point containing a quantity 
of electricity equal to imp to be placed at the centre of A^ and 
another vb at the centre of B. The image of the former in B 

will be — — iMK^ at a point in the line joining the centres^ and 

V 
distantby — from the centre of A The image of this in ^ will 

be — Tt '— "Mo^ in the same line^ at a distance — p from the 

e c 

centre of il ; the image of this point in B will be — ^ t 



J* 
c— — 

c 

— n'"r*««» ft* ft distance §- from the centre otBi and 

0* c * or ' 

C— — 

e 
80 on: and in a similar manner we may derive a series of 
imaginaiy points firom vb at the centre of B. To specify com- 
pletely these two series of imaginary points, let pi, ^^ p^ ^^ 
p^ y„ eta, denote the masses of the series of which, the first 
is at the centre of A\ and let /x, /i, f^ f^ eta, denote the 
distances of these points from the centres of il and B alter- 

* The potentiid at any point in the neighlxniiliood o( or withint an 
eleotrified body, ii the quantity of work that would be reqviied to bring a 
unit of poeitiTe eleotrici^ from an infinite diatanoe to that pointy if the given 
distribution of eUotriot^ were maintained unaltered. Sinoe tiie elecMoal' 
f oroe Taniahea at OTory point within a oonduator, tiie potential is constant 
throu^^iout ita interior. 

t OawMdff amd Dutttn MaikmaHeal Jmmal, FeK 1850 (v. abofi^ | Itlj. 
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nately; and, igfun, let qi, ^i, q^ ^^ ..., denote the masaefl^ and 
h /i» A» /» •*•» ^® distances of the successive points of the 
other series from the centres of B and A alternately. These 
quantities axe detennined by nsing the following equa^ns, and 
ghring • snocessiTely the vdues 1, i, S, ••• : — 



a" 






^ — ^ « ^ A-n 

The two series of imaginaiy electrical points thus specified, 
would, if they existed, produce the same action in all 'space 
external to the spherical surfaces as the actual distributions of 
electricity do, those (p^ ^i, pp ^p etc.) which lie within the 
spioftoe A producing the effect of the distribution on A, and 
the others (gn jpV q^ j/p eta), all within the surface B, the 
effect of the actual distribution on B. Hence the resultant 
fince between the two partial groups is the same as the re- 
sultant force due to the mutual action between tiie actual 
distributions of electricity on the two conductors ; and if this 
fiiroe, considered as positive or negative according as repulsion 
ot attraction preponderates^ be denoted by F, we have 



(8). 






where XS denotes a double summation, with reference to all 
integral values of s and t The following process reduces this 
double series to the form of a single infinite series, of which the 
suooessive terms may be successively calculated numerically in 
any particular case with great ease. 

ISS. Firsts taking from (8) expressions for p^ and /^ in terms 
of jnCsrior order, and for q^ and g^ in terms of higher order, and 
oontinuing the reduction successively, we have 






» _» 

«-t *JH-l _ P$-l9t*\ 









ft*tj 
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and tberefoie 

and S/'j *-^^ 

Similarly, we find 



■ -T — y"* ~ jr-~ — 55;-— ■■•••ai" — * J — ^*<^t4^ 



and — ^yf* a,— wt4.y 

Now ^ a2^ • and ^ and ^ are each indep^dent of « and 
«; hence the following notation may be adopted oonTeniently : 



Pn' 




Then, taking n to denote < + a in the preceding eqnationi, we 
have 



e 
Hence we have 






(14). 



from which we condude that 

and, by using this and transformations similarly obtained for 
the other parts of the expression for F, we obtain 



133. The quantities P«, Q^^t 8^ which occur in this expression, 
may be determined successively for successive values of n in the 
following manner >— By substituting, in (8), for p^, |/«, q^, rf^ 
their values by (IS), and eliminating /^, f^, g^, /., we find 
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fiom idiidli we darire 



} 









«.-«._». ^ 

--•'•^•'•-i 



•** oS — 
<!«-a«-y 

at 



a» 






(*). 



l|f gtfing » the Tallies 1 and 3 in (18) and (8), we find 






a*i 



a» 



a»-l. 



et_o* c«-o»-» 



a6' 



a6 



• 1 



5.-^. 



(c). 



3' 

ft- g ft 

Bjr these eqrutticnu we have directly the values of the first two 
tenns of each of the sets of quantities P^, P ^ P„ eta, Q^ Q„ Q^ 
eta, and ft, iS^ ft, eta ; and the others may be caloulated sac- 
cessirely hy the preceding equations. 

1S4. The polyntmiials which oonstitate the ntimerators of the 
coooessive terms of the second member of (10) may also be 
cakolated successively, by means of equations obtained in the 
fitDowing manner We have by (e), Qt), and (a), 

P. Q^^P, Q^t-{-P, a«+rto.— jQ.+(^:=^=^p.+1)q^, 

-3flL-.+^=g=^P.<U-,+P.CL-.+«to.)-(P,Q^+P,«W-,+eto.) ; 

and linulady we find 
ftft.t+ftft_+£r,fiU^+«te. 



(ftft^+ftft-.+«t«.)-(ftft-.+ftft-«+«t«.) ; 
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»1 



S,P,_, +<^P|^-,+flA-t+«t«. 



■^P>..+ °''"!l"*' (i8;f^+/gA-«+<te.)-(fl.fi>-,+5;P^+to.) 



and 

-3a».,+^=g=^(«.ai-.+'5.<u-.+«t«».)-(5ia,.-.+«ia»-*+«««^> 

Hence, if we put 






2r""V-A)-p'« 



and 



2'""\«.^)-4, 



(•), 



in tenns of which notation the ezpresaion (16) for F becomea 



iPsSttV 






+•*«.) 



-{^(&.+ft+&.H+-'(^:+^.+^-)} 



V(/)i 



we have 






<>)■ 



Also we have directly fiN>m (e) and (0), 



06 



IM 



a*i 



0',-0, 



P*. 



a*0 






(A). 



136. IDiese equations enable tib to oaloulate saoeeaaively tihe 
Values of /STj, flT,, g^, eta, P'x, P'„ P*,, eta, and Q^i, C, C't. 
eta, after the Talues of iS^, 8^, eta, Pj, P„ eta, and (^, Q«, 
eta, have been found. 

136. The solution of (2) as equations, of finite differeaoes with 
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reference to n^ and the detenninaiion of the arbitnuy ooDstants 
of intq^tion by (c), leads to general expressions for 8^, P^, 
and Q^ ; and by nsing these in (g), integrating the equations 
so obtained, and determining the arbitrary constants by means 
id (A), general expressions for S'^, P^^, and (jf^^ are obtained. 
The expression for F may therefore be put in the form of an 
infinite series^ with a finite expression for the general term. 
Farther, the yalue of this series may be expressed, by means of 
analysis similar to that which Poisson has used for similar 
pmposeSk in terms of a definite integral I do not» however, 
in the present commnnication give any of this analysis, except 
for the case of two spheres in contact which is discussed below, 
because^ except for cases in which the spheres are very near 
one another, the series for J^ is rapidly convergent^ and the 
tenns of it may be successively calculated with great ease, by 
regular arithmetical processes, for any set of values of e, a, and 
i, by using first the equations (c), to calculate Si, S^, Pi, Pf, 
Qu Qt f ^^^ (P) ^^ ^0 values 2, S, etc, successively substi- 
tuted for 11^ to calculate 8^, 8^, etc., and Pg, P4, etc, and Q,, Q^, 
eta ; then (A) and (9) to calculate by a similar succession of 
processes, the values of £^1, 8^, jST,, etc., P^i, P'l, P",, etc., and 

Vi. Oft. Oft. eta 

137. The following is the method, alluded to above, by which 
I first arrived at the solution of this problem in the year 1845. 

13S. The ^ mechanical value " of a distribution of electricity 
on a group of insulated conductors, may be easily shown to be 
equal to half the sum of the products obtained by multiplying 
the quantity of electricity on each conductor into the potential 
within it* Hence, if D and E denote the quantities of dec- 
tridtj on the two spheres in the present case, and if W denote 
the mechanical value of the distribution of electricify on them, 
we have Wwm\{Du+Ev). 



• nis proponiion oo c mrad to me la thinking orer tho demoostntion 
irliieli 0mm psf% of tlio tlMortm thai a givm ^anlUif i^maUer may h€ cUi- 
iHMtd In MM amd on^f one way ovtr a ghm mnrfaee 90 a$ to produce a given 
p o JaMmt ai eotrypoiiU i^ike nuface, and oaiuadmmg the mechmnkal signifi- 
cntioa of tho ftmrtio n on tho rendoring of which a minlmnm that demouftra- 
ikm k f onadod. It waa pnbliahod, I MioTO, by Hehnholti in 1S47, in hk 
faaatiii ITifter dk BrkalUmg dor Kr^ hf tba tmalation of vhioh, in tha 
]m* nmbar ^liStmKvmStiaiMcMmoin. a gnat banafli has been oonfanrad 
imAtMtiih — 
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Now if the two spheres, kept insulated, be poshed towards one 
another, so as to diminish the distance between their centres 
from e to e-^dc, the qnantily of work that will have to be spent 
will be F.dc, since F denotes the repulsive force against which 
this relative motion is affected. But the mechanical value of 
the distribution in the altered circumstances must be increased 
by an.amount equal to the work spent in producing no other 
effect but this alteratioa Hence F.dcss ^dW, and therefore 

where u and i; are to be considered as varying with e, and D 
and E as constants. Now, according to the notation expressed 
in (13), we have 

(?:+?r^***'>-(i+iH-^ ^ (17). 

Determiniiig I and | by the diffeteatdation of tbflM equa- 
tions, and using the results in (1 6), we find 

This expression agrees perfectly with (/), given above ; sinca^ 
by differentiating the equations (b) and (e) with reference to e, 
we find that the quantities denoted above by ffi, S'^, iS^g, eta, 
P^xi JP^t, P'i, etc., Q\, Q'f, Q\, etc, and ejqnessed by the 
equations (jgf) and (h), are equal respectively to 

,rfOi ,^0. .dQ. 

ISO. The series (/) or (18) for F becomes divergent for the 
case of two spheres in contact^ but the doubly infinite series 
from which this was derived in the first of the two investiga* 
tions given above, is convergent when the terms are properly 
grouped together ; and its sum may be expressed by means of a 
definite integral in the following manner :-— 
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140. Since the two spheres are in contact^ the potentials within 
them must be equal, that is, we mnst haye uk i^. For the sake 
of simplicitjrf let ns suppose the radii of the two spheres to be 
equal, and let each be taken as unity. Then we shall have 
a as i M 1, and e^2; and the terms of doubly infinite series 
(9) in this case are easily expressed,'* in rery simple forms^ by 
equations (8). Thus we find 

ft"" 3« "*" 4« "" 6« "^ 6« "*•**• 
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If we add the terms in the rertical columns, we find 
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wliich is a diveiguig series, and is the same as we shoxild have 
finuid l^ wdng the finrn (/) or (18). Bat if we add the terms 
in the boii«nital lines^ we find the following conrergent series 
tatF>- 

//i^7*''* -log-y.tfw ^]og^'e»d$ ) 

Wnm mgtMcim (8) m find, ia this am, 

r.-/.- 2^ J •'•"'•"an-i 
Rg. ^ (2«-i)(ai-i) 

(«-/.-/J« <fi-9.-ifi {«(«+0-l}» 

tgr (9)^ wt obtain ih* «>gnMi(M for ^ in tliii pwtioalar 
in«k««Hti 
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Hence, since (1 + ^"^ as 1 — 2tf + 3tf*— eta, we haye 

or, by actual integration, 

= v«.i X (iog2-i)««v J X (-aosw— «5) 

« v« X •a78S68. 

The qtumtily of dectridly on each sphere being equal to the 
sum of the masses of the imaginary series of points within it, 
is, according to the formulas torpi, g^i, p^, ^^, etc. 

Hence we have the following expression for the repulsion be- 
tween the two spheres, interms of Q the quantity of dectrieity 
on each, 

Gog 2)" 

141. If X denote the distance at which two electrical points, 
containing quantities equal to the quantities on the two spheres, 
must be placed so as to repel one another with a foroe equal to 
the actual force of repulsion between the spheres, we have 

Using the value for F found above, we obtain 

V{ix(log2-})} 

If the electrical distribution on each surface were xmiform, this 
distance would be equal to 2, the distance between the centres 
of the spheres; but it exceeds this amount, to the extent shown 
by the preceding result, because in reality the electrical density 
on each conductor increases gradually from the point of contact 
to the remotest points of the two surfaces. 

P.;S— The calculation by the method shown in the preceding 
paper, of the various quantities required for determining the 
force between two epJiem qf equal ntdii (each unify), insulated 
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with tlieir centres at distances 2*1, S*2, 2*3. eta, up to 4, has 
been undertaken, and is now nearly complete. 

Olamow OouHi^ Jfordk 21, 185S. 



142. The following nmnerical results have been calculated (by 
means of the fonnnliB established above) for application to the 
theory of a new electrometer which I have recently had oon- 
stnu^ed to determine electrical potentials in absolute measure, 
from the repulsions of uninsulated balls in the interior of a 
hollow insulated and electrified conductor, by means of a bifilar 
or torsion balance bearing a Tertical shaft which passes through 
a small aperture to the outside of the conductor : — 

Iabu L— Aomy d# QimiUitU$ qfEUdricUjf on tioo equal ^Aeri* 
col ObnAielorfi qfradiui r, wad ih$ miUual foree hehoun tkem^ 
wkm charged to poienUdU u mid t reepeeUvdjf* 
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Table IL — Showing the PoUntiaU m two equal Spherical Oondiietor»f 
and the mutual Jin'ce between them^ when charged wiA quanlitiee 
D and E of electridtg reepectivelg. 
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Vn. ON THE ATTBACTIONS OP CONDUCTINO AND 
NON-GONDUOTINa ELECTRIFIED BODIES. 

{Fnm the CkmMdge MaikemtMeal Jautnal, Ukj 1843.] 

144. la measaring the action exerted upon an electrified 
"body, by a quantity of free electricity distributed in any manner 
over another body, the methods followed in the cases in which 
the attracted body is conducting and non-conducting are 
different Now, the only difference between the state of a 
conducting body and that of a non-conducting body is, that 
fhe electricity is hdd upon a conducting body by the pressure 
of the atmosphere (to a certain extent at least), while on a non- 
conducting body it is held by the fricUon of the particles of 
the body. 

145. To find the attraction of an electrical mass E, on a non- 
conducting electrified body A^ the obvious way is to proceed 
as in ordinary cases of attraction, considering the electricity 
on il as the attracted mass. 

In finding the action on a conducting body A^ the method 
followed is to consider its electricity as exerting no pressure 
upon the particles of the body, but disturbing its equilibrium, 
1>y making the pressure of the air unequal at different parts 
of its surfieusa These two methods of measuring the action 
of J? on A should obviously lead to the same result^ since the 
action must be the same, whether A be conducting or non^ 
conducting, the distribution remaining the sama It is the 
object of the following paper to show that they do lead to the 
same result 

146. We must first find the pressure of an element of the 
dectiicity of A, on the atmosphere. 

Let d$ be the area of the element, and pd$ its electrical mass. 
Lei d$ form part of another dement <r, indefinitely larger than 
d$ in every direction, but so small that it may be considered 
as plane. Now, it pa h^ 9, material plane, it can exercise no 
attnurtion on pd$, in a direction perpendicular to the plane^ and 
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it may be leadily shown that this is also true if />^ be a plate 
of matter of different densities, arranged in parallel planes, the 
thickness being eitiier finite or indefinitely small, and the kw 
of density being any whatever. 

147. Hence, the force acting on pds is due to the repulsion 
of all the electrical mass, except a ; and, since the electricity 
on il is in equilibrium under the influence of E, the repulsion 
acts along the normal through ds, and is in magnitude ivf^dM 
(see L above, § 7), which is therefore * the pressure of d$ on the 
air. Hence, ^p be the barometric pressure of the atmosphere^ 
the pressure on ds, peipendicular to the surfSaoe, is 

{p^^P*)ds. 
Hence, if Z be the whole pressure on A, resolved along a fixed 
line' X^X, and if y be the angle which the normal through d$ 
makes with this line, we have 

Xs --//{/I— 2ff/>')cos vA, 
the integrals being extended over the surfiace of A. Kaw, 

ffpeOBvdi^Of 

since the pressure of the atmosphere does hot disturb the 
equilibrium of A. Hence, we have 

Xssfrffp* eoBvdi (a), 

which is the expression for the attraction on a conducting body 
A, either separate from the body on which JE is distributed, 
or connected with it 

148. To show that this is identical with the expression for 
the attraction of E on the electricity of A, let Rpd$ and Bfpdi 
be the components of the repulsion on pd^ which are due to ^ 
and to the electridly of A ; and let a, o^ be the angles which 
their directions make with XX''. Then we shall have 

2wpcoBvszReoB^+B^eoBa' I 
therefore Xssjj^ReoBa+B^coBoTjdi. 

Now, JjfR'coB ads is the attraction of the electricity of ^ on 
itself in the direction XX\ and is therefore = 0. Hence^ 

X^XTEeonadt (i). 

But this expression for X is the attraction of E on the dec* 
tricity of A i [also, the moment round OX is the same for the 
diminution of air pressure as for the attraction of E on the 
electricily of A :] and hence the two methods of measuring the 
action lead to the same result 



Yin. DEMONSTRiLTION OF A FDNDAMSNTAL PROPOSITION 
IN THE MECHANICAL THEORY OF ELECTRICITY. 

[Fmn tha OamMdge MaikmaUeal Jawmai^ Feb. 184A.] 

149. If a matexial point be in a poaition of equilibrium when 
under the influence of any number of masses attracting it or 
repelling it with forces which are inversely proportional to the 
square of the distance, the equilibrium will be unstabla* 

The first thing to be proved is, that if the material point 
TCceiTe a slight displacement^ there will in general be a moving 
force called into action. 

150. Let be the position of equilibrium ; P any adjacent 
point ; V the potential of the influencing masses, /a, at P, which 
point we suppose not to be contained within any portion of fi ; 
U the value of V at 0. Now it is shown by Gauss, in his 
M&noire on Oeneral Theorems in Attraction, that V cannot 
liave the constant value U through any finite volume, however 
small, adjacent to 0, without having it for every point external 
to /ft. But this is impossible, as may be shown in the follow- 
ing manner: 

Let <r be a closed surface containing within it a qiumtiiy of 
matter, p^ consisting of any number of detached portions of /a, 
or of the whole of /i^ if /i be a continuous mass. Let <2o- be an 
element of <r, and P the force due to the total action of /i» 
lesolved in a direction perpendicular to do', which may be con- 
sidered positive when directed towards the space within ^r. 
Then, by a theorem demonstrated in this Journal (see xn. 
Wow, § 200), we have J/Pda^iwfi, 

tiie integrations being extended over the whole of ^. Hence' 
P cannot ber=0 for every point of the surfiEuse <r, and therefore 
y cannot be constant for all the space exterior to /«. 

* Thk thaaran wm flnt giTan 1^ Mr. EmthTjaw, in liii Manoir on Mole- 
«dv FiiiM% Nfld at the OMnbridga PhiloaopbiMa Soouty, Mweh IS, 1SS9. 
vdL viLnf tha Tnmioetiotta, 
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Hence V cannot have the constant value U for evay pointr 
of anj finite volamCy however small, adjacent to 0. • 

15L Now let a sphere i9 be described round as centre, with 
anj radius a, sufficiently small that no portion of /a shall be 
included, and let P be any point of the surftoe 8, and d$ an 
element of the suiftce at P. 

In the equations (S) and (4) of the artiGle already referred to 
(XQ. below, § 199), let the sphere 5 be the suxfiboe there con- 

sidered ; let v=: F, and «| =— , if OP^r. 

1 1 

Hence Pi=:-7 and Vi^--, tA every jpoiat ot 8; 

a 
zsAjJfv^im'si^^ since 8 does not contain any of the matter /i» 
We have therefore, by comparing (S) and (4) of § 199, 

0-4»I7-lirFA. 

Therefore jOTai=4»a"0; 

which shows that the mean value for the sur£ftce of a sphere,' 
of the potential of any external mttosoa, is equal to the value 
at the centre. Let Fs cr+tf. 

Therefore j51«A«0. 

152. Now, as has already been shown, u cannot be =0 for 
every point P adjacent to 0, and therefore if the sphere pass 
through a point P" where « is negative, there must also be a point 
P^ in the surfiGU)e, for which u is positive. But if we assume the 
potential of an attracting particle to be positive, the direction 
of the resultant force, resolved along any straight line, will be 
that in which Fincreases. Hence there will be a force towards 
0, for points displaced along OP^^ and fiom 0, for points dis- 
placed along 01^. Hence if if, the material point in equili- 
brium at 0, be displaced along OP^^ the moving force generated 
will tend to remove it further from 0, which is th^efora an 
unstiable position. 

168. As an application of this theorem, let us consider th^ 
case of any number of material points repelling one another ai^ 
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cordiiig to tbe invene square of the distance, and contained in 
fhe interior of a rigid closed envelopei Let the system be in» 
eqnilibrinm when acted upon bj attracting or repelling masses 
distributed in any manner without the envelope. 

It will generally be possible that there may be a position or 
positions of equilibrium, in which ati least some of the particles 
are not in contact with the surface. If now we suppose all 
the particles fixed except one, not in contact with the surface, 
the equilibrium of this particle is, as has been shown, unstable 
Hence^ generally, the equilibrium of the system is unstable if 
any of the particles be not in contact with the surface, and 
therefore in mature the particles cannot remain in such a posi- 
tion. There must, however, be some stable position or positions 
in which the particles can rest, but in such, all the particles 
must be in contact with the surface of the envelope. The sole 
condition of equilibrium in this case will be that the resultant 
force on each particle shall be in the direction of a normal to 
the surfieu^ and directed towards the exterior spaca If the 
number of particles bcf infinite, and there be one position in 
which the whole surface is covered, there can be no other in 
irhich this is the case, as is shown in the paper in this Journal 
already quoted (xn. below, § 204) ; and it is also readily seen 
that this position will be stable, and that no other in which the 
surface is not entirely covered can be stabla In this case the 
particles will be distributed according to the law of the intensity 
of electricity on the surface, the space within being conducting 
matter, and the masses without being any electrified bodies. 
If a mechanical theoiy be adopted, eUdriciiy will actually be 
a number of material points without weight, which repel one 
another according to the inverse square of the distance. Thus 
the result we have arrived at is, that there can be permanently 
no free electricity in the interior of a conducting body under 
any dremnstances whatever. 

164. I^ as may happen through the influence of the exterior 
masses, there cannot be a position of equilibrium of the par- 
ticles covering the whole surface, there will be a permanent 
distribution, in which part of the surface is uncovered. This, 
liowever, is never the case with electricity, as a certain quantity 
«f latent electricity is then decomposed, so that the whole 
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surface is covered with electricity, either positiye or negative* 
All the above reasoning would still apply, if we considered the 
masses of some points to be negative, and of some positive, and 
the force between any two to be a repulsion equal to the pro^ 
duct of their masses divided by the square of their distance. 

155. Since evezy particle is on the surface, the whole mediwn^ 
(if it can be properly so called), will be an indefinitely thin 
stratum, the thickness being in fact the ultimate breadth of an 
atom or material point If we suppose these atoms to be merely 
centres of force, the thickness will therefore be absolutely 
nothing, and thus the flmd will be absolutely compressible 9xA 
inelastic. Any thickness which the stratum can have must 
depend on a force of elasticity, or on a force generated by the 
contact of material points, and in either case will therefore 
require * an ultimate law of repulsion more intense than that of 
the inverse squaie,'f when the distance is veiy small, and we 
therefore conclude that this cannot be the ultimate law of 
repulsion in any elastic fluid. As, however, all experiments 
yet made serve to confirm the £BCt that there is no electricity 
in the interior of conducting bodies, or that the stratum has 
absolutely no thickness, we conclude that there is no dastieity 
in the assumed electric fluid, and thus the law of forces deduced 
independently by direct ezpmments^ is confirmed. 

8t. Fstkr's Ck^LLMi^ Jam. 16, 1S45. 



* [K<iU added Jan. 1S69.— This wm written witbont knowled^ of Davy** 
** repolsive motion,*' and witbont the diglitest idea tb*t obstioity of ovoy 
kind it most probnUj n rtralt of motion. Tho oonolnnoao of tlM liacl u%, 
howorer, not aiSSMted l^ thoM tIowi.] 

t Iliii agroM with a mult ol Mr. Eanihaw. 



a. MOTB ON INDnOBD MAGNETISH IN A PLATB. 
tftom tiM OawArldge tmd DiOU* Mathematleal Journal, Vvr. 184S.] 

156. If a plate of soft iion be submitted to the action of a 
magnet of any kind, it immediately becomes magnetized ** by 
induction;* uid the effects of this are exhibited in the attrac« 
tion or repulsion it exercises npon small magnetic bodies in its 
neighbonrhood. The determination of these effects, from the 
elementary laws of magnetic induction, is a problem of con- 
siderable practical interest In the case of a plate bounded by 
infinite parallel planes, I have succeeded in obtaining a com^* 
plete solution of a very simple nature, by means of a principle 
-which will be developed in a future paper (see above, §§ 127, 
107, 108, 44). The object of the present note is to compare 
this solution with a formula given by Green in his JSnay en 
EUctridty and Magnetism, as an approximate result^ but which 
appears to be inadmissibla 

157. Let the influencing magnet, which may be of any form 
and size, and magnetized in any manner, be denoted by Q; and 
let us suppose it to be held behind the plate of soft iron. The 
solution which I have obtained enables us to find the total 
magnetic action on a pointy P, situated in any position, either 
^ihin or without the plate ; but at present I shall only state 
the result when P is he/are the plate. In this case the actual 
magnetic effect on P may be produced by supposing Q and the 
plate to be removed, and a certain imaginary series of magnets 
C* Qv Q» ^^f to ^ substituted, the system being constructed 
ihusL Each of the imaginary magnets is equal and similar to 
Q, and similarly magnetized ; Q^ occupies the place of Q, and 
the others are similarly placed behind it, along a line perpen- 
dieolar to tiie plate, the distance between corresponding points 
of eadi oonseeutive pair being equal to twice the thickness of 
the plata The intensities of the successive magnets decrease 
in a geometrieal pn^giession, of which the common ratio is m* (a 
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quantity measuring (§ 45) the inductive 
of the plate), commencing with that of (y, which is equal to 
1 — 111', if the intensity of Q be unity. It is haidly necessaiy 
to point but the analogy between this and the ooiresponding 
result in optics, in which the illumination produced through a 
plate of glass, by a candle, is found to be due to the candle 
itself, with diminished brightness, and to a row of images 
behind it, with intensities decreasing in a geometrical progres- 
sion, which arise fiom successive internal reflections. 

158. If the iron plate be infinitely thin, all the images, Q|, Q^ . 
etc., will coincide with (^; and, since the sum of their intensities 
is unity, the total effect will be the same as that of Q, which 
will therefore be unaffected by the interposition of the screen* 
The same will be the case if the distance of Q be infinitely* 
greats and the thickness of the screen finite ; but in this case^ 
at least as fSs^ as the present result can show us, the dimensions 
of the planes which bound the plate must be infinitely great 
compared with the distance of Q, 

169. The result which I have stated is applicable also to 
the imaginary case in which, instead of being a magnet^ Q is J 
a mass of positive or negative magnetism.* Thus, let Q be a w 
unit of positive magnetism collected in a pointy which case 
is investigated by Green. To express the action analytically, 
let Q be taken as origin of co -ordinates, a line perpendicular 
to the plate as axis of x, and the plane through this line^ and 
P, as plane of (a^ y). Then denoting by a the thickness of the 
plate, and considering Q as a positive unit of matter, we shall 
have, for the total potential at P, due to Q and the plate, 

^"■<^"'"*^ { (?T??+{(»+4*+»*)*'*"««+<!J)*+**)*"'"*** }^^ 

160. For all magnetic bodies m is between and 1, the 
former limit being its value when the inductive capacity for 

* Thii expreaaion does not implr any liTpatheiis of a magnetio aiatttr sr 
of a flaid or fluicU, bnt it it memy luied'for brevity in oonaeqiioaot ol tha 
principle eeUbUahed by Coulomb, Poieeon, aad Amfire, that the aetum of a 
anagneidaed body of aoy kind, or of a ooUootion of electrio ^'eloeedearmti^'* 
may alwaye be re pr eeea t ed 1^ an iouigiiiary poritive and m^gatifo dietriba- 
tion of matter, of wbioh tba wbdle ma« is algebraieaUy noHuoi^ B|y aa 
element of poiitiTe or n^gatire magnitadei we merely mean a portMB ef tbii 
Imagined matter. 
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magaetum is nothioig, and the latter being never attained, though 
it is approached in snch bodies as iron, of which the inductive 
capadly is great In the extreme case of m= 1, the laws of 
induction in a magnetb bodj degenerate into those of electrical 
equilibrium on the surfiebce of a coYiductor of electricity. If in 
the expression for F we put fii= 1, one of the factors vanishes 
and the other becomes infinite, but the ultimate value of the 
product is nothing, which shows that the effect of the plate is 
to destroy all action behind ii This we know to be the case 
when an infinite conducting screen of anj form is placed before 
an electrified body. 

161. In the case when the plate is of iron, the value of m is 
nearly unity. Hence, as the series is multiplied by 1 —in', it 
*might be imagined that, if we "neglect small quantities of the 
Older (1 — ^) compared with those which are retained," (1 ^g 
being, in Green's notation, a quantity of the same order as 
1— m), an approximate result would be obtained \sj putting 
M=:l in the successive terms of the series within the vin- 
culum. And it is thus that Green, having, in the investiga- 
tion, nqflected quantities multiplied by (1 '^g)\ arrives at the 
result^ 

4(l-y) / 1 . 1 . 1 ) 

^"~T^ I (S?+?P'*"{(x+8a)«+y«}*+{(x+4a)-+y«}*+'''* | 

As, however, this series has an infinite sum, it is dear that no 
value of m can be sufficiently near to unity to render the 
approximation admissible. If instead of Q we were to sub- 
stitute a magnet^ or any collection of positive and negative 
particles, such that the sum of the masses is zero, the series 
for the potential, deduced from Green's expression, would con- 
vexge : and the same remark is applicable to the series which 
would be found for the attraction of the system on a point 
beyond the screen, even when Q is a positive point, by differ- 
entiating the expression for F. Notwithstanding this, the 
iq[iprox]mati0n is still inadmissible; since, if we expand the 
rigorous expression in either case in ascending powers (1 — m), 
wa find tfaat^ though the first term is finite, the co-efficients of 
an the terms which follow it are infinita 
16S. Although the method by which I obtained the rigorous 
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solution ia quite distinct firom that followed by Green, l>eing 
independent of any mathematical process, it maj be satis- 
factory to show that the result can be deduced from his own 
analysis, and even with greater ease than his solution is ob- 
tained after making unnecessary approximation. 

By a very remarkable investigation, in which he extends 
Laplace's well-known analysis for spherical co-ordinates to the 
case when the radius of the sphere becomes infinite, Green 
arrives (Estay an Electricity^ p. 64) at the following expression 
for the total potential at P, due to the positive unit of matter 
Q, and to the interposed plate, before making any approxima- 
tion : — 

1» «=^- lie. », 1..,^ 1^ at„„i«^ •»! b, 

changing the order of the integration, 

■ 

'rfy.r-t»(l+m«r-«T»+jii«r-*i^+ete.)oos(/97y) 















which agrees with the expression given above. 



8r. Pnni*s OoLuai^ OeL 14CA, 1846w 



x sub unb fbofri^tfi db la oouohb ^lbotbiqub bn 
£quilibbb a la SUBFAOB DIJK COBPS OOKDUOTBUR 

Par M. J. LtovTiLLB. 
ffnm tiM Ckmbridge and DubSm Matkemaikal J<namai, Kor. 1846.] 

163. La m^ode la plus g^^rale que Ton oonnaisse pour 
foimer des conches flectriques, en ^nilibie h la surface de 
oovps oondncteuxs^ consiste ik consid&rer nne nuuBse Jf; etle 

de cette masses par xappoit k nn point quelconqne (x, y, z), 
dont la distance an point {x\ y\ z\ on 'k Tdl^ment 

est d^signte par J. Prenons eusuite nne surface de nivean on 
d'^nilibre relatiyement k Tattraction de la masse Jf, et qui 
entonre cette masse, c'est k dire prenons nne surface fermte 
(A), contenant la masse M dans son int^iienr, et pour tons les 

points de laqnelle F conserve une valeur constante. En iSn 

dV 
aoit -^ib la variation infiniment petite que V ^prouve lorsqn'on 

passe d'nn point de cette surface Ik nn point ezt^rieur infini- 
ment voisin situ^ sur la normals k nne distance ds. Cest la 

dV 

dbavib -^f multipli^ si Ton vent par une constante,^ qui 

x^era la loi des density de Mectricit^ en dquilibre sur un 
oorps condnctenr termini par la surface (A). Plusieurs gto- 
mitres sont panrenns, chacun de leur c6t^i li ce bean th^r&me ; 
mais c'est Geoige Green qui Ybl, je crois^ donn^ le premier dans 
vn excellent m^oire public en 1828, sous ce titre : An Essay 
en ihs Applieaiion of Mathsmaiieal Analysis to (hs Theories of 
Xledrieity and Magnetism. Je me propose de montrer que la 
conehe Aectriqne en ^uilibre ainsi obtenue a pr^ds^ent le 
mtoie centre de gravity que la masse Jf . 

1C4 Fiascos Toiigine des coordonn^ «^ y, s^ an centro de 
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gravity de la masse M; et d^signons par Xi xme qudeoiiqiia 
des cooxdonndes da centre de gravity de la oouche Aeotriqus^ 
laqaelle sera f ouniie par la formole 

oii les int^gratioDs s'appliquent it la siudbee (A) dont V&imimb 
est repr^nt^ par d^ H s'agit de prouver que «|sO. 
D'apr&s rexpressiooL de F, on. a 

soivant que le point (x, y, z) appartient on non it la masse if. 
Poor plus de simplicity dcrivons totgoniB 

en regardant la f onction f(x, y, s) comme nolle hors de la 
masse M; et combinons oette ^nation aveo cette antie de 
forme analogue 

oil nous supposons que U est une fonction de jb^ y, s^ qui xeste 
finie et continue ainsi que see d&iT^ dans tout Teepeoe 
int^rieur it (A). Nous aurons 

Multiplions par dxdydz, et int^grons dans tout Tespaoe 
int^eur it (A). En conservant it <2f et it dc» la mdme sig^ufi- 
cation que ci-dessus, on trouve, apr&s des transformatioos bien 
connues: 

Mais r^uation en U est satis&ite par U^sx; nous atona 
done: 

jry^^-jor^'^-^'^^A^fif^ »)dxdrds. 



L*int^grale triple du second membre, diviste par If, donne 
Tabscisse du centre de gravity de la masse JT Ce centre dtaat 
it Torigine des coordonndes, Tint^rale dont nous padons est 
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nolle. Je tbis prouTor que rint^rale J/V^ dm Test aoasL 

I^eboid on pent fidie loitir V du eigne / puiflque, sur la 

dx 
mabiM (AX Fett oenetant Obserrone ensuite V^-^ * pour 

▼aleiir le ooeiiiiie de Tangle m que la normale d$ Itdi aveo Taze 
dee X. Kotare int^grale deviendra done: Vf/QXMadm. Or 
Tiatifftlb JfooBodm eet nulle, d'apite nn fh^rftme eonnn, 
eomme compoe^ d'Adments deux ii deux dgaux et de aignei 

oootniiee. Ainei jJF^AisO. II xeete done flnalemeot 



//' 



d$ 
et Ton en oondut «|sO» ce qn*il fallait d&nontoer. 



NOTB ON THE PBEOEDINO PAPER. 



[Egtmeied/rom a LeUer to M. LtomnLU.] 

165. "...The demonstration which jon have given has led me 
to this other theorem, that the mass M, and the shell sunxmnd- 
ing it^ have the same principal axes, through any point. 

To demonstrate this» let CTsyir in the formula which you. 
liaTe given. Then, since, if we denote by. K the constant 
value of F at the shell, we have 

we find 

dv 

j01f»-jgl4fo«4riB3fi/(«, jf, g)dx4rd$ (1), 

which proves the proposition enunciated. 
If we tske ir=a*, we find 

* 8m m. bdow, 1 900^ (S). 
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firom wliichy obflerving that 

we deduce 

Let A^B^O h^ the moments of inertia of the maw if round 
the axes of co-ordinates, and ^^ Bi, C^ those of the shell, 
round the same axes, it being supposed that the quantit;^ of 
matter of the shell is the same as that of M ;* the pieoediog 
equation, and the two others which correspond rdathrely to 
the axes of y and s, are with this notation, 

il.-Q+il, B^^Q^B, (7s-Q+C (2),t 

where Q,.ijfi5T[F-jr)db«fy<li, 

is a quantity which is independent of the position of the 
origin. 
From equations (2), we have 

5-.C«5i-(7i, a-il-C.-^, A^B^Ai^Bx (8). 

A demonstration of your theorem and of the theorems ex- 
pressed by the equations (1) and (S) may be arrived at by 
comparing the expressions for the equal potentials X produced 
by the mass if, and the shell at very dirtant points."! 

St. PxnBR*8 Ck>LLaai^ /ii/y IS, 1S46. 



• In thif case the ''dentitjr'' of the dktribation at aay pdnt el the eheli 
will be equal to -i- • ^::^* See L abore, | 7. ^ 

t If the origin be taken at the oentre of gravity, and the axes of oo«oidi- 
nates piinoipal axes of M (and therefore of the dieO, aeooiding to the pto- 
position enunciAted above), these equations show that the " oenteal oDipeoid ** 
(see note to p. 202 of CamMdif€ €md Dublim JiatknMtkal / oini a t 1S45) lor 
the shell is oonfooal with that for the body Jf. 

t A shell oonstmeted round the mass if, in the naaner deoeiibed hf 
M. liouTille, with a quanti^ of matter equal to JT, exerts the same foroeupoa 
points without the shell, as was proved first bj Green (see also I. above, 
I 9) ; and since the potential of each vanishes at an infinite distance it 
followB that the two bodies ptodooe equal potentials al evicy point witlmll 
the shell 

I [See Thomson and Tait*s ifofurarf PkOoeopk^, | SI9.] 
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XL OK CABTAIN DEFINITB IKTE0RAL8 8U0GESTED BT 
FBOBLEMS IN THE THEORY OF ELEOTBICmr. 

tJfnm «Im OamMdge amd DMin Maikmatkal Jwrnal, ICaroh 1847.] 

168. It folbws from the solation of the pioblem of the dia- 
tnbotion of electricity on an infinite plane,* subject to the 
inflnence of an dectrical pointy that the value of the doable 
int^gial* 

A direct analytical verification of this result is therefore in- 
teresting in connexion with the physical problem. In the 
"fcUowing paper the multiple integral 
fr* ^td^d^'djs 

is considered, and its value is shown to be 

a result of which the one mentioned above is a particular casa 
Several distinct demonstrations of this theorem are given, and 
some other formulie^ which have occurred to me in connexion 
with it^ are added. 

167. The first part of the following paper, which is a transla- 
tion, with slight alterations, of a memoir in LunmlU^s Jcwnal,f 
contains a demonstration suggested to me by a method followed 
by Green in proving the remarkable theorem in Art (5) of his 
Bnay on Electricity. In the second part some formulas are 

given which, in the case of two variables, are such as would 

^^^^— ^'^^— — ^^— ^— ^^— ^^"^— — ^■— -^f— ■ ■ ■ ■ ■ 

* 8m 9h9f% I 111, footnotoi 

t lS46b ^ m, ^'DteMmsfcnlion d'on TMirtms d*Aiiidyie'' (April 1845). 
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occur in the anatyiis of pnUenis in hmt and elecbicifyy wiUi 
rcfafence to a body bounded in one direction hj an infinite 
plane^ if the metboda indicated by Fomier were fcHowed; and 
from them the Tahie of the mnltiple intagnl mentioned abofo 
ia deduced, L& § m. the erahiation ia effected by % direct 
proceaa of redoctiop, aoggeated by geometrical conaidieiationft^ 

FAxri. 

168. Let the Talne of the mnltiple integnl, which, if we 
nae a Teiy conTenieni notation analogooa to that of fitetoriaH 
may be written thn% 

be denoted by IL 

Let « + «/=a^ it being nndentood that « and «/are taken 
aapodtrra Then, if we aaanme 

we bare 



-s(— i)«^-[/^]*jrg[<ia», 



when 



It is easily seen that the aecond member of this equation 
vaniflhea when v;ss±ao, and that it does not become infinite^ 
even when one of the valnea 0, 8ii^ or a ia aarigned to fk 
Hence the preceding equation may be written 

Bntwehaye 

i[/:]'ffc«*.[/:]7ff*t« 

When we take the integral with respect to v between the 



^ 864 (xm 1 310, Wlowy. 

H 
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iimifai «-« and u^ the fint term vaiiisliee» since at each limit 
JSsOl llias the preceding equation is reduced to « 

169.NowwehaTe ^+2^-0, 

far an Tallies of ^ |t..., prorided v be not eqnal to a. Hence 
this equation is satisfied fat all the Tslnes of the Tsriablea 
between the limits of the intonation in the pveoeding ex- 

piossio n^ and we xnaj therefore employ it to eliminate -^ : 
we dins obtain 

. -,(.-.).p.£[/;]-(*^+in^)t«*. 

Taking one of the terms of the second member, and integrating 
hj pait% we hate 



ru'j 



^^^*' 



-m:r(/:f^)t*^-* 

since the integrated parts yanish at each limit B7 applying 
a similar process to each term under the sign X we find 

-,(^.).p-j^[/;]-ir(^«+if)(«f* 

Bttt^ if ir« denote hj Q and (/ the two pute olR, in-eqaatum 
(1)L M that JisQ—<p, we have 

tat aU Taloea of the Tanablea «, ^, et&, within the limits of 

Intfigrifri** » Ixm ao thaw l oiiriftiii* 

To determine the yalue of this expression it may be remarked 
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that the quuitity under the integral signs yanishes for all 
values of the yariables which differ sensibly ftom those ex- 
pressed by 

and moreover, that if we consider separately the terms of flie 
second member, each is found to be a converging integral: ifc 
follows that^ if we denote by P the value which Bf xeceivea 
when the variables have these values assigned, we have 

where the limits of integration must be such as to include 
the values 0, x^ x^ eta, but are otherwise entirely arbitiaaT; 
By considering separately the different terms of this ezprea- 
sion, and integrating each with respect to the variable to which 
it is related, without yet assigning the limits of the int^gm-> 
tion,wefind 

-8(#-l)uJ7»p(JJ..^rff,i«..-,+JJ^dWe.+e»e.) (4). 

170. Let us now assume 

fi^^'i+^u fc^^^i+^ii ete*> 
and t^+vi*+*««+V»^f 

from which we have 

^ 1 dd #-1 rfQ #-1 . 

The integrations in equation (3) may be extended to all the 
values of the variables which satisfy the condition 

and the limits in (4) will then be such as to include all the 
values which satisfy the equation 

•■+V+»i*+—+<'/««"i or f^mia\ eto. 
If in the integrations we only take the positive values of the 
variables v, i^, v^ eta, which satisfy the limiting condition, wo 
must multiply each integral by 2^^ ; and we may then simply 
take, in the successive terms the second member (tf (4), 

dQ t-L. ^0 t— 1^ 
Thus we have 



116 On certain DtfiniU InUgraU tugguted iy [zi.: 

uU^'^^Uf* . .vdoitbt* • •dvg+jl/. . .Vidvdv9...€bg+Bio.) * 

■■(#+l)P//:..(l-./,-/,...-yWt-*«,-»...t-*dr»«,...*; 
in wliich last ezpreasion the limits include all poaitiTe valaes 
— tia^ ing the condition 

Sence^ hy liouTiUe's theoTem»t 

^hich gives the leqniied valae of the integral U. 

171« If we denote bjr ZT any integral oonesponding to Ui 
in whidi the system of variables u, Xi, x^ ... and u\ ${, a4 ••• 
aie inverted, we shall have uU:=h'U', since P is a fimction 
symmetrical with respect to the two systems ; and we there- 
fare deduce from the preceding result. 



cf r 1 ' . wi'.. 



> (6)- 



172. I shall add another demonstration of this theorem, as an 
applicatio9 of some remarkable analysis given by Mr. Green 
in Ids memoir " On the determination of the exterior and 
interior attractions of ellipsoids of variable densities.* X 

an integral which may also be expressed thus : 

From this latter form, we see that the equation 

* [^7 pattiiig^ ia thi% 9»/(^«; Vi-b/Ivi ; cie.* ws liava 

wlieaoe immediately, by a nrnpUr mm of lioiiTflWt thaonm tlum ia the 
tad^ or bj OiMD^i tnaiformMioii (^m | 186), tfao mmo tMoltJ 

t 8m Gflven/o JboMarftf (Ed. 1S41), ^ 4Se. 

t BMid al <ho Oydbridgo FhiL Soo., Key S» 1SS8. . 8m 9Vwi& of ihal dft*^ 
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k satufied, provided fi does not vanish. Hence F is a fiinfltum 
which satisfies this equation for all values of «|, x^ ... and for 
all the values of u between and oo . At these limits the 
value of V may be easily detennined, and the genecal value 
infened in the following manner: — 

175. When «=0,.the quantity under the signs of integration 
in the expression for F vanishes for all the values of ||, (^ ••• 
which axe notequal to «i, a% ... respectively. Hence it foUowSr 
tfaai^ when « = 0, 

. 1 rr h'^ir*...diidk'.. • 

"{2{x-arV+«'- )**-»>'-/• it ••'(l+^+^+...+«**'^'> 

1 1* /" * Uf-^dk 

■{2(a?-»')-+«'"}4<-0 r(Jf);, (l+*)«'^0 
9i(.w> 1 

■rj(f+i) {2(x-»')*+i»'«}K^o- 

Also, when uszto , the value of Fis nothing, 

174. Thus we see that Fhas the same value as the ezpression- 
«•!<•+») 1 

when tf =: 0, and when « = co ; which enables us to infer that 

*^-rKt+i)'{2(«-x7+(ii+i*7}*<-i)* 

for all positive values of «> provided u^ be taken as positive; 
for the second member of this equation satisfies equation (7) 
for all positive values of u, and for any values of the other 
variables^ and at the limiits i^= and tf =s « has the same 
value as V, and therefore, by a theorem of Gieen'Sy* in the 
memoir referred to, must be equal to F for all positive values 

176. From what has been proved above we may deduce the 
solution of the following problem : — ' 

. Having given for all values of fn (^ •••, the value of the" 
multiple integral 



^ A . 



* [IiMlndsd in Theortm 2. ol ZUL btlow.] 



• » 
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where «' and p' are any iinlmown fbncdoiis of ^, d^ ••• '•* ^ ^^ 
lie leqiiiied to find the talne of 

where «|, «^ ••• «« ere any giTeti qnantitiesi and « a given 
poeitive qvantitj. 

Denotiiig the ezprassioii (a) hy 4^, and the expreasian ^) by 
^ we hftve^ firam the theorem eataUiihed aboye^ 

Bnt^ hj liypotliesu^ # u given for all valoes of ^, f, ... ^; 
and therefore this equation expresses the solution of the 
problem. We may also deduce from the theorem (6) the ex- 

A. .ri(f+i) rr T- ■ ^^^^.^ m 



by meaoa of which ^ may be detennined when the valne, 7, 

lof ^ coireaponding to tf =0 is given. 

176. For the particakr case of fi'= 0, the theorem (i2) is in-^ 
chded in a theorem given by Green, in which the number n in 
the exponent of the denominator may differ ttom the number <i 
of variaUei^ the aole condition being that ii» # + 1 must be 
poeitivei but it is only- in the caae of iis=« that a general 
theorem •sooh as (<I)| by means of which the general value of ^ 

u obtained fiiom the value ^ when i» = 0. can be estaUiahed, * 

177* Let w now apply these fonnul» to the case of s = 3 : 
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we may in iJiis ease oonvenieolfy replace Xi, x,, • Iff xip,^ 
*B^ fi' ffWfi^ "EgjoMtiooB (e) and (d) become . 







where 7 denotes the Tslue of ^ when «=^ y=9b '=:0> 

178. The fiist of these theoreme may be dediioed fipom a Teij 
general theorem given by Green in his essay on Electricity and 
Msgnetism [§ (5.) eq. (6)]. The second may be demoostxated 
in the following manner : — 

Let fl/» y', / be considered as the coordinates of a point P'* 
where there is sitoated a quantity of matter p' dad iijf i^^ in 
the volume daf d}f dat. Then ^ will be the potential on a 
point P {x^ y, s), above the plane otz, y which we may regsxd 
as hoiixonta], dne to a quantity of matter, 

M,[^Mdx'^dd) 

situated below this plana Now it follows from a theorem, 
firsts so &r as I am awaie^ given by Oanss, for a smfitce of any 
form, that there is a determinate distribution of matter upon 
the plane (scy) which wiU produce this same potential on points 
above the plana . Let 1: be the density of this distribution at a 
point IT (f » 9) of the plane, so that 

which gives 

^ r r Jdjdn 

Let s=0; then denoting by k and l^\ the value« of i? and 
^ at the point (x, y, 0), we find 

since the value of the integral in the second member is 
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Sv, whatever be the valiie of x. Hence we oondade that 
hsz ^^2^* 7i and equation (J) is establiahed. 

179. It should be remarked that the total quantity of matter 
over the plane xjf must be equal to the mass M, 

it represents : this is readily yerified fix>m the preoed- 
ingfoimuleeL 

180. The same formuLe admit of an interesting application in 
the theory of heat Thus let ^ be the permanent temperature of 
a point P in an infinite homogeneous solid, heated by constant 
sources distributed below the plane (ay), (the case in which 
some of the sources are in this plane being of course included). 
If the temperature # at any point II in the plane (xy) be 
given, the formula ($) enables us to find the temperature at 
any point above the plana 

181. Ab an example, let us suppose that the sources of heat 
are such that the temperature of a portion A of the plane (sey), 
between two lines parallel to 07 and at equal distances, a, on 
its two sides^ has a constant value e, and the temperature of 
the remainder of the plane sera In this case the formula («) 
will ghre^ for the temperature at a point (p, y, s) above the 

^7^;^. {«-«)*+(i|-y)'+s*j» 
„£(t«i-t5±2-ttn-^) 

c Sox 

s---tan*> 



9 aj«+jr«-a* 
from this we conclude that the isothermal surfieu^es which 
correspond to this case are circular cylinders, which intersect 
the plane (ay) in the two parallel lines bounding A. 

The application to this example, and all others in which the 
isothermal sur&oes are cylindrical, may be made directly by 
putting s=s 1 in the general formulsBL 



pabth 



18S. I now proceed to find the values^ which will be denoted 
by F and If , of the int^prals 



C/3 
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and ^ JJiOmyiiMmxfj^^ , 

where tlie ajmbols [cosmff, [eonrnxf denote tiiie psodvcts 

oofflfiigt'OOSiiif^g. .eosmifji 

COfJII|X| • 000 tllt^i • aOOBIIIjaBf I 

and the notation is in other respects the same as before. 
By means of the foxmnla 

[oosmf +smmf . V(-l)]'»«»(2mf)+8m(IiH^ V(-l). 
it is easily shown that 



a: 






Hence, by a suitable linear transfonnation, in which one of the 
asBomptions is X<n{ = fl(,Sm*j*, we have [if /» denote {Xn^*}^} ■ 

ITow, by means of liowriUe's iheotem,* we find 

Hence ^^-j^^i)/^ j^ (^+,.+«.)K.-.> C«)» 

DifTerentiating with respect to tt^ by which the fbzther ledoo- 
tion <tf the integral wiU be fiwilitated, we haye 

Now 

r .. ^'^ , , o.r ^'^ -^^" ^ 




#-1 V+u* 
„ JF 4irl(*-0 r**iioos/iiKfe ,. 

Hence ^-STT^^.^^^, ^> 

S»*<»+0 



« Sm ComnMc^ JlalA«motf(0a< /(Mmoi; Vobw IS41, a 221 [or OnMyti 
ANMR^to^ Ed. 1S41, p. 469]. ; . . 
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[/; 



From tliiik by intqpratum with lespect to u, we deduce the 
'rilae of Vi thus we have the leeult 

183. To eyaliute the integral Fwe may in the firat place 
Induce it to a doable integral by a pioceBS similar to that indi« 
Gated abore^ for obtaining the expreasion (o) ; and we thna find 

• '^-n^no)/./, ^^ <•>• 

where r denotes Qi^K If we take mr=pco6&, usspnn^, 
tiiiibeoomea 

ITowwehaye ' ' ' 

J*L+^Yooi(rpBn^)r-^«pVoog^.ooe(r/>eoti)r-^ (c). 

Gonaideiing first the case where b is even, let/=:]t«— 1 ; we 
thus find 

••co«^«^oos(r/>eos^K-^-(^+^) *oos(iyBn*> 
and, by sabstitntion in (Jk), we have 

la the second ease, trhen « is odd, let /=:^(t— 1) in («) ; 
fhfli^ maldng use of the xesolt in (P), we h«ve 



Hence^ wlieUier $ be odd or eren, we oondnde thai 

184. The inveetigvition which we have jnefe gone tiuough, of 
ihe integnls (V), (W) oonetitotes ihe Terifieation of "^Fouiei^s 
theorem ' in a particular case. Eor, by thia theorem, we haTe^ 
if F{x^, x^.J) be a fonctioii which remaina the aame when the 
dgna of anj of the iraxiablea are changed, 

andif we take 

the result of the integrationa with respect to ^, f^,., ia given 
by (7), and the aecond member thna becomea a multiple 
integral with respect to m^ ni^.., which ia shown by {W) to • 
be eqoal to the first member. Contersely, if we aasome 
Fourier^s theorem, we may deduce the value IT, by means of 
itk ^m that of *F. The integrala V and W axe alao con- 
nected by means of another cj^«e of Fouriei^a theorem, fimn4 
by taking, in (e), 



In thia way, after the value of If haa been found, that of V 
may be deduced. 

186. The formula (7) and (W) may be applied to evaluate 
the multiple integral ti^.i^id we shall tiius obtain the result of 
the investigation in § L in a different manner. 

Sy means of the equation obtained by differontiatittg (F) 
with reapect to M^ we find 

u 1 : 

{2(f -.«)"+ti*)K»+»>"y-»(*- l)ir*<»-»>rj(#-l) 



[j^Jl*^liooBm(i^m)Y€'^ i 



Making this substitution, for one of the fitoton of the ezpiea- 
sion under the integral signs Cr» we have I 



lU Oh eirt€un J^^UniU InUigraU mifgeritd ty [zr. 

• [/^][&»j[ooi^«-»)]«r<«-^ 
1 

-(•-i)ri(t-i){S(x-»v+(«*+0*)«'^*>' *^ ^"^' ' 

wUch agieas wiih tlie Talue obtained aboTa 



pAsrm. 

186. Tlie Talae of the intqpral Z7 may dao be obtained by a 
direct pioceae of xednction, as follows : — 

By a suitable linear tnuisfonnation, in which assumptions 
•ochas ^t<-«i»2a( 

lie mad^ we find 

where f^J^x-^xy. 

Let us now assume 

fiv^oos^ {ts/»sm^oos0iy {^aB^sm^sin0iOOs9s...i 

(».|B^am^flm9isin0a C0B9«-ti 

(,»/»8iA^8m«tain«» mO^, 

from which we deduce* 

[d^«^«sis^*^dn^*0iiui^0t iinff^irfq^V^; 

a tnnsfonnation gi^en first 1^ Green. Equation (a) is thus 
leduoedto 

when S,_^ denotes tibe piodaot 

• 8m Omftrii^ MmthmnHcal Jmamai, Kor. 1841^ p. H n»l fi«ri«} 



a] 
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and we mqr now oonmnioiitjr aMume 

lC/»+ii'-+a-)«*'+»*, 

and mk^maSk^mm^mmt^ 

fimn wfakh ire deduce 

the flTpwaiion far U becomea 






Let *tti(f-^«t«af; 

hj meana of thia tnnafonnation, obierring tliaft ik>l^ we 

readily find 



or 






which ia the tame aa the xeault pievioody obtained 



fe Paima't OouMi^ ML S, 1S46. 



ZIL PBOFOSmONS IN THE THBOBT OF ATTBAOTION. 
pfnm Hm OtnA. Matk Jmtr., Nor. 184S and Mx ISO.] 

187. Let X, ff,Mhe tbe oo-ordmates of any point P in an 
attiaeting or repelling body Jf ; let cliii be an element of the 
masBk at tbe point P, which will be positiye or negative accord- 
ing as it ia attiacthre or repulsiTe; let x\ y\ % be theco-ordin- 
atea of an atttacted point t^\ let 

A«{(*'-«)«+(y'-y)-+(,'-f)-}* ; 

and let *'~/x ' 

the integral indnding the whole of M. This expreaeion has 
been called bj Oreen the potential* of the body if, on the 
point P', and the same name has been employed by Gauss 
^ a MAnoiie on *'Genenl Theorems relating to Attractive 
and Bepulsive Forces, in the RuuUate am den Bedbaehtunjfen 
du magndiiehen Vereim im John 1JB39, Leipsic 1840, edited 
by M. Ganss and Weber).-)* By a known theorem, the com- 
ponents of the attraction of IT on P", in the directions, of 
«;p]r,%aie W dv' dif 

^dS' "^' "S^' 
and if d^' be the element of any line, stmight or carved,' 
which passes through P', the attraction in the direction of this 

dement is -r-, • Hence it follows that if a surfieuse be drawn 

through any point r for eveiy point of which the potential 
has the same valuer the attraction on every point in the surface 
IS wholly in the direction of the normal Surfaces for which 
the potential is constant are therefore called, by (3auss, aur/aees 
Iff ejuiltbriitinL It has been shown in a former paper (l above). 



# [« TtoB 1 f oand in e raf erauM to liii monoin, in Marpkfu flnt memoir 

* on dcfinito int^gnb. Bvw linoo I hky boon trying to mo Oreon't momoir, 

* Wl ooold not hoMT of it from onjbodj tiU to-day, when I htew got * oopy 
«fromlfr.Hopkini. Jan. 2S^ ISiS.** (Frimto note wbidi I find written on 
pi 190 of ToL iiL of m^ oepy of the OMift. JfoO. /o«r.)1 

t Tranihtione of Aie pap« htsw been pnblielied In T9^fla^» SelmiUSc 
Jfoneirv lor April lS4i and in the Nomben of lionTiOo'a Jonnyd lor Jaly 
AMHtl8tt. 



xn.] Propo&Ui(m$ m iks Tkury of AJUrad^ 1ST 

that if if, instead of an attnctive mas8» were agronp of Bonicea 
of heat or cold in the interior of an infinite homogeneous solid, 
t^ wonld be the permanent temperatore produced by them at 
P*. In that caae^ the surfaces of equilibrium would be imh- 
ikermal 9Ufrfao$». 

188. When the attraction of (positite or negative) matter, 
as for instance electricity, spread over a surfieuse is considered, 
the density of the matter at any point is measured by the 
quantity c^ matter on an element of the surfiu^ divided by 
that element 

The principal object of this paper is to prove the foUowiog 
theorems :— > 

If upon E, one of the sur&ces of equilibrium enclosing an 
attracting mass, its matter be distributed in such a manner 
that its density at any point P is equal to the attraction of Jf 
onP; then — 

(1.) The attraction of the matter spread over JS^ on an external 
point is equal to the attnustion of Jf on the same point multi* 
plied by 4ir. 

(2.) The attraction of the matter on Jl', on an internal pointy 
is nothing. 

189. These theorems were proved in a previous paper (L §§ 
6, 9), from considOTations relative to the uniform motion of heat ; 
but in the following they are proved by direct integration >— 

Let tt be the potential of M, on the point P^ (s^) in £ 
The components of the attraction of Jf on P, in the directiooa 
ofa^y,s,ai6 ^^ _*i _*1. 

and hence, if a, A 7 be the angles which a normal to JiT at P 
makes witii these directions, the total attraction on P is 

(du . da Q . du \ du 

^•o..+^oo./J+-3^oo.yj or -^. 

if clii be an element of the normal through P. 

This is therefore the expression for the density at P of the 
matter we have supposed to be spread over E. Let ib be an 
element of £ at P; let v' be the potential of J^ on a point P', 
(s^y^^t either within or without E; and let J be the distance 
fifomPtoX Then 
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tlie bnckete enelosuig the integrals denoting that the Integra- 
tioDS axe to be extended over the whole snz&oe £ Now for 
dig we may ehooae any one of the expreasiona, 

, ditds , dxdi J dxAf 
ooia eoip ooiy 

Hence any integral of the form 

{/{Aco§a+BcoBp+0«my)di) 
niay be tranafonned into ihe aom of the three int^giala^ 

UTA^b^). UTBdxdM), (jrCdx^h 
bj naing the fiiat^ second, and third of the expressions for dk 
in the firsts seoondt and third terma of the int^;xal respeotarely* 

H«o^if ^-^^, i,-^^, C-f f, 

the limits of the integrations rektire to y and z, x and t^ 

m and y, being ao chosen as to include the whole of the surfiu^e 

oonsidered. 

' 190. Making nae of this transformation in (a) we have 

191, Henoe^ if the integrals in the second member include 
every point in the space contained between E^ and another 
auzfiuM of equilibrium, E,, without S^ and which we shall sup- 
pose to be also without i^, we have 

{//i¥},-{//s^}-///(S^isi)^ 

the aocent denoting that^ in the term accented, the int^irals ax^ 
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to be extended over the surface £^ Modifying in a similac 
manner the second and third terms of i^'i we have 

— Am —A **A 



Now, for all points without M, 

d^u d^u d^u ^ 

by a known theorem ; and such points only are included in the 
integrals in the second member of («). 
Also, by integration by parts, 

- { /Mi** }.- { //4 1** } -///"l»i*«^ 

Modifying similarly the two remaining terms of the seoood 
member of («), we have 

Now, since S and E, are surfaces of equilibrium, u Is oon- 
stant for each. Again, 

except when P coincides with P', at which point « has the 
value u. Hence, the vslue of the integrals, 

is only affected by these elements, for which u=i%\ and hence 
u may be tsken without the integral sign, as being constant 
and equal to u. If, therefore, for brevity, we put 



130 ^nopotUiams tR tke Thtory ^fAUrmetiniL [zn. 

•ceofdiDg as the integnls lefier to ^ or to J*^ and 

tta intigratiops JiMJiidiiy efciy point beh^^ K\ aqua- 

tka (e) beoomaa 



Nofw it is obriona that^ at a great diaUnoe fitom Jf, the 
aufiioea of eq[Dilihriiim are tbij neaxij sphericaL Let S* be 
taken so &r off that it may be oonaideied as spherical, without 
aensible enor, and let </ be the distance of anj point in K from 
the oentro» a fixed point in if, or, which is the same^ the ladins 

-«.^ X,«-|..-^. I. .^ .««->-.-* 

on a point in M'^ and ia theiefioie eqnal to ^ t and theiefore» 

by the Imown expression far the potential of a imifonn spherical 
aheD, on an interior pointy 

It now only remaina to detennine the integrals (4), (4)^, and it 
By patting in (B)» ^ » 1» ^ « ^ i we find the following 
tnnsfannation, for (A), 

. r^. [d^d» 

Kow let the point (ay>) be referred to the polar co-ordinates, 
%9,^ n&en, if P' be pde^ 7 = A. Also, if ^ be the angle 
a^gle between A and dn^ the expression for iM is 

, dfmk6d9d^ . iIA 

Abb T — ^, or, Bin06 008f«-7-f 

OOSf ' ^ CM 

Henoa A—^iinMM^ 
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' If P' be within the surfiu^e to which the integrals xefer, the 
limits for tf aie and w, and for ^ and 2v; and in that eaee^ 
^= — > iw; therefore, aince P' is always within S^^ 

(A),«-4» if). 

If P' be without the surface considered, then, for each value 
of $, we must take the sum of the expressions 

^medOdi^, and — 8m0(— J9)il^, 
and, therefore, each element of the integral is destroyed by 
another equal to it^ but with a contraiy sign, and the Talue of 
the complete integral is therefore xero. 

Hence, according as P' is without or within E, 

W-0,er(A)— 4r (»)• 

Again, to find the value of Jk, we have, by dividing it into 
three terms» and integrating each once^ 

'-{//(ss**+ii'"+iW)}, 

«(AX-(A)a-4a— 0, or w^^iw+W\ 

and, therefore, according as P' is without or within X, 

is-ir, or iaiO (k). 

Hence, making use of (/), (g), (A), (k), in (c*), we have 

v'a4m', when P" is without £. (1), 

i/»4ir(tt), when P' is within E (2). 

From the first of these equations it follows that the attrac- 
tion of E, on a point without it^ is the same as that of Jf, 
multiplied by 4w; and since the second shows that tiie 
potential of E on internal points is constant, we infer that 
the attraction of E on internal points is nothing. 

These theorems, ' along with some others which were also 
proved in the previous paper in this Journal, already referred 
to, had, I have since found, been given previously by Gausa 
One of the most important of these is the following : — ^If a mass 
M be wholly within or wholly without a surface, an equal mass 
may be dis^buted over this surface [in the former case^ or a 
certaia less mass may be distributed over it in the latter case] 
in such a manner that its attraction, in the former case on 
external points^ and in the latter on internal, will be equal to 
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the attraction of M on the same points. This theorem, which 
was proTed from physical considerations in the paper On the 
Untfbrm Motion qf Heat, etc, is proved analyticallj in Gauss's 
JiAnaire, but the same method is used in both to infer from it 
the troth of propositions (1) and (2). 

Trom Prop. (2) it follows that, if J? be the surface of an 
dectdfied conducting bodj, the intensity of the electricity at 
any point will be proportional to the attraction of M on the 
point Hence we haye the means of finding an infinite number 
of forms for conducting bodies, on which the distribution of 
electricity can be determined. 

Thus, if Jf consists of a group of material points, ifi|,m|, etc, 
whose co-ordinates are a^, yi, S| ; aS|, yi, %, eta : the general 
equation to the surfaces of equilibrium is 

Ma aM 

and the intensity of electricit j at any point of a solid body, 
bounded by one of them, will be the value of 

rnhmnm' 

at the point 

To take a simple case: — ^Let there be only two material 
points^ of equal intensity. The surface will then be a surface 
of revolution, and will be synmietrical with regard to a plane 
perpendicular, through its point of bisection, to the line joining 
the two points, and would probably very easily be constructed 
in ptactica We should thus have a simple method of verify- 
ing numerically the mathematical theory of electricity. 

(ncBk the (kmMdo$ MaikmaticiU Journal, Febmsiy 1 Si8.] 

199. 1 shall now prove a general theorem, which comprehends 
the propositions demonstrated in Part L, along with several 
others of importance in the theories of electricity and heat 

Let Jf and Jf| be two bodies, or groups or attracting or re- 
pelling points; and let v and Vi be their potentials bn wjpt; 
let R and Jt| be their total attractions on the same point ; and 
let tf be the angle between the directions of B and Bi, and 
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^^f ^hfiiju ^^ anglea which thej make with aysL Let & 
be a doaed sm&ce, d$ an element^ oonesponding to the 
co-ordinates a^; and P and P| the components of ^ jB|, in 
a direction perpendicular to the suxfiBU^e at da. Then we have 

oos9soos«oosei+oos^eo8/9|+oosyoosyi ; 
Hence^ 

i8r««.«.«M^_///(*^+*^+**)4*«* (.). 

where we shall suppose the integrals to inchide every point in 
the int^ior of & Now, by integration by parts^ tiie second 
member may be pat under the form, 



//♦■ (e**+^*«»+S'«^) 



-///•■ (S+?+SH* <"■• 



where the double integrals are extended over the surface 8^ 
and the triple integrals, as before^ over every point in its 
interior. If we transform the first term of this by ^)i Part L, 

and observe that — rr-=P, it becomes 

except when xyz is a point of the attractmg mass. 

If this be the case, and if i be the density of the matter at 
the point, we have 



therefore (^+^+^WdSyA+4«6n»0 



I .. 



Hence (a) is transformed into 

SffRBiwmOdxdifdMwai^rJJJS^idm'-'JftxPdM (S)( 
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«iinilaily» by performing the int^gntion in (a), on the terme 
iv do do .^ .^j • doi doi dvy 

we shonld hare found 

jQTJUIt CM 9dxdgdM^^wJffodm^ ^JfoPido (4). 

200. If the triple int^grala in (a) were extended over all the 
space without S^ or over eveiy point between S^ and another 
eurfiMse, 8n endoeing it^ at an infinite distance, it may be 
ahown, as in Part L, that the superior values of the double in- 
tegrals in Q>\ corresponding to 8,^ vanish. Hence, the inferior 
values being those which correspond to 8, we have, instead of 

(«)and(4), 

JJfRRtOOBOdxdydssziwJffvidm+JJfvtPds (5) 

JffBRiOOo9dxdydM^4atJffvdm^+JfvP^do (6). 

It is obvious that v and Vi in these equations may be any 
functions, each of which satisfy equations (e) and (c2), whether 
we consider them as potentials or temperatures, or as mere 
analytical functions with the restriction that^ in (6) and (6), v 
and i^i must be such as to make Sfv^fdo and JJvP^do vanish 
at 8t [and (a condition the necessity for which has been dis- 
oorered by Helmholtz*), that, in (3) and (4), if £f be multiply 
continuous, o and v^ must be single-valued functions through- 
out it]. If each of them satisfy (c) for alljthe points within the 
limits of the triple integrals considered, dm and dm^ will each 
vaniah ; but if there be any points within the limits, for which 
either v or Vj does not satisfy (e), the value of dm or dm^ at 
those points will be found from ((Q. 

201. Thus let «i = 1, for every point Then we must have 
ibii=:0. AboJ{i=0,P|=rO. 

Hence (3) becomes 

J[fPd»^4^///dm^Wm (7), 

if m be the part of if within 8 This expression is indepen- 
dent of the quantity of matter without £f, and if m = Q it 
becomes ^^PA-O (8). 

• [8m Halaliolte; CMk*t Jmumal, 1S6S (Wirbelbewcgnii^, tniiakUd 
\j TUt^ PhSL Moo* 1367, i. (Vortn-Motion) ; or ThomMn (Vort«z-Motioii, 
a 9^.M\ IVMUk Moffol BoMo ^MMwrgh, 1363.] 
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If Jf be a group of tources of heat in a solid hoij, P 
vill be the flux across a unit of sxabce, at the point xyz. 
Hence the total flux of heat acioss Sis equal to the sum of the 
expenditures from all the souices in the interior; and if there 
be no souices in the interior, the whole flux is nothing. Both 
these results, thou^ our physical ideas of heat would readily 
lead us to anticipate them, are by no means axiomatic when 
considered analyticaUy. In exactly a similar manner, Poisson^ 
proves that the total flux of heat out of a body during an 
instant of time is equal to the sum of the diminutions of heat 
of each particle of the body, during the same time. Thia 
follows at once from (7). For if we suppose there to be no 
sources of heat within 8, but the temperature of interior points 
to* vaiy with the time, on account of a non-unifonn initial 
distribution of heat^ we have 

tfv , tfv . d*v dv 

Hence, by (d), we must use '^-^dxdydM, instead of iirdrn^ 
and therefore (7) becomes 



//'* -jjj'p-*^' 



It was the analysis used by Poisson, in the demonstration 
of this theorem, that suggested the demonstrations given in 
Part L, of propositions (1) and (2). 

202. As another example of the application of the theorem 
expressed by (3) and (4), let Vy be the potential of a unit of 
mass, concentrated at a fixed point, x'yV* Hence, Jf | = 1 and 
dmi = 0, except when xjf», at which dmi is supposed to be 
situated, coincides with x'yM; and, if A be the distance of 

A^ / / / 1 

ODJfZ ttOXOiXy Z, Vi^:-^* 

Hence, according as x'y'z is without or within iSf, 

jfjl/vdmi^O^ or XMmiss^xfJJ/doix^v' («)p • 

the triple integrals being extended over the space within & 
Now let us suppose Jf to be such, that v has a constant value 
(i?) at a. Then //vP^dz^{v)//P^dB, which, by (7), is s= 0, or 



* Ste rAlofif d$ la Ohakm, p. 177. 
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to 4v(«), aoooidiiig as o/y V ia without or within & Henoe, hj 
wmpmng (S) and (4), we have, in the two caaea^ 

theiefoie jj^^w(v) (10). 

These aie the two propositions (1) and (3) proved in Part L, 
which are fherefore, aa we see, particular cases of the general 
theorem expressed by (3) and (4).* 

303. Uvssvi, and if both arise firom sources situated with- 
out 8, (3) becomes 

JlfBfdx^dn^JfvPdi (11), 

a proposition pyen by Gauss. If v have a constant value (tr) 
over 8^ we have 

JfbPdi^{v)/rPA^O, by (8), 

hence JffPdxdydt^O. 

Therefore JS = and v^(v) for interior points. Hence, 
if the potential produced by any number of sources have the 
same value over eveiy point of a surface which contains none 
of them, it will have the same value for every interior point 
alsa If we consider the sources to be spread over 8, it follows 
that 9= (v) at the surface is a condition which implies that the 
attraction on an interior point will be nothing. Hence the 
sole condition for the distribution of electricity over a conduct- 
ing surfiice, is that its attraction shall be ever3rwhere perpen- 
dicular to the surface, a proposition which was proved from 
indirect considerations^ relative to heat, in a former paper.-f 

304. In ezactiy a similar manner, if none of the sources be 
without 8, by means of (5) and (7), it may be shown that 

JX/B'dxdyds^WMiv) (12) ; 



* It may bo here proper to state that these theoremi, which were first 
demonstnled by Ganas, are the snbjeot of a M^moire by M. Ghaales, in the 
Additioiis to the OaimaUtanei de$ Temp$ for 1845, pabUshed in Jane 1842. 
In this Mteoire he refeis to an announcement of tiiem, without a demonstra- 
tson, in the 0&mpie$ Remdtu dm 8kmcu dt FAcadimk dm iSbiaacM, J^b. 11, 
ISSa, a date earlier than that of M. Gauss's M4moiie, which was read at the 
Eoyal SoeieCy d QOttingen in March lS4a 

t 8es L abof% 1 5. 
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the triple integnls being extended over all the space idthont 
& Hence a quantity of matter f* can only be diatributed in 
one way on iST, so as to make (v) be constant For. if there 
weie two distributions of /i» each making (v) constant^ there 
would be a third, corresponding to their differonce, which 
would also make (v) constant The whole mass in the third 
case would be nothing. Hence* by (12), we must have 
^/B?dxdffdz =: 0, and therefore £ = for external points; 
and, since (v) is constant at the sur&ce. It must be = for in* 
tenor points also. Now this cannot be the case unless the 
density at each point of the sui&ce be nothing, on account of 
the theorem of Laplace, that^ if p be the density at any point 
of a stratum which exerts no attraction on interior points^ its 
attraction on an interior point dose to the sur&ce will be 4«/iu 
This important theorem, which shows that there is only one 
distribution of electricity on a body that satisfies the condition 
of equilibrium, was first given by Oausa It may be readily 
extended, as has been done by liouville,* to the case of any 
number of electrified bodies, influencing one another, by -sup- 
posing 8 to consist of a number of isolated portions^ whidi will 
obviously not affect the truth of (6) and (6). 

Then, if we suppose v to have the constant values^ (v), (v)\ 
etc., at the different surfaces, and the quantities of matter on 
these surfaces to be Jf, M\ eta, we should have, instead of (11)» 

jfi5GPdrrfyc&=4ir{i/(»)+jr{ry+eto.} (18), 

and from this it may be shown, as above, that there is only 
one distribution of the same quantities of matter, if, Jf, eta, 
which satisfies the conditions of equilibrium. 

206. If both if and if 1 be wholly within iS^ by comparing (5) 
and (6), or if both be without 8, Ij comparing (3) and (4), we 

^^® j/Pv,di^j(yPivd$ (14). 

Now let fif be a Bphete, and let rO^ be the polar co-ordi- 
nates, firom the centre as pole, of any point in the surfiice to 
which the potentialB v and V| correspond. Then we shall have 



* 8m Not* to IL CluidMf IKmoive la tlio OotmQiMtmct dm Tempt for 
184S. 



P=z—^f Pisz^-r^f and we may aseune ds=f^aii9d$d^ 
or or 
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Hcnoe (14) becomes • 

rrv,^mn9d0d^^rrv^m9d»d4^ (16). 

lliis eqtiation leads at once to the fundamental property of 
Laplace's coefficients. For if v and i^ be of the forms T^i^, 
T^f^t m and n being any positive or n^;atiye int^gers^ zero 
inchided, and T^ and F« being independent of r, we haTe» by 
adfafltitiition in (15), 

If m be not s », this cannot be satisfied nnless 



r.r. 



I \ 



This is the ^ fimdamental property of Laplace's coefficients. 

Xbere are some other applications of the general theorem 
which has been established, especially to the Theory of Elec- 
tricity, which mnst^ however, be left for a fdtnre opportonity. 
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Xm. THK0BEM8 WITH BSVBBSNGB TO THB 80LDTI0K OF 
OflBTAIN PARTIAL DIFFEBENTIAL SQUATIONa 

[From th# OmmMige and DMki MatkmaUeti! Jmmt^ J— > lS4a>l 

206. ThMreml. Itispoesibletofinda fimctioiiF,of ds; y^i^^ 
which shall satisfy; for all real values of these vaiiableSi the 
differential equation 

if..g\ 4..^ 4..^ 

a being any real oontinuons or discontinaotis fimction of m, f, », 
and p a function which vanishes for all values ot x, f, m, 
exceeding certain finite limits (such as may be represented 
geometrically by a finite closed sur&ce)^ within which its value 
IB finite, but entirely arbitraiy. 

Theorem 3. There cannot be two different solutions of equa^ 
tion ^A) for all real values of the variables. 

1. (DemondriUion). — ^Let U be a function of o^ y, % given by 
the equation 

the integrations in the second member including all the space 
for which p^ is finite ; so that^ if we please, we may conceive 
the limits of each integration to be -* 00 and + qo , as thus, 
all the values of the variables for which p^ is finite will b^ 
included, and the amount of the integral will not be affected 
by those values of the variables for which // vanishes, being 

included. Again, Fbeing any real function of a;, y, 1^ let 

*■ 

* The 0M6 of thrie TariablM, which indadM the spplioftliou to pbjmail 
problemiy is alono oonridflred here ; atthongh the aae^riiB ie eqvel^ HT^ 
c^ble whatever be the aniaber ol vuii^blee. 
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It is obvioua that> although V may be assigned so as to 
make Q as great as we please, it is impossible to make the 
Talue ot Q less than a certain limits since we see at once that 
it cannot be negatiyCb Hence Q, considered as depen^Ung on 
the arbitraiy fonction V, is susceptible of a minimnm value; 
and the calculus of variations will lead us to the assigning of 
Faocoiding to this condition. 

Thus we have 

JJJ W *be * dg ) dx ' \ d^ a dg ) tfy 

,f dV 1 dO\ diV\^ ., 

Henee^ by the ordinary process of integration by parts, the 
integrated tenns vanishing at each limits* we deduce 



+^"f-f)}^- 



But by a well-known theorem proved in Pratt's Mechanics, 
and in the treatise on Attraction in Eamshaw's Dynamics), we 

Hence the preceding expression becomes 

-H8.///.r.{^..-)+^(..f) 

We have, tiierefore, for the condition that Q may be a maximum 
or minimum, the equation, 

to be satisfied for all values of the variablea 

* AH tlM fmetums of «, y, • Mnitrnplailad fai thk papor an mppoMd to 
te iaiiBito taloM of tbo vaiiablea» 



+1 



Now it is poBsible to aasign V so that Q may be a minimnm^ 
and theiefoie theie exists a function, V, which satisfies equa- 
tion (A). 

3. (Demanttration). — Let F be a solution of (A), and let F| 
be any different function of as; y^ % that is to say, any function 
such that Fi— V, which we may denote by ^ does not Tamsh 
for all yalues of o^ y, a. Let us consider the integral Qi, 
obtained by substituting Fi for F in the expression for Q. 
Since 

Now, by integration by parte, we find 

/:/:/:(4"-Tf)'t-^ 

the integrated term vaniahing at each limit Applying this 
and similar processes with reference to y and #, we find an 
expression for the second term of Q|, which, on account of 
equation (A), vanishes. Hence 

which shows that Qi iB greater than Q. Now the only pecu- 
liarity of Q is, that F, from which it is obtained, satisfies the 
equation (A), and therefore Fi cannot be a solution of (A). 
^ence no function different from F can be a solution of (A). 
' The analysis given above, especially when inteipretod ixk 
.various cases of abrupt variations in the value of a> and of 
infinite or evanescent values, through finite spaces^ possesses 
very important applications in the theories of heat^ electricity, 
magnetism, and hydrodynamics, which may form the subject ik 
future communications. 
BDmABMR, DmiBAKraiiBBXBi^ (kL 9, 1S47. 
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ADDITION TO A FBBNOH TRANSLATION OF THB 

PBBGBDINO. 

[Wnm lioaTiIk't J^mwd ds MoMmaiiqmt, 1847.] 

307. Dans lea applications qui pi^ntent le plus d'intMt, il 
firat Gonsid&rer des tranaitioiia aabitea dans la valear de a. Par 
ezemple, si a a line yaleur oonstante dana tont I'espace ex- 
tdrieor k nne aniface fermte S, dana I'mtMeur de laqnelle a 
est infinie^ notre analyse oonvient au cas d'on corps conducteur S 
somnis k rinflnence d'nne masse Aectriqne donnte (jS/pcbodydz), 
et cette application ne pr^nte ancnne difBcnlt4. On en tire, 
en effete les d^nonstrations donn^ par Green, que la solution 
analytiqne du probl&me de la distribution d'dectricit4 dans oes 
cireonstances est possible et qu'elle est unique. 

Dans une application k lliydrodynamique, ou li un certain 
probl&me de magn^tisme, il faut considdrer un espace dans 
lequel la valeur de a soit lito, L'inteipr^tation du resultat ne 
pr^nte auoune difficult^, mais il est plus difficile de bien 
oomprendre comment la d&nonstration telle que je Tai donnte 
plus haut se pidte k ce cas. En essayant de Texpliquer 
nettement^ j'ai trouv^ une d^onstration direote du th^oi^e 
aainnt^ qui renferme le resultat dont il s'agit : 

- ''H est possible de trouver une fonction Fqui s'dvanouisse 
pour les yaleurs infiniment grandes des yariables x, Jf, m, et 
*o*^»^*^ ]k Ffauation 

dT dT <Pr 

pour tous les points extdrieurs k une sui&ce fenn^ S, aveo 
oette oopdition 

dans laqueUe F est une fonction arbitiaire des coordonn^ 
dHm point sur la surCftce fi^ et in est Td^ent d'une nonnale 
eatt4ikux6 k la snrbce en ce point" 
Pour le dAnontrer, oonsid4rons Tint^iiale 
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xdative k Tespaoe ext^riear it & Paimi toates les fonefcioiiB V 
qui vdrifient la condition 

J/rrdSwmA, 

oiiAet/t nne quantity quelconqne, il 7 en a one poor laqnella 
rint^giale Q est nn minimnnu Une fbnction V, ainai ddter- 
min^, Batirfait anx ^nations 



ds^ 



dfV d^V iPV 



0, 



(oil c est one constante), comma on s'en assure par le calcol 
des yariations. Soiyant les yaleuis de A^ c anxa des TBleniB 
proportionnelles ; on pent prendre A telle qne esz 1. De Ut on 
condut le th^rkne &ionc4 II seiait fodle d'l^outer nne 
demonstration, que la solution du proU^e de la ddteEminatUm 
de Fsoos ces conditions est unique.^ 



* [Phmded S iM A nrnply oontiDvoiw turf «oe. If 5 b« a mvltiplj' 
tmuoQi utaUct, m, for imUncwi, th* inner bonnduj cf an cndkM tabt (a 
finite tube iritK iti ends nnitad, m m to oonititBto n mnM^ wo aajf odd 
to V tlM 'Ttioeity-potentiol of a liqnid moving tluoagk it InoMkmiSif 
(Thomaon and Tait'a Nmimral PMUmpkr^ H 1S4...190 1 TlMnaon, Fartai 
IfoNois tt 64...5S) witlMml violating tho oonditkMM pnaoribod in tU tax* 
Comfaio aboT% I MOp lootnotOi] 






XIY. ELEOTBIO IMAGES. 

KZTRAIT D'UNB LSTIRE DB li. WILUAM THOMSON 

A K * UOUVILLE. 

(fnm limiTilk't Jmumaide MaMmaUpta^ 1845.] 

* 808. * . . • Pendant men s^jour k Paris, je vous ai parU du 
prindpe des images pour la solution de quelques probl^es 
rdatifiB k la distribution de Mectricit^. H y a une foule de 
piobltaies auzqueh je ne pensais pas alors, et oii j'ai trouv^ 
plus taid qpion pent Tappliquer. Par exemple, on parvient 
ainsi k exprimer a]gA>riquement la distribution d'^ectricit^ 
sur deux plans conducteuis qui se ooupent sous un angle 

-r-f quand un point Aectrique est pos^ dans Tespaoe entre les 

deux plana (Uidie est analogue k celle du kaleidoseope de 
Brewster.) Quand il 7 a trois plans qui se ooupent perpen- 
diculairement^ ou quand il 7 a un plan qui coupe peipendicu- 

lairement deux plans qui se coupent sous un angle -n on pent 

^element trouyer la distribution sous Tinfluence d'un point 
Aectrique donnd On pent aussi exprimer tr^-&cilement la 
distribution sur les parois int^rieuies d'un paralldlipipMe lect- 
angnlaire creux^ soumis k rinfluence d'un point flectrique pos^ 
en dedans^ en se servant des int^rales ddfinies. 

** Soient le centre d'une spb^ 8; Q, (/ deux points 
pris sur un miftme ia7on OA et sur son probngement^ de telle 
manitee que OdOd^ OA^ ; 

et P un point quelconque sur la sur&ce 8. On a^ comme on 
■ait, PQ ilQ 

On peut^ k cause de ce th^r^e, appeler Q et (/poiiUs rieqnv- 
fu4$ rtlalitfk d la tphire 8, dont obaoun est t image de Tautre 



I 



}> 
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dans la sph&re. Suivant cette d^finitioxi, Timage d'une ligne 
on surface sera le lieu des images de points pris sur cette ligne 
on surfAce. Ainsi, on tronye que Timage d'nn plan on d'una 
sph^ est toi\joni8 nne sphtoe (le plan ^tant oompris sons cette 
d^ignation). Les images de deux spheres se coupent sous le 
mdme angle, ifel on imaginaiie, que les suifiu^es donn^ 

'' Soient Q, (/ deux points r^proques» xelativement k une 
spli&re S, et q, /, $ leuis images et Timage de la sph&re 8 dans 
une autre sph^ donn^ Les points q,. / seiont rfaipioquee 
relativement k la sphere «. 

209. ''A Taide de ces th^rbnes, je panriens facilement 
d^tenniner les images successives d'un point queloonque (qui 
n'est pas n^cessaiiement dans la ligne qui passe par leun^ 
centres), dans deux spheres qui se coupent sous un angle 
donnd Quand cet angle est imaginaire, je parviens ainsi k 
exprimer la distribution de Mectricit^ sur les deux sph&rea^ 
sous I'influence d'un point quelconque, chaig^ d'^lectricit^ an 
mojen des sMes de M. Poisson (qui convergent oomme des 
series g^m^triques). Quand Tangle d'intersection est rid, et 

compris dans I'expression -r » on parvient ainsi k exprimer 

alg^riquement la distribution d'une quantity donn^ d'^leo* 
tricit^ sur la surface ext^eure des spheres, qui n'est soumise 4 
aucune influence ou qui Test k celle d'un point donnd. S'il y 
a trois surfaces sphdriques qui se coupent perpendiculairement^ 
on exprime algdbriquement^ par les mdmes principes, la distri- 
bution sur la surface ext^eura Je parviens aussi k deter- 
miner les temperatures stationnaires dans rintdrieur d'une 

lentille dont les deux surfaces se coupent sous un angle -r » la 

temperature de chaque point de ces surfSaces etant donnee. 

210. ''Si Ton veut determiner la distribution d'eiectricit^ sur 
une surface donnee S, sous Tinfluence d'un point quelconque Q, 
on reduit, par les m^es principes, le probl^e k la determina- 
tion de la distribution, sans aucime influence, sur Timage de S 
dans une sph&re decrite du centre Q, avec un rayon quelconque. 
Une application generale de ce theor^me conduit k une demon- 
stration rigoureuse du theor^e de M. Grauss, qu'on pent pro- 
duire, au moyen d'lme distribution determines de matike sor 




'J. 
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use wooAm Usraiie qudconqaop nne valenr donnte da potentid 
4 diaqoe point de la saifiice. H 7 a ausai beauooup d'appliea- 
tainis sp^dalM [see below, §§ S18...S20] qu'on peut fiuxe de 
ce fh6oiAme anz cas dans lesquels 8 est une sph^ vn disque 
eiieiilait% oa un segment d'nne smfiftce sphdrique fait par nn 
plan. J*en ai anssi d^dnit nne demonstration gtem^qne da 
tii^mAme qne Tons ayes pnUi^ dans le nnm^ d'avril 1846 
de Totie Joanial (voir page 1ST), dont yoid rezpression analy- 
tique * • ^^ [see abore, zt §§ 167, 186]. 



,r 



XmunB DB DSUX LRTTBES ADDBSSSlXS A M. LXOUVILLB, 
^^'' PAB IL WILLIAM THOMSON. 

{Fnm liooTint's Jmtmal de Maikimaaqum, 1847.] 

•«CAKBBn>a«» 26/Ki» 1846. 

Sll. " • •'• Les recbercbes snr lesqnelles je vons ai dcrit^ le 
8 octobre 1846, m'ont conduit k Temploi d'un systtoie nonveaa 
de eoocdonn^ ortbogonales trto-commode dans quelques pro- 
bttmes des tbfories de la cbaleur et de Mectricit4 Les 
auiaces coordonn^ dans ce syst^e sont les soi&ces engen- 
dries par la rotation, autonr d'nn axe oonvenable, d'nn syst&me 
de ooordonnte corvilignes dans on plan, et les plans m^ridiens. 
En effete soit M nn plan m^dien quelconque ; les coordonn^ 
d'nn poiiit P dans ce plan sont deux cerdes qui se coupent k 
an^e droit en ce pointy et dont le premier passe par deux points 
fixes A, A\ dans Taxe de revolution Z'X, tandis que le second 
est la courbe ortbogonale de la s^rie enti^ des cercles qui 
passent par les points A, A\ On demontre fiBcilement que 
eette courbe est un oerde qui passe par deux points imaginaires 
B, tl^ dans la droite T'OFperpendiculaire k JTOX, k des dis- 
tances aux deux c6t& de dont chacune est ^gale k aV — 1# 
a ^tant la valeur des distances ^[ales A'O^ OA. En effete la 
premitee sAcie est exprimte par I'^uation 
(1) a?*+/-«i<y«a*, 

» tent on paramtee Tariable, et Ton en dMuit 
<S) »*+y«-2va?— a«, 

pour r^nation de la courbe ortbogonala 
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213. ''PO0OD8 

sera Tangle que la tangente da eerde (1), au point A on A\ 
£Edt avec Taze X'X, et ^ sera I'Angle imaginaiie que la tangente 
du cerde (2), au point B ou F^ Mt aveo TY. Pour avoir la 
s^rie enti^ dee cerdee (1), il faudiait donner i u toutes lea . 
Taleuis rdelles de— 00 itQo,ouk0toutealesyaleundeOitir; 
et, pour la a^xie (2), H faudiait donner 2k v toutes les yaleuxB de 
ajico^etde-* 00 k— >«. On pent consid^rer un point P oomme 
d^tenninj sans ambiguity par les cooidonnte 6^ ^ (en prenant 
6+1TVCL lieu de $ pour I'autre point d'inteiseotion des mArnea 
cerdes). Les ^nations de transformation, entM les ooordoa- 
n^ (^ y) et {$, '^ d'un mAme point P, aont 

(8) «*+^-2<9ool0aa*, 

(4) ««+/-2a»cotfV-^«— «•• 

On en dMuit 

cos^«-oos9 
sing 

Dans les applications physiques^ il s'agit d'ezpiimer la distance 
J, entre deux points P, P en fonction des nouvelles coordon* 
ndes. On trouve facilement. It I'aide des fonnules donnte 
ci-dessuS| dans le cas de P et P' dans un mdme plan m^dien Jf, 

.,-a-. oos(i^-f)-.oo.(g~y) 

'^ (Ooa^— «M0)(OMf— CM0) 

I Pour le trois coordonn^ d'un point dans Tespace^ je prends 0^ 

I ^ qui fixent sa position dans un plan m^dien, et Tangle ^ 

que ce plan fait avec un plan m^dien fixe. Je trouye main* 
tenant, pour la distance entre deux points qudconques P, P, 

.. o^t ocfl(^-^-[cosgeo8y+singsinyeos(^^0] 
"^ (oosV-ooB0)(oos^-^eos^ 

Pour dviter Temploi de quantity imaginaires, je pose 

f r 
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d'odrondMoik 

ck roqpnaaum pidcMente se r^duit k 

"• (r»-«ro«iff+l) (r'*->/«ot»'+l) 

A Taide oette expceasioii, on ttoave 









1 d^(^\v) ^Q 



39 

«s(r*-8roo00+l)^ 
pour r^naiion du mouYoment unifoime de la ohaleur exprim^ 
par les cooidonn^ r, 6, ^ 
" Les soxfaces repnSsent^ par rdquation 

r=:coii8tante 
0ont des aphirea engendr^ par la r^olution d'une a^e de 
oerdea autour de la droite qui contient leora centrea. Sup- 
poaona que Teapaoe entie deux de cea aph&rea (quand chaque 
aph^re eat en dehoia de Tautare, cet eapace aera I'eapace infini en 
dehota dea deux aph&rea)» dont lea dquationa aont 

rasa, rata,, 

aoit lempli d*un milieu aolide homog&ne, que lea temp^turea 
de toua lea pointa de chaque aurface aoient donn^ea, et qu'il 
i^agiaae de determiner la temp^mture atationnaire d'un point 
quelconque dana le aolide; on r^udra ce probl&me avec 
beaucoup de facflit^ au mojen de Tanalyae de Laplace^ en 
emplpyant lea coordonn^ea que j'ai indiqu^ea. Dana le caa 
particulier d'une temperature oonatante pour cliaque aph&re, on 
parnent^ apr&a quelquea reductions, k trouver la aolution que 
Pbiaaon a donnee pour le probltoie correapondant de deux 
apb&rea eieotiiaeea. 

21S. *I1 7 a un aTst&me nouveau et tria-remarquable de 
oooxdonneeay qu'on trouye en poaant \ 

r, 0, ^ appartenant au ayat&me expliqu^ ci-deaaua. Dana oe 
MptioBOB {(, fit Qf lea aurfaoea ooordonneea aont dea aph&rea 
giihi^ODalea qui paaaent par un point fixe, et qui touchent^ par 
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■ 

cona^uenty troia plans oithogonaux mends par oe point * Je 
sols panrenu ^ oonsiddier oes syst&mes de oooidonntea sa* 
cheichant les images des series de soifitoes des systimee ^olam 
. et rectangnlaire) oidinaiieB, dans des sphkes conTenaUement 
disposdes. 

"* L'application du syst&me ({, % {) anx piobUmes de pbjaiqiii^ 
pour le cas de deux syst&mes qui se toachent Tun I'antn^ ea 
donne les solutions avec beanooup de &cilitd; mais il est plus 
simple de faixe dizeetement la leoheiche de oes ooordonnte^ 
que de les' dMnire da systime (n tf, ^). En eifet^ aoient 

les ^nations de trois spheres qui se eonpent k nn point P 
(elles se oonpent anssi k Torigine 0). Je piends {, ^ Cpov 

les oooxdonnto de ce point (il fikudnitsubstitoer^^^-S^-^ 

dans oes ^nations* au lieu de ^^% {; ponr retrouver les ooonkD-r 
n^ {• % (indiqudes ci-dessus). De oes ^nations on tin 

etr^uation 

devient^ ponr les nouvdles coordonnde% 

04 ' 

Poor exemple de Temploi qu'on pent fiaize de oe qratdme de 
coozdonn4es» supposons que la tempdratoze tfun point («> % 
est une fonction donnte F (i|» Q des oooidonn^ ^ {d^m. 
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pontion was la apb&re a, et que la temp^ture d'un point 

permanente d'un point qudconqne P ({, % {) danB Tespaoe 
entro les sphtoes a» oi (c'e8t-4-dire Tespaoe entier pour lequel | 
% nne valenr intenn^diaire 4 a et Aj), que nous fuppoeeions 
x«mpli d'un solide homogine. Suivant la m^thode de Fouiiar, 
en obeenrant que les Taleun 

ootimy.oosilf.gM, 
ootmif.nni^f.i^i 



saMitu^ pour pr\ sont dee solutions particuliiies de T^ua- 
tion (a), pourru que A's=m*+*\ J6 tiouve^ pour la solution du 
ptobUme propose. 



hui^fjy^^^^s^^s^ 



mi 






>i 



04 1 est la base des logarithmes n^p&iens, et 

811. ^ Comme ezemple de I'usage de oette foxniule» je fend 

F^tant une constante. Pour la rMuction de Tezpression, dfns 
ce oas^ j'obsenre que 

,y t^ r ., oosmpoosiMT « £-(«*+ii^* 

(c) jJj^ ^^^F^^^ ^t,.^—^ ^ 

4r<A I'on dMoit 

Is eigne supdrieur ou in£Srieur ^tant piis» dans la seconde 
ezpiession, selon que oi est positif ou n^gatif (je prends a 
toiqours positif et > «|), Oes xMuotions faites, Tezpression 
^) se tnnnre xMuite 4 
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sttiTBnt 168 deux ca& L'^uation (I) se xMxdlb 4 

4 cause de la vileur qu'ou trouye pour rint^grale d^finie qui j 
est oontenue.* 

215. ** L'ezpression pour v, dans le second cas^ se tcouTe 
vMuite en sdrie conyexgente» si Ton substitue pour 

1 

et puis, pour cbaque ierme, sa valeur, suivant la foimule oiMe 

dans le cas (!)• On trouye ainsi 

1.1.1 



la 



^^^•< 



oil . 



[(u-l)^^Y+»"*■[(y+u-l)•^^+<■J»'•■[(fy+f•-l)•^y+rt'*■•''• 
1 1 1 

+ — — i— — ,+ ^ . ^ , 

111 
"■[(y+iy+i^W [(•y+l)»-hi«-»-<«I» [(•y+l)N^|S+5?"'! 

y82(a— OiX 



>t 



* Lm ini^gnlM d^finiai («) «t (I) Mnt dot om p«rlieii]im dt dtox 
iiiMgnlM multiples dont j'ai tnmT^ 1m Tilaiin en eherohaat me dteonitni- 
tioii de 1a fonniile (5), tome X de votre Joanal, pege 141. J^ai tranf^ 
[ebote^ § 1S2» fonnnlA (F)l en eiiel^ 



• f • 4Mft»»»<^**i«*<»ilH«MifHtft,.. (n- l)y r'(<"iH^NN-..)i^ 



/•/-... 

•'-•'-«. 



(ri+rf+...+i>:+f^ 



f?) 



(Wi+«ii+.,J' 



• r« <iiii|4fiiB...ooefiHS|CoeiivB|...«HM|t-HN^«.)^ 



/:/:• 






d*<A Ton didoH munMUtaDMit 1m int^gnlM mUm. 
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De oette expression on d^oit facilement la distribntion d'Aec- 
tridt^ snr deux sphfaree qui se touchent. 

216. "Le cas (I) conespond 4 deox spbtees dont I'nne, (a), 
est en dedans de Tautre, {a^ Dans le cas (II), le solide 
oonsidM remplit Tespace entier en dehors des denx sph&reSy 
et la temp^ratnre est x^ro k nne distance infinia 

317. * n J a nne interpretation ponr le nonvean STStime de 
ooordonnto (r, ff) dans nn plan, qui est tris-simple. En effet, 
aoient A, A' denx points fixes, et P nn point qneloonqne dont 
il s*agit d'exprimer la position. Cela pent se &ire an mojen 
de Tangle AFAn, qne j'appelle $, et de la raison r de AP kAP*. 
Qnand $ a nne Yalenr constante, le lien de P est nn cerde qui 
passe par les points A^ A' ; et qnand r a nne yalenr constante^ 
le lien de P est nn cercle, dont le centre est dans le prolonge* 
ment de AA'^ d'nn c6te on de Tautre, sniyant qne cette valeur 
est plus grande.ou pins petite qne rnnit^, et qni a la propriety 
de oonper k angle droit tout cercle d^rit par les points A^ A\ 

* Posons maintenant^ pour expliquer le second systime, 

Lb lien de P, qnand | a nne yalenr constante, sera tel que, si Ton 
mine, de A, AD perpendiculaire k A^P, la raison DP-^AP 
eera constante, et Ton tionye ainsi que ce lien est un oercle 
qni tonche en A^ nne droite perpendiculaire k A' A \ et Ton 
ttonye semblablement que le lieu de P, quand i^ a nne yaleur 
eonstante, est un cercle qui touehe A' A an point ul V 

''Knock, la 16 Mptembre 1S46. 

318. ' • • . Depuis que je yous ai ^crit la demiire fois, j'ai 
considM le problime de la distribution d'flectricit^ sur le 
aq;ment d'une couche spbMque infiniment mince, fiadt par 
nn plan, ce corps £tant compost de matiire conductrice, et 
j'ai trony^, en expression finie, la solution complete, en siip- 
posant que le corps possMe nne quantity donnte d'^lectricit^ 
et qne la distribution se fait sous Tinfluence de masses ^lec- 
tiiques donn toi J'ayais Tintention de rddiger de suite pour yous 
nn petit Mdmoire sur ces rechercbes, mais j'ai rencontri quelque 
diJBcnltA dans Texposition de la mitbode suiyie, et comme je 
snis k present trts-oocup^ ^ cours k Olasgow commencent 
\b 1* neyembre^ et il me fiwdra beauooup de pripaiation), il 
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me fietut diffiSm cette tftche.* Je me bomerai poor le moment 
auz ^nonc^ de quelques-imfl dee r&roltatA. 

219. " Soit 8 le ooips conducteur sor leqnel il fl'agit de d^ter- ^ 
miner la distribution. Pour premier cas, eoit Q un point ea* 
dehon de iSf, sur la mdme suifiace sph^rique dont 8 fait partie» 
et supposons que 8 soit mis en communication areo le 9cl par 
un fil conducteur infiniment minoe (ainsi le potentiel dans 8 
sera toi:gour8 z^ro, quels que soient les corps Aectriste qui en 
soient voisins). H s'agit de determiner la distribution d'deo- 
tricite sur 8 sous Tinfluence d'une quantity donn^ d'^lectrioiti 
n^gatiye Q, concentrfo au point Q. Je d^montre que Tintensiti 
d'^lectiicite a la mdme yaleur aux points voisins des deux o6t& 
de la coucbe 8, et, en d^otant par a cette Taleur/pour on 
point queloonque P de 8, je trouye 

oil a, s et r sont les distances du bord de 8, du point Q et du 
point P, k un point'Cde 8 qu'on pent appeler son centte, et A 
est la distance entre Q et P. H est remaiquable que cette 
expression ne contient pas le rayon de la sphtee dont j6f fait 
partia En supposant que ce rayon soit infini, on a Texpression 
pour la distribution d'^Iectricit^ sur un disque ciiculaire» sous 
Tinfluence d'un point dans son plan, qui est^ en e£fel^ la m6me 
que celle que Oreen a donn^ pour ce cas. 

220. '' Pour trouver la distribution dans le cas de iSf isoU et 
eiectris^, je remarque que, si la quantity d'dectricit^ sur 8 est 
telle que le potentiel qui en r^ulte a une valour donnde V, la 
distribution sur 8 sera la mfime que celle qui aurait lieu si 8 
(Stait situd dans Tintdrieur d'une couche dlectrique qui produit 
le potentiel — F, jS^ dtant dans Vital d'un corps qui n'est pas 
isoU. On pent prendre pour cette coucbe une sph^ con* 
centrique avec celle dont 8 fait partie; en supposant Texcis du 
rayon de la prenu&re spb^ sur le rayon de la secbnde infim* 
ment petit^ on rMuit le probl^e k la ddtennination de la 
distribution sur 8, sous Tinfluence d'une distribution donn^ 
d'Aectricitd sur la spb&re dont 8 fidt parties ce cozps £f n'dtant 

* It bMi in fMti bMtt d«lftjdL tffl Deoembcr 1S68 Md JaiMAfar 1M9. See 
svibdoir. 
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pis iaoU. Ainai, par int^gntion, je dMiiis da rfaoltat donii^ 
drdMrai ks ezpieesions 



^[($^r---.(5^)> 



(a&/ est le diam^tn de k spUre dont £f fidt paxtieX poor les 
intoiMiit^ ma lea deax o6i^ convexe efe oonoaye^ de £f ea im 
pdntP.* 

HOn AU SDJBT DB VAXTIOLK PSfiO&DSNT; 

PAB J. UOUYILLB. 

SSI.* La Lettre de M. Thomson m'a mggM qudqnes le- 
maiques que je aois deroir presenter id, paice qu'elles montre- 
lont^ ee me semble, plus claixement encore toute Timpoitance 
du traTiil dont le jeone gfomtoe de Glasgow nous a donn^ nn 
exfarait xapidei 
Koas v^soadrons d'aboid le probl&me soiTant : 
PrMhn^ — Sdent x, y,..., s et |, i^,..., ( denz groapes con- 
tenant nn nombre ^gal on in^gal de irariableSy les piemitoes 
av y***** ' ind^pendantes^ les antares f, ^,«.., (fonctions des pie- 
mi&reSi en sorts qne 

aoit encore P^H^fSr^t^)* 

Dfaignons d'aillean par ^, V>**m ^*P ^ 4^^ deviennent les 
fapctiops £ i9b..M {; jp, qnand on 7 lemplace ^ y,..., a par 
« » yV*M *'• Cela pos^ on demande de determiner les fonctions 
f^ F^..f ^ ^, de manites k avoir g^ndralement 

Ptonr fixer les id^ nons nons bomerons an cas de trois 
TSziaUea m^ y, i, et de tn»s vaxiables {; 9^ {; et la qnestion sera 
dsT^rifierl^ 



* (Ik» aifgiDal nambariag of IL Lio«nlk*t MofeioDs has bean altorad by 
Ite addttka ol SSO^ lor MM MavwiMt NffMm ia tha pNMnft Tolnma.] 
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a) (f-««+(,'-,)*+(r-o*-^^=^^^±i^?^^±^^^=^. 

La mfime m^tliode riussiimit poor deux gioiipes x^ y,..., « ek 

{^» 9fM C 4^>'0l^^^^^>^B> ^ ^'7 lunait de changwnent que dans 
quelques ddtafla^ et aeulemenk si le nombre dee YBxiaUes <taib 
difi&ent dans lee deux groapea. Au aaiplua^ nous n'amoiia 
beeoin plus tazd que du cas o^ ce nombre est le mAme de pazt 
et d'autre, et ne soipasse pas tn>is^ oe qui nous permettra d'iii- 
ierpriter gtom^triquemeDt les visultats de notre aualyseL 

Donnons k x\ y\ % des valeuis particuli&res a^, y^, %^ 4 
Tolont^ et lepr^^sntoBS par|>^, {«, 19^, {*« les yaleuzs oonespon- 
dantea de j»^ ^t V» ^* L'^uation (1) nous donnera 

Mais, pour plus de sunplidt^ nous mettions paitout {+{«, 

i7+<i»» C+6. »+«•• y+yfi »+«b» *^ iw^ ^^fc 9» C «^ y» *t «t 

de mime {^+ {^t* «' + ^> eta, au lieu de {^» «', ete^ ce qui ne 
change lien aux diffiSrenoes I"— {» »'— ai^ eta LaTaleur^de 
li^deyiendra x*+y*+^ 

et r^quation (1) subsistera telle qu'elle est . 
TKn faisant 

«• +3r* +«• -r*, <'+V+{*-/>*, 

et en portent oes Taleon dans I'^qnation (1), on tnNnren eia<- 

Maintenant donnons k m\ y\ m quatra systkies de valeurs 
oonnues k Tolont^ k chaeun desquels ripondxont des Taleurs 
d^tennin^ de /, ^VVf^t p',.et nous aurons ainsi quatra 
^nations du pramier de^ qui founiiront les valeurs de 

L, ± L 1 ' ' 1 

oonsaddi^ comme quatre incionnues, en fonction lin^aira de 
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I « y J 1 

;=' p' ;^' !;=• 

En d&ngnant done par A^ B, 0, D des oonstantes* et par P, Q, 
Jt, 5 dea polyndmea da premier degr6 en «^ y, «» eea Talenia 
eeront de la fonne 

f-ja.^ ^-j»a.<* f-rj.* ^-/>j-* 

En fidaant la aonune dea eairte dea troia piemibrea, on trouTe 
una Talenr de -r qui doit titte ^gale 4 eelle qae donne la 
qwatrifcme ^nation. Ainai lea deux fonctiona 

doirent 6tre ^galea. Maia la premi&re devient tme fonction 
entifae qnand on la mnltiplie par r*. II tkat done que la 
aeeonde le denenne anaai^ et que, par cons^uant^ I^+(f+R^ 
aoit ^alement diyiaible par r*. Le quotient ne peat ^videm- 
ment tee qa'one conatante, poiaqae le nam^teor et le dA- 
ncminatear aont da mdme degjci. Soit m' oette conatante, et 

F, Q, M dtant dea polynftmea da premier degr6, je fiua 

Ptmm(ax +iy +eM +y), 
Q»m{a'x+b'y +e'g+g'), 

et j'en oonohia par la comparaiaon dea deox membrea, d'ane. 

^+V*+ir*Bil, oc+aV+aV-O, 

^qnationa d'a& vtaoltent, comme on aait, lea ^aationa inveraea 

«• ^.y +tM Bl^ aa' +W +ce' -O, 

a^«+y« +«'•-!, «ir+»'+«^-o, 

et^ dTacitra part^ 
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8i nous •dnwttinM qiie g, f\ g sont des eomtantea vMlet* 
reflation ^ +J^^ +J^'' = Doos dovmeiaift ^ s 0, / 
MaiB, dtns teas les ci% on anmn an mlma iteiltet 4 rdda 
des trots prMdento^ en ayant ^[»id anx ^nationa de oon- 
dition entn «^ (, ^ eta Poor pnmTer, par exempK que ^=0, 
jl snffiia d'ajooter entea eUes lea tooia ^natioiia donfc nooa 
padona i^ivfta lea avoir mnltiplite par lea ftoteuia leapeetifc 
o^ I, a n nooa xeato dime 

Pafli(a9+Iy+ei), 

J2a>ai(€rx+ftV+^jrX 

o^ &, e, eta, aatinfaieant anx ^uatioiia de eondition d-deaau^ lea 
memea qu'on lenoontro dans la tranafbimation de oooidoiuitea 
rectangnlawea en d'antrea reetangnlairea anaaL Ek eonuna lea 
^nationa 



donnent 



i_^+J. !.,+«. l.a+5 



on en condnt lea fonnnlea aamntea : 



RFRFM' 



7« 



H)vH)vK)' 



Mais il &ut 4 present i^tablir |--{o* V"*^* (**{• >^^ 1^ ^^ 
|» % C ^^ ^*-*^o> y^yo» '— 'o <^^ li^ de «^ y, A Ce change* 
ment &it^ on aura les formules les plus gtofaJea qui puissant 
satisfiBdre 4 T^uation (1^ Nona arona dono le thfoiteae 
suivant: 
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Les fimmilas g&i^rales qui peuvent satis&iie k r^nation (1) 
iTobtieodiqnt en poaant d'aboid 

T-a'(»-a?,)+»'(*-y*) +«'(*-*.), 
let ooeflkdente a, (/etc, ydrifiant les dquatione da condition 

puis pranant 

^x«+T«+a« ^x*+T«+a* ^x«+Y«+i* 

etenfin 

• • • 

B^pioqnement^ on pent d^montrer que Tequation (1) est 
satiafaite de oette mani&ie^ et trouver la valeur de p qui con- 
"vient 

lyaboidy dea trois demitoes fonnnles on conclut fieu^ilement 

If «+W W+r i) -\u«+i«+tp«)(«'-+o^«W) • 
lea troia pricMentee donnent de mfime 

\ /-r\ / -i-\ / (x«+Y«+a«)(x'«+T'«+l'«) ' 

enfin, li canae dee ^nations de condition entre a, b, etc, on 
tvonve 

(x'-x)«+(»'-T)'+(»'-»)«-(*'-«)*+(/-y)*+(*'-«)». 
n Tient dono^ en effe^ 

JPJP 
la Tabor deji'^tant 

■ ■ 

Talenr qu'on ponna aii^ment exprimer eax,y,M, en obeenrant 
qua le prodnit (3^+ y'+z') (i»*+i^+ 1(^ eet ^ 4 






« 
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et que z, T« z 8ont oonnuB en fonction de «» y, jl La Taleu 
qu'on txouTeia ainii peut se mettre sons k fonno 

^» yi» % ^^f^^ ^ oonstenteB dont yoid les Talenzs : 

^ ^ m(Ae + Bc'+(y) 

Si done noofl xegaxdona plus taid x, f, m oomme ^tant les 00- 
oidonnfos rectangulaiies d'lm point qaeloonqne, on Yoit que la 
quantity p sera proportionnelle k la distance de ce point (c; y, jr) 
k nn point fixe (a^, yi, J]). H est ais^ aossi de s'assoier que 

rf«l rfil jil 



223. Ponr avoir explicitement ^ 9, {^en ds^ y, % il snflBia da 
lemplacer u, v, w, x, T, £ par leurs valenrs. La piemike sob- 
stitation fonmit 

Le ddnominatenr est prMs^ment la valenr de wf^ dont on 
vient de donner Texpiession en a^ y, % savoir. 

iiip««(ii«+il«+C*)[(«-«0»+(y-y.)*+(*-ih)']. 
n ne reste done pins qn'4 cheTclier le nnm^ratenz; Le oaleul 
deviendra d'ailleurs fort simple si Ton retrsnohe des denz 
membres la quantity 

A 

car aloia le second membre ponrra se ridnire k nne ftaotioa 
ayant ponr nnm^ratenr nn polynftme dn premier Aegti en 
X, T, a; et^ par cons^nent anssi, en a^ y, s. En d^stgnant dono 
par X nn tel pdlynAme, et posant^ ponr abrjger, 

on ponrra toire ^^^m^ » 
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! ly^ ^ ftant de8 oonrtantes, et F, ^ des fonctions lin^aires de 

«^ y» & Lea polyndmes X, Y, Z s'obtiendraient sans peine par 
08 qn'on yient de dire; mais on lee trouve sous nne forme pIuB 
eommode en operant oomme il suib H est ais^ de Toir qu'en 
attribnant nne Talenr infinie k nne on plnaienrs dee quantity 
«^ jr, % on, 81 Ton vent^ en faiaant 

-. *-P. ,-v. f.ft :=^-^!^tf±e- 

Si done on introdnit cette hypothiee de o:^ 4- y* + a* = oo dans 
r^nation gdn&ale 

ilTiendra 

(r-^).+(,'-,.).+(r-f.).-^y:j^L^. . 

. dM, en efia^ant lea accenta, 
Hai% d*nn antie odt^ 
done 

c^eat-i-dire 

De li» par nn oalcnl tont aemblable k celni qn'on a effectn^ 
dana le nnm^ pr^cMent ponr r^qnation 

<m ooodat qn'eii xept^sentant par a, /9, 7, al, eta, des eonstantea 
pmqetties anz ^oatunis de condition 

^+fi^*+fir*^l, ay+a'/+aV-0, 
7*+y+/*-l, j8y+i8y+i8'/-0, 
dn mlnie genie que oelles entre a, h, eta, on devm prendre 
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£t, r^proquemont^ il est facile de y^iifier qu'en adoptaat ces 
yaleun de X, Y^ Z, lee fommles 

A ^ ^X ' . nY p t^ nZ 

qui r^snltent de notre analyse en faiaant^ pour abi^ger, 

entratneiont I'^uation demand^e (1) dont la solution g^n^nils 
est exprim^ ainsi d'une mani^ nouvelle et plus simplei Ea 
effet^ on trouye d'abord 

Ki «+w w+tr 0- (z»+p+z*)(2:'«+r'»+i5'>) ' 

puis 

& cause des dquations de condition entre a, A eta Et de Ui 
entire 

c'est*it-diFe T^uation (1), en prenant 

^ n * n 

223. On pounait fonner inversement les valeuis de o^ y, s 
^^ i» % K\ ^^ ^ ^ <^1^ ^'^^'^ calculi et ik priori, que ces 
valeurs doiyent s'ezprimer par des formules du m&ie genre 
que celles qui donnent {, 17, {^en x^y^z. En effet^ p 4tant une 
fonction de m^ y, z, on pent conceyoir eette quantity oonune 
fonction de {, ff, {; Soit done 

■^ « "^ • 

iT'^tant une certaine fonction de |, ^, {; et «^ la mdme fonction 
de {", ^', {'. L'^uation (1) se ohangera dans I'^uation nouyelle 

TO 

d'une forme toute semUaUe it T^uation (1) eUe-mdme^ et qui, 

L 
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par conadquent^ doxmera o^ y, « en {, i;, (de la mdme maniftre 
qne r^uadon (1) a donn^ f, iy, {^en x, y, & 

224. On Toit qae» par T^hange des lettrea x^jffZeik {, «;, {^ 
lea nnes dans lea autres^ una solution particnli^ de T^qnation 
(1), je venz dire una solution dans laquelle lea constantea 
anraient dea yaleuia particuli&reSy en donnera une autre, la 
plupart du temps diffiiiente, quoique rentrant toujours, bien 
entendu, dans le type g^n^ral indiqu^ tout k llieura II est 
ais^ aussi de voir que deux solutions donn^es en foumissent 
une troisi&ne. Supposons^ en effet^ qu'en prenant pour (, 9, C ; 
des fonctions de U, V, W, on ait 

ct que, de mime, en prenant pour U, V, W, p, des fonctions de 
a^ y, s; on ait 

pp 

H est dair qu'on pouna expiimer aussi q, {, ff, {; en x, y, z, et 
qu'il viendra 

PT^P 9 
d'oii une solution nouvelle de notre probl&me. 

On pent dire, en d'autres termes, que diverses transformations 

qui r^lvent ce probl^e ^tant op^rdes successivement, la 

tiansfonnation unique cqmpos^e de cet ensemble le r^ut 

anssL Et par la mani^ dont nous avons v^rifi^ ci-dessus 

notre solution g^n^rale, il est manifesto que cette solution n'est 

que le r6sultat d'une suite de solutions particuli&res ainsi 

qout^ en^ dies pour amsi dira 

225. n 7 a une solution particuli^ de Tdquation (1) que 
nous derons ^tudier sp^ialement paroe qu'elle constitue, i pro- 
piement parkr, Td^ent essentid de nos formules g^n^iales, 
et qu'dle nous servira d'aiUeurs k en bien montrer le sens 
gfamitriqua EUe a M employ^ par 11 Thomson, et conaiBte 
ipoaer 

dToA n&rolte, en effei^ T^quation 
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c'est-Jt-diie T^nation (1), en prenant 

On a alois ^+i|'+^» ^ 1 

et, par cons^uent, 

""?+?+?' '"?+?+?' '""f*+i?'+C' 
valeuTs de mdme composition en {^ i;, {^ que les pr^cMentes en 

On pent interpreter g^m^triquement ces formules en re- 
gardant X, y, z, par exemple, comme dee coordonn^ rectangu- 
laires, et {, i;, {; comme des param^tres. Lea surfaces ({), (fi\ ({), 
pour lesquelles un de ces peram&tres consenre mdme valeur, 
sont des spheres qui se coupent deux k deux orthogonalement^ 
et par I'intersection de trois desquelles M. Thomson determine ^ 
la position de chaque point (x, y, z) ou ({, r^, {). Sous oe point 
de vue, ^, t), {^ sont des coordonn^es curvilignes qui se rapport- 
ent k la mdme figure que les coordonn^ rectilignes x, y, x 
Mais il est plus commode, je crois, d'introduire dans nos re- 
cherches une de ces transmutations de figures si fiEuniliires auz 
geom^tres, et qui out tant contribu^ aux progr&s de la science 
dans ces demiers temps. La transformation dont il s'agit est 
bien connue, du reste^ et des plus simples; c'est celle que 
M. Thomson lui-m6me a jadis employee sous le nom de prin- 
cipe des images.^ Consid^rez x, y, z comme les coordonnto 
d'un point quelconque m d'une figure rapport^ k troiB axes 
rectangulaires Ox, Oy, (^ f , 17, t comme celles d'un point /k 
d'une autre figure rapportde k trois axes 0{, Off, 01^ rectangu- 
laires aussi, et auxquels nous donnons la mdme origine 0, et 
respectivement les mdme directions, une de ces figures ddriyant 
de Tautre, et le point /i, en particulier, coxrespondant au point 
m, en rertu des relations par lesquelles f, 11, {^ s'expriment en 
m, y,z,oxkx,y,zeji(,ii,l^ II est ^yident que les deux, points 
oonespondants m, fi sont en ligne droite avec Torigine 0, et 
que le produit OnkOfA des rayons vecteuis Om, 0/» est constant . 

* Tome X. d« oe Jonmil, iMge 854 [abon^ 1 807]. 
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et = 4k Une des figures se d^dnit done de Tautre en prenant 
8ur Chacon dea rayons vecteurs men&s da point 4 un point 
qnelconqne de la premiere figure d'autres rayons vecteurs en 
raison inverse des premiers; les extr^mitds de ces nouveaux 
rayons vecteurs d^tenninent la seconde figure. Nous donne- 
xons k cette transformation le nom de transformation par rayons 
veeUurg ridproques^ relativement k Torigine 0. Si» pour un 

point m, on a Om=f/n, on aura aussi 0/a=: V^, et les points 
metfA qui se correspondent ainsi dans les deux figures coin- 
dderont En disposant de n» on pent £Edre en sorte qu'un point 
donn^ m reste fixe dans la transformation ; il suffit de prendre 
»= Om^, et alors tons les points situ^s sur la spbtoe dont est 
le centre et Om le rayon, resteront fixes aussi, mais tons les 
autzes seiont d^plac^. 

226. A I'aide de cette transformation par rayons vedewrs r4^ 
eiproqu€S, on dtiuira d'une figure donn^ ime infinite d'autres 
figures, soit en changeant Torigine d'oii partent les rayons 
vecteurs, soit en prenant diverses valeurs de n avec une m^me 
origine 0, ce qui ne donne, au surplus, lieu qii'k des figures 
-transform^ toutes semblables entre elles, du moins tant que n 
garde le mAme signe; car les figures qui r^pondent k deux 
valeurs de n igsleB et de signes contraires sont sym^triques. 
On pent d'ailleurs effectuer, Tune apr6s I'autre, des transforma- 
tions relatives k des origines diffiSrentes. Mais je dis que nos 
fonnules giin^rales de n^ 222 peuvent toujours s'interpr^ter k 
Taide d*une seuie transformation de cette esp^, en sorte qu'on 
n'obtiendrait rien de vraiment nouveau en igoutant d'autres 
tiansformations k celle-lk . 

En effet^ dans le cas le plus g^n^ral, nous pouvons encore 
oonsid&er 0^ y, z et |, ff, {f comme les coordonn^ de deux points 
fln^ ^ appartenant k deux figures difiSirentes et rapports k deux 
systimes d'axes rectangulaires des a:; y, s et {, i)^ {; Et voici 
oomment a'qpire la transformation de Tune des figures dans 
rantro. 

IXabord on passe iBx,y,M,kX, F, Z par les fonnules 

^-« (*-«t)+A(y-y.)+y («-«#), 

«— >-«t)+i8'(jr-jr.)+/(*-*t), 
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Or, it cause des ^uationB de condition entre a, fi, eta» oe 
passage n'est qu'un changement de cooidonn^ rectangnlaiies 
en d'autres oooidonnto lectangnlaiies^ qni n'alttoe en rien la 
piemi^ figoie k laquelle il est appUqii^ ; on pent le suppoeer 
op^i^ d'ayance, et oonfondre dis lors X, T, Z aveo ^ y, & 
De Ut nous irons aux fonnules 

et nous anions ainsi une transfoimation de X, T, Z en |*fo» 
V^Vq^ K^^f 4^® ^0^ legardeions conune des cooidonnto 
rectangulaires prises par rapport anx m^es axes. Cette trans- 
fonnation est 2k rayons yecteurs riciproqnes^ oomme nons Tayons 
yu n^ 226. Elle s'opke en portent snr les rayons yectenrs 
men^s de Torigine actuelle des longueurs inyersement propor- 
tionnelles k ces rayons yecteurs; I'ancienne figure se trouye 
ainsi chang^ en celle qui r^sulte des extr^mit^ de toutes ces 
longueurs. Passer ensuite de f— {•, V *?*» f— C* ^ fe ^* t 
n'est qu'un simple d^pkcement de Torigine, les axes restant 
parallMes k eux-mdmes ; cela ne pioduit dans la figure trans- 
form^ aucune alteration. 

Nos formules du n^ 222 r^sultent done d'une transformation 
par rayons yecteurs r^ciproqueSy combing ayec des change- 
ments oidinaires de coordonn^es. De telles transformations 
en nombre quelconque donnent toigouis naissance k une ^na- 
tion de la fonne (1), et Tinterpr^tation g^om^trique des formules 
par lesquelles nous ayions d'abord li^ (n^ 221) a^ y, s et {, 17, ^ 
semblait en demander deux, relatiy es k deux origines difiSirentes^ 
Tune pour le passage de x; T, z iii^, 9, icr, Tautre pour le passage 
de u,VtV)k ^, ff, (; mais on yoit^ par ce qui prdcMe, et grftce 
aux formules plus simples du n^ 222, qu'une seule transfoima- 
tion suffit pour couduire au r^ultat le plus gdn^ral; il ^tait 
important de le d^montrer. 

227. Les considerations g^ometriques dont nous yenons de 
faire usage, pour inteipreter les formules qui conduisent ii 
r^quation (1), donnent lieu k des consequences remaiquaUes 
dont nous aliens dire quelques mota Dans les deux figures 
que deteiminent lespectiyement les cooidonnees ai^ y, s et les 
ooordonnees f, ^, {; oonsid&rons^ d'une psrt^ deux points quel- 
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ocmqiies m, m\ et, d'antre part^ les points correspondante /a» f/. 
Soient 2> la distance des deux premien» J oelle des deux autiee^ 
enaorteqne 

A-»(f-f)>+(n'-iiy+(r-fy. 

L'^nation (1), qui pooira s'^crire 

fonrnit nne relation entie la distance A de denx points /i, ij! 
dans Tone des figures et les quantity Z>, jp, ^ . Kous venons 
de diie que D est la distance des deux points m, m' correspond- 
ante dans Tautre figure ; quant 2i jp et p\ ce sont, ^ un facteur 
constant pr&s, les distances des points m, m 2t un certain point 
fixe. Toute relation m^trique entre deux ou plusieurs dis- 
tances A dans Tune des figures foumira done imm^diatement 
une relation analogue dans Tautre figure, Mais il ne faut pas 
eroire que les divers points correspondants it ceux de la droite 
A soient sur la droite D ; cela arrive pour les points extremes 
par la ddfinition mdme de ces droites, mais n'a pas lieu, en 
gdn^ral, pour les points interm^diaires. En g^n^ral, la suite 
des points correspondants ^ ceux d'une droite de la premi&ie 
figure forme dans la seconde figure une circonf^nce de cercle, 
laquelle ne se rdduit & une ligne droite que dans un cas par- 
ticulier, celui oii son rayon est infini 

Ayant en {, % {^ I'^uation d'une surface ou les ^nations 
d'une ligne appartenant it la premise figure, il suffit de substi- 
tner it (, i;, ( leurs valeurs pour former en x^ y, z T^uation de 
la surfoce ou les ^nations de la ligne correspondante. On 
trouve bien fieu^ilement, de cette maniire, que les plans et des 
sph&res se transforment en des spheres qui peuvent se r^uire 
k des plans quand le rayon devient infini ; que, de m6me, des 
dioites et des drconfiSrences de cercle se transforment en dfes 
ciiconf&rences de cercle, eta Mais, pour suivre le m&sanisme 
de oes transformations, il suffit de considdrer la transformation 
par rayons vecteurs rMproques, qui combing avec des change- 
ments de coordonn^ donne, comme on Ta vu, la transforma- 
iioa la plus g&idrala. Soit done 
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rensemble des foimules idatiyeB 2i la tnaBformatioii par imyons 
Tecteon i&dproquea. On en oonclut immMiiatement ce qne 
nous Tenona d'avanoer, oonoemant les plana efe lea sphfanesi lea 
dioitea et lee ciioonf diencee de cercle. Maia on voit^ de plna, 
et mSme eana calcml, que lee pkna qni paseent par le point 0, 
oiigine dee rayone yecteuz^ aont lee eenle qui restent dee plans 
dane la tranefonnation ; avant et api^ lenr poeition eet la 
XD^me^ qnoiqae lenre diyeie points, bien entendn, ee eoient 
ddplac^ pour ee eubetitner lee nne aux autree, ceox qni dtaient 
loin de Torigine en dtant k prdeent devenne ToisiDe, et vim 
vend. Tout autre plan ee tranefoime en une eph^ paaeant 
par le point (oik la tranefonnation amkie tone lee points 
eituda It rinfini) et ayant eon centre eur la peipendiculaiie au 
plan men^ du point ; la perpendicnlaire et le diamitre de 
la eph^ ont un produit ^;al k la conatante m» et ee d^uiaent 
ainai fieusilement Tune de Tautre.' II eat inutile d'%jouter que 
deux aph&ree qui correapondent k deux plana peiaimea ae 
touchent au point 0. De m&ne, deux apheree ainai poedee ae 
tranafonneiaient en deux plana parall^lee. Maia une aph^ 
qui ne paaae pae par le point doit reater une aph^» puis- 
qu'elle ne pent aoqudrir aucun point 4 TiafinL Lee droites 
paaaant par le point reatoit dee dioitea^ et oonaervent leur 
poeition inyariabla Toute autre droite donne lieu k une dr- 
conf&ence de cerde dont le plan eat ddteimind par la droite et 
par le point 0, et dont le centre eat aitud eur la perpendiculaire 
abaiaa^ du point eur la droite ; le diam&tre eet le quotient 
de la conatante n par oette perpendicnlaire. Lee droonfirences 
proyenant de droitee parallUee aont toutee tangentea k une 
paralUle mente par le point 4 cee droitea On pent yoir« 
enfiuy que la tnnaform^ d'une oiroonfdrence eat une droite 
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qnaiid la dioonfiirence passe par le point 0, et^ dans tout autre 
cieis. reste nne droonf (irenca 

line piopii^t^ remarqnable de ce genre de transformation 
oonsiste en oe que les deux Mangles form^ par tiois points 
infiniment voisins quelconques de la figure primitiTe et les 
trois points correspondants de sa transform^ sont semblables 
Tun k Tautre, en sorte que si deux lignes se coupent dans Tune 
des deux figures sous un certain angle, les lignes correspond- 
antes de Tautre figure se oouperont sous le mAme angle.* La 
demonstration de cette propri^te repose sur T^uation (1), k 
laquelle nous avons donni la forme 

Supposons, en effete que les deux points m, m\ ou (^ y, x\ 
is^9 y^> 0» 0oient infiniment voisins, et que leur distance D soit 
lepresentde par da Bepr^sentons par dv celle des deux points 
correspondants /i» /*^ Comme peij^ n'auront pas de diSikence 
sensible^ il nous viendra 

Les ei&nents da^ da out done en cbaque lieu un rapport con- 
stant qui depend de p et change, en g^n^ral, d'un lieu k Tautre. 
Consid^ns un troisiime point m' infiniment Yoisin des deux 
premiers, et d^signons par d$' et d$' ses distances ^ m et it m'; 
da^, cI^Aant les distances correspondantes dans la seconde 

^gDie» on aura encore 

• , d$' 

P" 
^^ d^ 

p* 

Bone do' : d<r': dt/':: ds : d$': dtT. 

Ainsi, le triangle infinitesimal nmm^ est semblable au triangle 



* De 1ft nmililiide dm triangles infiniment petite ootreepondante, il r^eolte 
Mwre que In figore tnnsfonn^ eet eemblaUe k U figure primitiTe, on i en 
ijBitoiqve^ dene eee ^Umente infiniment petite. En e'en tenant an premier 
ceeb qvi eet propranent oelui de noe formuleey o(i none prenone natnrellement 
la eonetante n poeittre^ en ani% 4 teoii dimensions, nne eorte de reprteenta- 
tieme dee oorp% analogue au traoi dee cartee g^o^phiqnee [thoee according 
t» tlM ''ateiw^pliao projection*'], pour leeqneUee le rapport de nnilitnde 

ipondants eet variable anaei d'un lieu fcrantre. 



\ 
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conesjKmdant fi/*V* I^'cmgle de di avec d/ eat, par conse- 
quent^ le m6me que celni de d<r avec da^. Ceite d&nonsteatio]), 
on le yoity n'exige pas xnAme que V^uation (1) ait lieu pour 
deux points situ^ k une distance finie ; elle demande seule- 
ment que cette ^nation ait toujouis lieu pour deux points 
infiniment yoisina On doit en dire autant d'un tMortme que 
je vais ^tablir, et qui n'est qu'un corollaire de la proposition 
pr^o^entcL 

Une surfiEtce appartenant k Tune des deux figures ^tant 
donnde, repr^ntez-yous les lignes de courbure de cette sur- 
fietce, et les deux series de surSnces ddyeloppables, orthogonales 
entre dies et k la sui&ce donn^, qui sent fonn^ par les 
nonnales successives. Dans la seconds figure, les series de 
surfaces correspondantes resteront orthogonales entre dies et k 
la transform^ de la surface donn^; par suite, en vertu du 
beau thtor&me de M. Ch. Dupin, elles traceront encore sur 
cette transform^ des lignes de courbure. Ces lignes de oour* 
bure i^ulteront ainsi des lignes de courbure de la premi^ 
suifiuM donn^, et seront immddiatement connues si les autres 
le sent, n sera aisd d'appliquer ce thtorteie aux surfaces du 
second degrd, conune aussi aux systfanes triples de surfaces 
orthogonales que M. Serret a indiquds dans une Note rdcente,* 
et qui, par notre transformation, en donneront d'autres non 
morns curieux, eta 

Pioposons-nous, par exemple, de trouver les lignes de cour- 
bure de la surface envdoppe des spheres qui toucbent trois 
spheres donu^ problems que M. Ch. Dupin a r^lu jadis 
dans la Oarrespondanoe iwr VtkoU PolyUehnigue', tome I, page 
22. Soient et P les points d'intersection de ces trois spheres ; 
prenons le point pour origine, et opdrons une transformationL 
par rayons vecteurs r^proques, ce qui nous foumira une 
seconde figure d'oii nous reviendrons aiB^ment k la prenuke. 
Dans la seconde figure, les trois spheres donnto seront rem* 
placdes par trois plans qui se couperont en un point 17 
correspondant au second point P d'interseddon de nos tR>i8 
«phke& La surface envdoppe des sph&res tangentes k cea 
trois plans sera (en se bomant 4 un des angles sdides et k son 



* Page 241 do pi^^MUi toIoom [lioavilk't JmKmai^ 1S47]. 
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cppo6^ celle d*im c6ne droit k base ciiculaire ayant son soxmnet 
aa poi^ n, et ciiconsorit k une quelconque des spbtoes tan- 
gentea aux tioia plan& Lea lignea de courbture de cette aiuface 
coniqiie aont : 1* lea g^ndratricea lectilignea qui paasent toutea 
par le point 17: dana le retonr k la premi^ figure, oea droitea 
deyiendiont dea ceiclea paasant tons par le point P, dont lea 
tangentea en P feront toutea le mdme angle avec la tangente 
an oerde dana lequel se tranaforme Taze du c6ne, d'oit r&oltera 
nn nouYeaa odne dioit^ et paaaant toutea ausai avec dea cir* 
conatancea aemblablea par le point ; 2* dea cerclea, dont lea 
plana aonttona paralUlea entre eux et peipendiculairea k I'axe 
du o6ne, et qui, lota du retour k la premiire figure, deviendront 
dea ceicIea coupant k angle droit ceuz qui r^aultent de 
g^iiratrioea rectilignea. Lea lignea de courbure de la surface 
enveloppe dea aphirea tangentea k troia apbirea donn^ea aont 
done dea drconf&rencea de cercl& 

On d&nontre ayec la mime facility le thdor&me de M. Dupin 
oonoemant la courbe que trace aur chacune dea trois sph^s 
donn^ la apb&re variable qui lea toucha En effet, quand lea 
troia apb&rea donn^ aont remplac^ par troia plana, il eat 
dair que la suite dea pointa suivant leaquels la sphere variable 
touche un quelconque dea plans est une Ugne droite passant 
par le point d'intersection 17. Done, en revenant aux trois 
aph&rea donn^ la courbe demandde est une circonference de 
eevcle qui paaae par lea pointa et P. II pent arrivcr, bien 
entendu, que lea pointa et P aoient imaginairea ; maia il n'y 
a alors aucun changement essentiel k faire dana ce que noua 
Tenona de dire, et noa condusiona aubeistent 

La drconatance d'une origine imaginaire aurait plus 
d'inoonT&iient a'il a'agissait de r^udre le probl^e d'une 
aphira tangente k quatre autrea, en le ramenant au probl^e 
tria-aimple de trourer une sphire tangente k une sphire donn^e 
et k trda plana donn^; maia on y remWerait en augmentant 
d'une mdme quantity lea rayona dea quatre aph&rea donn^, ce 
qui ne change paa la poaition du centre de la aphire tangentei 
De mifimeb en ae boinant k conaiddrer dea pointa toua aitu^ 
dana un plan paaaant par Torigine 0, on ram&neia la d^tenni* 
nation du oerde tangent k troia autrea k celle d'un cerde. qui 
touehe un oerde donn^ et deux droitea donn^ 



on aimplement 
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En g&xn&Tdl, les BjtItkmeB de spheres on de C6rolefl» et sp^ciala-* 
ment de spheres ou de oeicles passant par nn point doiiD^ 
jouissent de piopri^t^ cnrienses dont beanooup deTiennent 
intaitiTes par la transforaiation dont noos venons de nous 
occuper. On pent appliqner en partionlier cette xemaxqne anx 
OiioTkaea que M. Miqnel a donnte dans son M^moixe snr les 
angles cnrrilignes.* Pour nons borner an cas le pins simple^ 
il est Evident qne, dans nn triangle ABO form^ par trois avcs 
de oerdes passant tons par nn mdme point 0, la sonune dea 
angles vant 3 droits* pnisqne notre txansfoxmation rand oe 
triangle lectiligne sans alt^rer ses angles. 

228, Le passage des relations m^triqnes d'nne fignra k rantre^ 
dans la tiansfonnation par rayons vectenrs rfoiproqnes, en 
allant des cooidonnto ^ ^, {^anx eoordonnte x, y, m, s'optoe k 
Taide de la formnle 

A «0 

TP 

en posant »=!, oe qni n'a aucun inoonrdnient. Mais en 
d^ignont par Torigine, dans la seconde figure seulenient^ et 
en employant les autres lettres A, B, etc^ poor reprdsenter k la 
fois les points de la premiiie figure et les points correspondents 
de la seconde figure, cette fonnule revient 4 dire que, dans toute 

relation entre des distances AB, BD, eta, il fiaut remplaoer 

AB 
cheque distance telle que AB par qjqd * VoiUl done une 

r^e pratique tris-commode ; cette r^le conirient aussi bien an 
cas du plan qu'jt celui de Tespace. Deux exemples suffiionfc 

Que des droites partant d'un point fixe A eoupent ohaoone 
un cerole en deux points Bet 0,B^ et (/, eta, on anra 

iLB X ^CcsiLS' X ilC BOonsUnte. 
Donc^ dans la figure transform^, 

AB ^ AO AB' ^Aff 
0A.0B^0AJ5G^ 0A.0&^ OA.ocr'* 

et par oons^uent^ 

AB AO 

gjX^ -Constanta. 

* Tome IX. do oe JouniAl, pago 20 [LioaTilU's J m tma l^ 18i4> 
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D'aillenn les points A, B, C, qui ^taient en ligne droite, se 
tnmvent k pv&ient mir nne diconfiirence de ceide passant par 
le point 0. Koos Yoyons par ]k que les oercles passant par 
deux points fixes A, ooupent un cerole donn^ en deux 
points B, O tds, que le lapport des produits des distances 
ABxAO et OBx OC^l une yalenr constante pour tons ces 
eerDlesL 

Que les 6Mb BO, AO, AB d'un triangle reotiligne ABO 
aoient oonp^ en trois points A\ JB^, (f par une transrenale, on 



ACr%B£%OBmBaxOA'xAff. ^ 

Bono^ dans la figure transfonn^ 

AO ^ BA' ,, Off BC ^ CA' ^ Aff 
OA.OC^ OB.OA'^ OO.Off'^ OB.Off^ OO.OA'^ OAOff ' 

ce qui redonne 

AaxBA'xOffmMBCrxOA'xAff 

Mais cette relation s'applique k present k un triangle cnrviligne 

ABO form^ par trois oercles qui passent tons au point et 

dont les o6t& sont eoupds en A\ ff^ (/ par un quatri&me cerde 

passant aussi au point 0. H est, du reste, inutQe d'ajouter que 

A(j, BA\ eta, sont les plus courtes distances des points ^ et / 

0, B et A\ etc., et non des segments mesur^ sur les cdt^ du / 

triangle curviligne» 

On g^^raliserait ais^ent de la mdme mani^ le th^r&me 
rdatif k un polygone gauche coup^ par un plan. Mais en yoil& 
asses sur ce sigeb ' 

S39. Etant. donn^es deux sph&res qui ne se coupent pas, on 
pent toigours placer Torigine sur la droite qui joint leurs 
centres, en un point rMi tel, qu'aprte la transfoimation par 
xayons Tecteurs rMpioques» ces deux sphkes seront oon- 
eentriquea. Pienons la dioite des centres pour axe des x\ 
designons par \ la distance inconnue du point au centre de 
la premibe spbAre, et par A+' m distance au centre de la 
seoonde s^itoe; soient ii^ 1^ les rayons. Les ^nations des 
deux sphkes seront^ avant la transfonnation, 

etaptis k tnttsfinmation, qui consistera k rem p laoer a; y, s par 
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»*+y*+«* «•+/+!• »i+y«+ft 

elles deviendiont 

(A \' Jfc* 



Pour que le centre soit le mdme k present, il £uit et il eiiffit 
^nation da second degr^ qui donneia pour h deux Talann^ 






P+tt-.|/t 1 
enpoeant 

et il est ais^ de voir que sera positive si les deux sphiras 
qu'on a doxmdes d'abord ne se coupent pea 

2S0. Ce thtor^e pouna 6tre utile en g^omdtrie; maia il 
aura surtout une application importante dans les questions de 
physique mathdmatique. Essayons id d'indiquer rapidement 
I'usage, en ce genre de questions, de la transformation gdn^rale 
qui donne T^uation (1). La Lettre de 11 Thomson nous 
servira de guide ; nous j iqouterons quelques d^vdoppementSL 
•La g&i^ialit^ plus ou moins grande de la solution par laquelle 
on satisfait 2k T^uation (1) ne change en rien la maiche k 
suivre, qui reste la mdme dans tous les cas. 

Et d'abord de T^uation 

A D 

on pent condure, arec M. Thomson, qu^ si une f onotion IT de 
£; 1^ CcMttisfait k r ^nation 

oette mAme fonction, diviste par jp et exprim^ en fl^ jf, % 
v&rifiera T^uation de mdme forme 

da^ "*■ ^ **■ !&• 
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De }k una liaison entie deux problftmes distincts conoemaiit 
tona deux r^nilibie de temp^iatoie dans lea corps homog^es, 
maia lelatift k deux systimea dont Tim i^ulte de Tautre par la 
tnnsfiDfnnatioii qui lie {, fi, (^ ^ y, a. 

Que le premier syst^e soit fonn^ de deux spheres qui ne se 
eoupent pas, que la temp^ratuie soit donn^ en cheque point 
de leun suiftcea^ et demandons quelle est la loi des temp6u- 
tiiies pennanentes dans Tespace compris entre elles, si Tune 
eat int&ieure 4 1'autie, ou dans Tespace infini ext^rieur k toutes 
deux, ai Tune est en dehors de Tautre, en igoutant dans ce 
dernier caa la condition que la temperature soit nulle 4 TinfinL 
On ram&era cette question an cas tr&s-fadle de deux spheres 
ooncentriquesL Cela r^sulte du thtor^e ^tabli ci-dessus et en 
iDontie toute Timportance. En indiquant cette application k 
la throne de la chaleur, M. Thomson igoute, du reste, aveo 
xaison qu'elle ifdtend d'eUe-mdme k la th^iie de Mectricitd. 

Dans la thdorie de Tdlectricit^ ou du magn^tisme, et» en 
g^i^ral, dans la thdorie de Tattraction, la quantity que G. Green 
et M. Gsuas nomment poUntid, c'est-ik-dire la quantity qu'on 
obtient en foisant la somme des Agents attractife ou r^pulsife 
d*une masse divis^ par leuis distances k un point, joue un rdle 
capital On oonnatt le probUme de M. Gauss : " Distribuer 
8ur une surface donn^ une masse attractive ou repulsive, de 
telle sotte que le potentiel ait en chaque point de la sur&ce 
ime Taleur.donn^* On a r^Iu ce probl&me pour difi&entes 
maSBcm, en particulier pour TellipsolLda Or la solution relative 
4 une anr&oe quelconque donne la solution pour toutes les 
sarfiM^ea qui ae d^uiaent de celle-Ut par une transformation 
pour laqueOe T^uation (1) ait lieu. Ayant, en effet^ I'^uation 



// 



pour la piemike aurfiace, on aura pour la aeoonde surface une 
Equation du m£me genres rempla^ant par leura nouveUes 
valeoia J et JU/. On a 

PP 
Quant i dm\ f observe que les A&nents lin^airea oorrespondants 

^ et 4b aont Mb par k fbnnule 
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Done entre deox dUments superficiels oonespoxidAnis dm^ dtL, 



par suite, jjpi jj^j 



ce qui r^ut le piobl&me de M. Gauw pour la niifaoe tnms- 
fonn^ 

On pent voir aufld que les ^uationa d^gn^ par (A), (J3), 
(C) dans mes Lettres k M. Blanchet^* et qui sent d'un d grand 
usage dans la plupart des questions physioo-mathematiquM 
conceinant TellipsolLde, out leuis aqAlogues^* qu'on en d^duit 
imm^diatement pour les surfaces transfonnto de reHipso8deL"f* 

On pent oonsid^rer encore T^uation 

d^U d^U d^U d*U 
di' ■■ 2p'+'^"'' dC ' 

et lui fiaire subir la transfoimation de f, ^, j^en o^ y, a 
A cause de T^uation 

qui peiit s'todre 

on trouve» par des fonnules connues, que la quantity 

d^U £U d*U 
'd^'^ dq* ^df 



est ^ale It 



P' 



P'^ _i_ P^df j^ p" dM I 
\ dx ^ dy ^ dM r 



* Voytz le tome XI de ee JoonuL 

t Parmi oet iiiif aeet, il f aat dietingner oelle que donne U tnuufomuiluHi 
par rayoM veetenn r^iproqueSf en mettant rorigiae an ocntre mtee de 
rdlipeolde. On nit qn'eUe est aoeii le lieu dee piedt dee pefpendioiihine 
abeiM^ee dn centre enr lee plans tangents 4 on autre eDipeolde dent les tarn 
ont poor Tsleors les iDrerses dee yaleors des axee de rellipeolde donnl Use 
propria analogue a lien dans le plan, poor la lenniscate per exemple^ qei 
pent ainai 6tre engendi^e de denz manitees diiSftrentes an moyen d*uie 
hyperbole ^nilat^ ciroonstanoe dont M. Chaales a tii4 nn lienievx psrtt 
dans see reoherches tur U$ am 4g<ntx d€ la taamUoaie {(ha^fim Bmdm4$ 
VAcadimU dm Sdmeti, tone XXI, s^aam dn SI jvilM 1S45.) 
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^pdaoft 



d*- ipi d>l. 
— ?+-Jl+— £-0. 



^r tt on Toit d'abord que I'^Qatioii 

d*U d*U d*U 

vBviant i oeiDe-ei : 

<l«. jr't7 rf«.j>^'Er d^p'^U 

M que nous aavions d^jk On Toit enanite que T^uation 

ae tnasfbime en 

d^^^\ dx^ '^ d^ ^ dM^ f 
em, mienz encore^ en 

dP ■'^\ &:• ■*■ dy« ^ di^ y ^ 

B^proqaement^ cette demi^ ^nation, <A le ooefGioient p 
Tsrie pr o port i onnellement k la distance da point (p^ y^ si) k nn 
point foB, fle lamtee k T^uation 

d'U d^U d^.d^U 

qui eat k eoefficientB conatanta, r^snltat qui troare nne applica- 
tion ntile dana la th&>rie da son* 

On pent enfin qoater qoe lea ^oationa aax diffiirencea 
paitieOea 

(f)'+(f)'-{f)-'^ 



(^AW<f!-F 
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sont des transfonnto Tun de raatre, oe qui pooiia servir 

lea questions de dynamique, oii MM. Ebmilton et Jaoobi onfe 

introdait de telles ^nations aux diffi&renceB partiellea 

On me paidonneia^ je Tesptoe, ces ddveloppements que j'ai 
era pouvoir donner, k la suite des deux Letties si intdressantes 
de M. Thomson, sans le gAner dans ses lecheiches. Mon bixfe 
sera iempli» je le i6gi/bd, s^ils peuvmit aider k bien fiuxe oona* 
prendre la haute importance du travail de ce jeune gkaaitn, et 
si M. Thomson hii-mAme veut faien y Toir one preuTs noarella 
de Tamitii que je hii porte et de restime que j'ai pour 
talent 
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DETEBIONATIOK OF THE DISTBIBUTION OF ELECTTBICITT 
OK A CIBCULAB 8EQMENT OF FLANS OB SPHEBICAL 
OONBUOIINO 8UBFACB, UNDBB ANT GIVEN INFLUENCE. 



[Jan. 1869. Kal AtfAeiio pMUked.^ 

S31« The electric density at any point of the sarface of an 
insulated conducting ellipsoid, electrified and left undisturbed 
by external influence, is (§ 11) simply proportional to the dis- 
tance of the tangent plane from the centre. If we take p=:kp 
as the expression of this law, and call ; the whole quantity of 
electricity communicated, we have (§ li) iwhahe^q; so that 
the formula for the electric density, p, at any point P of the 
mabice in terms of p, the distance of the tangent plane from 
016 cmtte, and o^ ft, « the three semi-axes, is 

or, in terms of rectangular co-ordinates of the point P, 

232. To find the "* electrostatic capacity" (§ 61, footnote) of 
the charged ellipsoid, let V denote the potential at its surface. 

We have, by § 16 («), 

and therefore the capacity is the reciprocal of the definite 
]n£^;rBl which appears in this formula. 

233. By taking es=0 we fall on the case of an infinitely thin 
plane elliptic disc : for which we have • 



"^ 



«i. 
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and therefore 



Axab 






C4> 



(5> 



Patting &=a in this, we have, for an infinitely thin circular 
disc, q 

where a denotes the radius of the diac» and p the electoic density 
on either side of it, at a distance r from the centre. This result 
was first given by Green, near the conclusion of his paper " On 
the Laws of the Equilibrium of Fluids analogous to the Electric 
Fluid" {Transaetions of the CatnlbTidge Phdlosqpkical Society for 
Nov. 12, 1832) ; from which I make the following extract : — 

234. '' Biot {TraM de Phyeiqw, tome iL p. 277) has related 
" the results of some experiments made by Coulomb on the 
** distribution of the electric fluid when in equilibrium upon a 
** plate of copper 10 inches in diameter, but of which the thick- 
'' ness is not specified. If we conceive this thickness to be 
^ very small compared with the diameter of the plate, whidi 
^ was undoubtedly the case, the formula just found ought to be 
'' applicable to it, provided we except those parts of the plate 
^ which are in the immediate vicinity of its exterior edgei. As 
^ the comparison of any results mathematically deduced from 
*' the received theoty of electricity with those of the expeii- 
^ ments of so accurate an observer as C!oulomb must always be 
^ interesting, we will here give a table of the values of the 
*^ density at different points on the surface of the plate^ calca- 
^ lated by means of the formula (20), together with the oor- 
" responding values found from experiment : — 



DtetUOMflPOB 

tlMPUMrtadgt. 


ObMITMl 

Deoaitiw. 


Ottonlated 


Sin. . . . 

4.' 

3 

2 

1 

, • • • • 



1, 

1,001 

1,005 

1.17 

1,62 

2,07 

2,90 


1 

1,020 

1,090 

1,260 

1,667 

2,294 

infinite 



. ** We thus see that the differences between the calculated 
'< and observed densities are trifling ; and, moreover, that the 
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** observed are all something smaller than the calculated ones, 
« which, it is evident^ ought to be the case, since the latter 
** hare been determined by considering the thickness of the 
^ plate as infinitely small, and consequently they will be some- 
^ what greater than when this thickness is a finite quantity, as 
" it necessarily was in C!oulomb's experiments." 
S3S. In this case (S) of § 832 becomes 

Hence the capadfy is — • But [§ 232 (3)] the capacity of a 

^be is numerically equal to its radius; and therefore the ^ 
capadfey of an infinitely thin disc is less than that of a globe 

of equal radiu% in the ratio of 1 to — » or 1 to 1*671. Caren- 

dish found the ratio 1 to 1*57, by experiment]* . 

SS8. Ihe expiessbn (6), § 233, for the electric density at 

any point P on either side of an 
infinitely thin circular disc of con- 
ducting material electrified and left 
free from disturbing influence^ may 
be put into a form more convenient 
for geometrical investigation, thus : — 
Let (7 be the centre of tiie disc, so 
that CA = a, CP=: r, according to 
previous notation. Hence£P=:a + r; PA^a'^T\ 




* Iff antiboriiy for thii lUteoMnt ii the foUofwiog entry which I find 
wiitten in peneQ en an old memonndum-book i— 

'' Pltmoutb, ifofui., /Wy 9; 184S. 
"fib WiDian Snow Harrie haa been showing me Oarendiah's onpubliahed 
^ VHL, pnt in hia handa by Lord Burlington, and hii work npon them ; 'n 
"meal TafamUe mine ol leanlti. I find already the ci^eoity of a diao 

** (ciiMlai) waa determined experimentally by CaTondiah aa •&-==> that of n 
«a|dMMel8amemdiaiL KowwehnTo ^'^^ 

/• rdr 

It la rnneh to be dewed that thoae mannaoripia of Oavaadiah ahoold be 
vnbliahed eompMe; or, at aU eventa, that their aafe keapi«g and 
fafillf ahonid be aaenrad to the worid. 
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iSKL be any cboid through P; and (5), with — tubstitated 
for J aooording to (6), becomes 



P«: 



237. Consider a plane diBc^ ;S^ thus electrified, to a potential 
which we shall, for a moment, denote by V; and, following the 
suggestion of § 810, take its image relatively to a spherical 
sm&ce of radios jR described from any point Q as centre. 
This image will (§ 207) be a spherical segment^ j8^ electrified 
(§§ 210 and 2S8) as an infinitely thin conducting sor&ce under 
the influence of a quantily V^R of electricity concentrated at 
Q ; and (compare § 213) the spherical surface of which jfif is a 
part will pass through Q. The reader will hare no difficulty 
in verifying these statements for himself; but if he desires it^ 
he will find some further information and examples in Thorn- 
8onandTait'si^a<«ra;PA«2oA7Ay,§§512...618. Thus (§515 
of that work) if // be the electric density on either side of the 
disc at Fi, and p that on either side of its image at P, we have 

* 
and if v' and « be tlie potentials at any point It, and 17 the 
image of It, doe respectiTely to the disc jT and its imager wa 
have (Ihomaon and Tai<^ § 016) 



•-an" 



(9). 



This shows that» as the potential due to ff has a constant value, 
IT, at aU points of fiT, the potential due to S will be, at different 
points of S, inversely as their distances from Q; and if we take 
g= —227*, and denote by F the potential due to electricity 
distributed over the two sides of S, we have 



OF t^*)- 

and so see that 8 is electrified as an infinitely thin conducting 
1 sheet of the same figure woidd be if connected with the earth 

I by an infinitely fine wire, and inductively electrified only by 



'^ 
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tlie wflwAii^ joi a quantity -*; of dlectricitj insulated at Ql 
Now, with our present notation (7) gives 

if K'V be any chord through P^ of the circle bounding the 

plane disc ff. 
%%%. UlkK,P, and X be the images of K\ P^, L\ so that 

JTA the image oiK^L\ is the aic ia 
which 8 is cut by the plane through 
qmdiK'L'. We have (§207) 

Hence Z'Q:P^Q::PQ:fQ; andtheie- 
fore the triangles K^P'Q, PKQ are 
similar ; and therefore 

PE:^KP.J jtq^pq '^^^KiX.Pd ^**^' 

(Compare §§ 218, 227.) From this» 
and the corresponding expression for 
ZP» we have 

VP'.PK'^j^^j^^ 0&)\ 

an expression in whioh, as the first member has the same value 
for all lines such as VK' through P^^ the second must have 
the same value for all planes through PQ, cutting one circle 
on one spherical sur£ftoe through P and Q, in IT and L. Ab 

-p^ is constant^ it follows that . '^^ is constant;^ a theorem 

of geometry given above (§ 228) by M. liouviUe. Each mem- 

* As a psriieiilar oate 1st Q be either pole of ihib fixed eurale. In this oese 
LQ^KQt aeonetant Hence LP.KP is ooneteot; tiiat ii| the produot of 
the two eliordi from aaj fixed point P on a epherioal enrf aoe to the two 
pointi in which any fixed drole on the nuiaoe it ont by a plane thiongh P 
and one of the poke of that dideb ii conetant, howerer the plane be yaried. 
TkoM im the rimpleet extenrion to spherical sorfsoee of the elementary geo« 
aetrieid theonm (Ena ul 85) for the eonstaacy of the zeetaagle nnder the 
iwv parts e£ a Yaiyingehoidef a fixed dnk throng a fixed pointi already 
hi the text a 286). 
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\CLKQ ^NQ^^NK^ ) 



ber of (12) may be altered in form thnfl : biaeot ZOT^ in JT, and 
arc LK in If. We have £«p* -^ MK^'^ 

VP 

LP 

LdKH 

eqnations of which the last two aie veiy eaaUy pioved fiom 

the fonnula nn (a-^S) am (a+^ =sm«a*iin«A 

by taking for a and )9 the angles subtended by \SK and (iPP 

at the centre of the ciide QKPL; and again, by taking Cor 

a and fi the angles subtended by ^NQ and ^JfE* at the aims 

point 

239. Using (IS) in (11), and the result in (8^ we'find 

1 q_ /LQ.KQ ^g.. 

^^iPQP^^LPlKP ^^^' 

and modifying by (H), 

1 q /NCe^NK^ ^^ 

^"Jv^ QP''^ NK^-'NP^ ^^ 

liif^ take for PKQL the plane through PQ and C7 the oentnl 
point (or pole) of the spherical segment 8, ao that K becomes 
(7, NK becomes equal to the chord of any arc from (7 to ihs 
lip; and (16) becomes 

1 q /CCe-a* ryn 

which is the result stated in § 219, abova It is remarkable 
that this expression is independent of the radius of the spheri- 
cal surface of which the bowl is a part Hence, if we aup pose 
the radius infinite, we have the same expression (17) for the 
electric density at any point P on either side of an infinite^ 
thin circular disc of radius a, connected with the earth by an 
infinitely fine wire, and influenced by a quantity Q of electxicity 
collected at any point Q in the plane of the diso, but outside 
its bounding circle. It agrees with the solution prerioasly 
given by Qreen for this case in his paper referred to in § tZi, 
above. 

240. (Compare § 220.) To find the difiAxibution for the oaaa 
in which S is insulated, electrified, and removed firom all dia^ 
torbing influence, let F be the constant potential pxodooed 
throughout S by this distribution. Bemark that the 
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jdutribntion of electricity od 8 would be produced inductively 
if it vera connected by an infinitely 
fine wira with the eaith, and en- 
oloaed by any auiCuw, £S, rigi4Iy 
\ff electrified witii aaoh a quantity and 
diatxibution of electridfy bb ^§ 5, 
73, 308, 307; alao Thomson and 
Tait, § 499) to prodnoe a uniform 
potential — V throogh its interior. 
Now take this endosing surface, 
£S, to be spherical, concentric with that of which 5 is a part/ 
and of radios greater tiian that of the last mentioned by an 
infinitely small ezoess. Hie elecbic density of the inducing 

y 
distribution will be itniform all over ES, and equal to — t—, 

*v 
if /be the diameter of the surface. The portion of fifwhich 
lies infinitely near to the convex sur&ce of 8 will clearly induce 
on this convex snr&oe an equal electric density of contiaiy 



dectric densitiea on the concave and convex sides of 8 the 
amount of either of which at any point P is to be obtained by 
integration from (IB), (16), or (17), thus: — 
' Sil. Let fio- be an infinitesimal element of S, situated at a 
point Q anywhere aa it. The quantity of electricity on this 

element is —^; and using this for —g* 

in (17), we find, for the density on either 
side at P, of the electrification induced 
by it^ the following expression : — 

Now calling the centre of the spherical 
surface, let COP be denoted by q; OOQ 

\>y B; thevalne of either of these when P or Q is at the lip of - 

the bowl, by «; and the an^ between the planes of COP and 

COQ,\y^'. aothatwehave 

««-l/*(l-eo..), CJ-.l/^l-coi^X CrC^l/^l-.oftf) 

and P<lfa>}/*(t— OMijeot^— siD^BinffoM^); 
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and we may take 

Henoe iS, laMj, p denote the electric denaiiy at P, an the con 

cave side of the jiegment^ we have 

But patting tan}^=<, <^ = 1— coe^coetf, and ^sainfaintf, 
we find * 

and theiefoie 

^"*4«yi^(o«ii|— coia)j, ooii|— oosff 
Lastly^ putting V(ooea— 0060)=% we find 

Hence we liave^ in oonduuon, 

p,^J y '»<»«H-l -ua~. /-ggfLi±. I (18), 

2ry ( ^ ooei|— 008a ^ oo0i}— oofa j 

or, with/and a aa above^ and r to denote the chord OPp 

and the same, with the addition of 

gives (§ 240) the electric density on the convex side ; which are 
exactly the results stated above in § 220. Twenty-two years 
ago these and the very simple formuk (17) were communicated 
by me to M. liouville without proo^ and were published in his 
Journal From that time till now they have not been proved, 
or even noticed, so far aa I am aware, by any other writer: 

242. Numerical results^ calculated finom the preceding fori 
mul» (19) and (20), are shown in the following tables : — 
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TkmVUm. 


CvrsdXNM. 


ComdDlie. 


PlKWIi 






InlO*. 


AfoW. 


▲nM*. 






OOBMT*. 


OOBTCI. 


OOQMTV* 


OOBTIS. 


OOBOiTtL 


OOB?«L 






-9136 


1-0686 


-8686 


1-1364 


•4469 


1-6641 






-9467 


1*0896 


•8776 


1-1604 


•4469 


1-6661 






•9990 


1-1989 


-9936 


1-1964 


•4828 


1-6910 






1-0658 


1-9997 


1*0166 


1-2893 


-6666 


1*6648 






1*9799 


1-4091 


1-9884 


1-6611 


•7066 


1-8147 






17886 


1-8766 


1-6669 


1-9879 


1*0933 


2-9016 






Mmb. 


Mmil 


Mmb. 




liXKN) 


1*0000 


1-0000 


1-0000 


w 


1D14S 


1*0141 


1*0140 


1-0010-, 




1*0607 


1*0606 


1-0600 


1-0369 




1*1647 


1*1649 


11629 


1-1106 




l-t416 


1*8407 


1-4947 


1*9606 




1-8091. 


1*8071 


1*8016 


1*6474 




BovL 


BowL 


BowL 




AnUtr. 




InSTO*. 


▲raSM*. 








toDOBTS* 


OOBTOL 


CkmcBTti 


OOBTtZ. 


OOBMTt. 


OOBTOL 


•1909 


1-8798 


-0136 


1-9866 


-0001 


1-9999 


*1266 


1-8862 


•0144 


1-9874 


-0002 


1-9999 


1418 


1-9014 


•0176 


1-9906 


•0002 


9-0000 


•1779 


1*9376 


•0263 


1-9983 


-0004 


2*0001 


•9670 


9-0166 


-0461 


9-0181 


•0009 


2-0006 


*4869 


9-9566 


•1196 


9-0996 


-0049 


2-0040 


lf«M. 


MeaB. 


MeaB. 


1*0000 


1-0000 


1-0000 


1-0064 


10009 


1-0000 


1-0916 


1-0041 


1-0001 


1-0577 


1*0118 


1-0002 


1-1366 


1*0316 


1*0007 


1-3' 


767 


IK 


)60 


1-OC 


m 



It is lemarkable how slight an amount of curvature produces a 
Toy sensible excess of electric densily on the convex side in the 
first two cases (10^ and 20"^ of curved discs ; jet how nearly 
the mean of the densities on the convex and concave sides at 
any point agrees with that at the corresponding point on a 
plane' disc shown in the first column. The results for bowls of 
S70* and S40* illustrate the tendency of the whole charge to 
the convex snx&ce, as the case of a thin spherical conducting 
•m&oe with an infinitely small aperture is approached. 



XV.] 



SignunU of Spherical Ccnducting Swrfact. 



iS7 



The constant coefBcient for each case has been taken ao 
to make tiie mean of the electric densities on the convex and 
concave sides unity at the middle point (as in Oieen's nnmbera, 
§ 234 above, for the plane disc). The six points for whicli. 
the electric densities are shown in the tables bek>w aie (not 
the six points to which ConlomVs observations and Oreea's 
numbeiB quoted in § 234 refer, but) the middle pointy and the 
five points dividing the arc ficom the middle to the edge or lip 
into six equal parts. 

243. A second application of the principle stated in § 310, 
and used in §§ 2S7...239y allows us to proceed from the solu- 
tion now found for the electrification of an uninfluenced bowl 
to determine the dectrification of a bowl or disc under tha 
influence of electricity insulated at a point Q (not^ as in the 
solution of § 239, necessarily in the spherical surface or plane 
of the bowl or disc, but) anywhere tn (he fuighbaurhood, C!on- 
aider the image, iSf, of an uninfluenced electrified bowl, If, 
relatively to a spherical surface described from -any point Q in 
its neighbourhood, as centre, with radius J2. Let 1/ be the 
point on the spherical surfieu^ of S^ continued, which is equi- 
distant from the lip (so that 1/ and the middle point of tha 
conducting surface iS^ are the two poles of the circle constitut- 
ing the lip) ; IfKff^U the circle in which ST, and the oon^ 
tinuation of its spherical surfEMMb are cut by the plane through 
2X, Q, and any point P of iSf at which it is desired to find the 
electric density; and LKFL the image oiiyiCFL\ 

In the annexed diagrams two cases are illustrated; in one 
of which 8 is spherical and concave towards the influencing 



'-% 




point, Q; in the other, 8 is plane. Using now for iS^ all the 
notation of §§ 240, 241, but with accents added, and taking 
advantage of § 238, footnote^ we see that 



If J 
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and f^'^t^wmD'K'^^iyL'^^D'K^. IfV. 

Henoe (19) becomes 

Ibr the dectric deiudiy at P^ on the concave aide of jT. But, 
as in § SS8, we find 

.Bd ^iE'-D'Z'«DJr^-i>2^ (28). 

Also, if h denote the shortest distance from Q to the spherical 
or plane suifisuse of S, and/ the diameter of tlus sorfiBce (infinite 
of coarse- when the surface is plane, or negative if the con- 
Tezify be towards Q), we have 

Using these in (21), putting 7^= -^ $ and substituting the 

eiqpressioii so obtained for p in (8) of § 237, we find 

qhif-^h) f PQ /DKJDL ., FPQ /DEJOIT] \ ,^,. 
^^^w^f^Q^XDQ*^ PK.PL "" \j)Q'^ PK.PLj] ^ '\ 

for the electric densily on the side of £f remo^ from Q (that is, 
the convex or concave side, when 8 is spherical, accordhig as Q 
is within or without the completed spherical surface). The 
electric density on the side next Q is [§ 241 (20)] the same, 
with the addition of qh[f-V) /oax 

^f.PQf ^ ^* 

These formula, (26) and (26), express the electric density on 
the two sides of a circr.lar segment or disc of infinitely thin 
spherical or plane conducting surfietce connected with the earth 
\j an infinitely fine wire, and electrified by the influence of a 
quantity ^q of electricity insulated at a point Q anywhere in 
its neighbourhood. 

344. The position of the auxiliary point D (which appears in 
the diagrams as the image otD\ the unoccupied pole of the lip 
of the original bowl 8) may be found, without reference to 8, 
by CGnstmotion from 8 and Q supposed given; thus : — From 
(SS)of§S4Swehave 

KDiDLxxKQxQL (27), 
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wheie K and X may be the points in which the lip of the bowl 

8 is cut by any plane through QJfD. Let^ for instance, ibis 

plane pass thronj^ the centre of one of the spheiical snifaceoL 

It must also pass through the centre of the other, and bisect 

each bowl ; and iiE^F 

be the points in which ^' 

itcatstiieUpofi9,(26) 

applied to the present 

case gives 

ED.DFv.EQidF. 

Hence (Eaclid, VL S) 
the lines bisecting the 
angles EDF, EQF cut 
the base EF in the 
same point ; and D must be in the circle which is the locos 
of all points in the plane EFQ fulfilling this condition, being 
found by the well-known constroction, thus : — ^Bisect the angle 
EQO by QA, meeting £P in ^. Drew QB perpendicular to 
QA, and let it meet EF produced, in A On BA as 4^ameter 
describe a circle, which is the required locus; and D in the 
jpoint in which this circle cuts the unoccupied part of the 
spheiical or plane surface of S. 

246. D being found by this simple construction, the solution 
of the problem is complete, without reference to iST, thua : — ^To 
find the electric density at any point P, draw a plane through 
QDP, and let it meet the lip in iT and L. Measure DJST, DA 
PK, PL, PQ, and DQ, and calculate by (36) and (36). But we 
have an important simplification firom the geometeical theorem 
of § 336, which shows that . 

DK.DL DhJ)l ,oQV 

PK.PL^Pk^l ^ ' 

ifk, I be points in which the lip is cut by any plane whatever 
through PD. Choose, for instance, the plane through PD, 
and (7 the middle point of & Then, as D, i, P, C, / lie all on 
one circle, and O is the middle point of the axo kPl, we have 
(as above, in § 3S8) 

Di. W- CZ>«- CP» (72>*-a>, 
Pk.Pl^Ok^^CP'^ef^CP* ; 
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irhexQ^ as before^ a denotes the choid from the middle point to 
tiie lip. Using this in (28) and (36) we haye, finally, 



• (81)- 



finr the density on the tide lemote firam Q; h and f'—h heing 
the ahorter and longer dietance. 

S46. For flie case in which i9 is a plane disc, at/ss « , this 
lieeooMa 

and the addition (26) to it to give the electric density on the 
side next to Q, ^j^ 

2irPQ 

Also, as NB is a straight line in this case, (27) gives 

C^-*^^^^ (82). 

QJ?, Q J^ are to be calcnlated immediately from data of whatever 
fonn, specifying the position of Q ; and from them and CD 
fbond by this fonnola^ DQ is to be calcnlated Thus explicitly 
we have eveiy element lequixed for calculating electric densities 
by (90). 

247. For the case of Q in the axis of the disc, D is infinitely 

CD 
distant^sothatCD = oo, DQszQo, and^ = l. And if for 

GP we.pat r, (90) and (91) give, for the density on remote side, 
and for the density on near side, 

If P be at the centre of the disc, and if we take js 2^^, these 

fiNT remote sidSi />a^A.ta&-*'-> ) 

*^* *^ >. (86); 

fbr nesc side, P+t; 
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firom which the foUowmg numerical results have been osIcil- 
lated, with a, the ndius of the disc taken as nnitjr : — 
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248. These numbeis show that the distance at which the in- 
fluencing pointy if restricted to the axis of the disc» must be 
held to render the induced electric density at the middle on 
the &r side a maximum is about 1*5 times the ladiua But the 
characteristics (1.) of the zero electric densi^ on the £ar 8ide» 
and infinite on the near side, when the influencing point is 
infinitely near the disc ; (2.) the proportionality of the latter 
to A~' for veiy small distances ; and (3.) the ultimate vanishing 
of the difference between the two sides as the influencing point' 
is removed to an infinite diBtance, and the approximation of 
each to Green's result for a plane uninfluenced disc electrified 
to a potential equal to ;% ^ 234, above), is better illustrated 
by the formula themselves, (85) ; (33), (34) ; and (30), (31) ; 
than by any numerical results cidculated from them, however 
elaborately. It would be interesting to continue the analytical 
investigation far enough to detennine the electric potential at 
any point in the neighbourhood of a disc electrified under in- 
fluence, and so to illustrate further than is done by the numbers 
and formidsB already obtained, the theory of eketrio $or€en$, and 
of Farada/s celebrated " induction in curved lines '* (Ewperi^ 
menial Besearchss in EUeMcify, §§ 1161, 1232 ; Dea 21, 1837) ; 
but I am obliged to leave the subject for the present^ in the 
hope that others may be induced to take it up. 
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ITnm ITiehol*! Cgdopmdia, Sd Ed. (1860).] 

S49. It may be premised, to avoid dicumlocntion in this 
article^ that every body in communication with the earth by 
means of matter possessing electrio conductivity enough to 
prevent its electric potential* from diffSsring sensibly from that 
of the earthy will be called part of the earth. Moist stone, and 
lock of all kinds, and all v^table and animal bodies, in their 
natural conditions, except in circumstances of extraordinary 
dryness, possess, either superficially or throughout their sub-r 
stance, the requisite conductivity to fulfil that condition. On 
the other hand, various natural minerals and artificial com- 
pounds, such as glass, — various vegetable gums, such as India- 
robber, gutta percha, rosin, — and various animal products, such 
as silk and gossamer fibre, — ^when either in a very dry natural 
or in an artificially dried atmosphere, resist electrical conduo- 
.tion so strongly that they may support a body, or otherwise 
form a material communication between it and the earth, and 
yet allow it to remain charged with electricity to a potential 
sensibly differing from the earth's, for fractions of a second, for 
minutaB, for hours, for days^ or even for years, without any 
fresh excitation or continued source of electricity. Again, air, 
whether diy or saturated with vapour of water, and probably 
all gases and vapours, unless ruptured by too strong an electro- 
motive force, are very thoroughly destitute of conductivity — 
that is to say, are very perfeoUy endowed with the property 
of resisting the tendency of electricity to pass and establish 



* Two ooBdneliiig bodiM mn nid to b« of tho tamo electrio potential 
if put m oondnotrng oommuiioatioii with the two eleetiodet of ea 
r, no eleotrio effect it produced. When, on the other hand, the 
ahowa an effect, the anovnt of thia effect aaeaaarea the dif- 
lamce of potantiala hetween the two bodiea thiia teated. Differenoe of 
ia alao oaOed electniBMlifs fovea 



/ 



XVI.] Atmospherie Bleetrieify. 19S 

equality of potential between two bodies not otherwiae materi- 
ally connected 

250. Hence, when ''the surface of the earth" is spoken 
ot the sut£bu» separating the solids and liquids of the earth 
from the air will be meant; and when the more qualified ex- 
pression "^ outer surface of the earth ** is used, inner surfaces 
of vesicles, or the surfaces bounding completely enclosed spaces 
of air, must be understood to be excluded. Thus, the surface 
of a mountain peak ; the surface of a cave, up to the inmost 
recesses of the most intricate passages ; the surface of a tunnel ; 
the surfeu^ of the sea, or of a lake or river; all the surface of a 
sheet of unbroken water in such a £all as that of Niagara; the 
surface of blades of grass and flowers, and of soil below ; in a 
wood, the surface of soil, and of trunks and leaves of trees ; 
the surface of any animal resting on the earth ; the outside of 
the roof of a house ; the whole inside surface of a room with 
an open window ; all belong to the outer sur&ce of the earth. 

251. On the other hand, the moon, meteoric stones, birds or 
^ insects flying, leaves or fruit falling, seed wafted through the air, 

spray breaking away finam a cascade or from waves of the sea» 

the liquid particles of a cloud or a fog, present surfaces not 

\ belonging to the earth, and between which and the earth's 

[ ' surface differences of potential, and lines of electric force, may 

and generally do exist 

252. The whole surface of the earth, as defined above (§ 250), 
is at every moment electrified in every part, with the exception 
of neutral lines dividing portions which are natively (resin- 
ously) from portions which are positively (vitreously) electrified. 

' The negatively electrified portions are of very much greater 

extent, at all times, than those positively electrified ; and there 

\ may be times when the whole surface is negatively electrified, 

1 because in all localities in which electrical observations have 

j been hitherto made, with possibly one remarkable exception,* 

the earth's surface is always found negative, day and nigh^ 

j * At Guftjara station, on the Peak of Teneriffe, " Doring tiitfwhole period 

I " of obeenration, by day and night, the electricity was moderate in qnantitj, 

" and always resinooa. This was during the period of N.E. trade wind, and 
I " within its influence^ though aboTd its clonds."— [Ptofeisor Fiasri Smyth*s 

Account of the Teneriffe Astronomicad Experiment, PhUo&opkieal JViNuae* 
thnSf IS6S, and separate publication ordered by the Lords of the Admiralty.] 
The ''eleotricity** here referred to was that acquired by an insulated eon- 
ductor canying a burning match in the air at some distance from th e ^sa rt h. If 
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during fiedr weather, and only occasionally positive in broken 
ireather, or daring an actual fall of rain in the immediate 
nei^bourhood, if not exactly on the place of observation. If, 
then, at any one time there chances to be fair weather over the 
whole earth, it may be presumed that the whole outer surface 
of the earth is then natively electrified, unless, judging from 
the possible exception above alluded to, we are still to expect 
positive electrification in same extreme positiona 

253. Ab yet nothing is known r^arding the electrification 
of air itself,* or of clouds or other matter suspended in the air, 
except what can be inferred (see below, § 264) from the elec- 
trification of the earth's surfeuM, and its variations, with which 
alone, as Peltier has remarked, the observations of ^atmo- 
spheric electridty" hitherto published have dealt (see below, 
§§ 265, 266). It is impossible, in the nature of things, to 
investigate the bodily electrification of a non-conductor by any 
observation whatever of electric action without it,*}* or in any 
way whatever, except by something equivalent to a determina- 
tion of the magnitude and direction of the resultant force at 
eveiy point of its mass.{ Towards this thorough investigation 

it were reaDj negative, the eartb'i electrification at the place most hare been 
podtiTe; bat the test at to quality may have been deceptive^ owing to the 
bi^ly intolating eondition of both outer and inner ■urfaces of the glaaa 
■bade endoeing the gold leaver and to the eircumstanoe of the testing piece 
of rubbed eealing wax haying been applied possibly too near the gold leaves, 
instead of beside a remote part of the insulated rod. Professor Smyth 
asBuret tho writer, that he considers the electrical experiment as not sufii- 
dently complete or oonfirmed to allow any oondusion to be built on it, and 
regards it rather as an indication of the importance of making electrical 
observations with better apparatus, and more available time for using it^ 
than the first Teneriffe scientific expedition afforded. 

* For knowledge gained sinoe this article was written tfee fi 296-301 below. 

f According to Green's remarkable theorems, triply rediscovered by Oauss, 
Ghaslcs^ and the writer of this article, all different distributions of electricity 
within a solid, which produce the samo potentasl at its surface, produce the 
•aoie force at every point without it, and the problem of finding a distribu- 
tion of electricity within the interior, to produce a given distribution of 
potential at the surface^ is indeterminate. 

% Let X, r, iT be the components of the resultant force cm a unit of eleo- 
tridty, if pboed at any point ab, y, s in a mass of air or other non-oonductor ; 
and let p denote the electriosl density of the substance, that is to say, the 



^[iiaiitiliy ol electrioity per unit of bulk actually possessed by the air in the 
aeighbovhood of this pointi Then, by a well-kaown propotitioik of the 
theory of attnwtion, we have 



\(dX dT dZ\ 
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of the distribution of electricity within a non-conducting mass; 
it may be remarked, that a determination of the normal com- 
ponent of the force all round a dosed surface is just sufficient to 
show the aggr^te quantity of electricity possessed by all the 
matter situated within it* Hence obs^ation in positions aU 
round a mass of air ib necessaiy for determining the quantity 
of electricity which it contains ; and, therefore, the balloon 
must be put in requisition if knowledge of the distribution of 
electricity through the atmosphere is to be sought for. 

254. Without leaving the earth, howerer, although we cannot 
thoroughly inrestigate the electrification of the air, we can 
make important inferences about it from observations of the 
electric density over the earth's surface, by a principle of judg- 
ing which may be thus explained : — If the earth were simply 
an electrified body, placed in a perfectiy insulating medium of. 
indefinite extent, and not sensibly influenced by any other 
electrified matter, or by reflex influence fix>m any conductor or 
dielectric in its vicinity, its electricity would be distributed 
over its surface according to a perfectly definite law, depend- 
ing solely on the form of the suriieu^, and deducible by a 
»afficientiy powerful mathematical analysis firom suffidentiy 
perfect data of " geometry'^ (in the primitive sense of the term), 
or of what, in more modem language, is called geodesy. If 
the surfSetce of the earth were truly spherical, this law would 
simply be uniform distribution. A truly elliptic oblateness of 
the earth would give, instead of unifonnity, a distribution of 
electric density in simple proportion to the perpendicular 
distance' between a tangent (that is horizontal) plane through 
any point and the earth's centre ; according to which the electrio 
density at the equator would be greatest, and would exceed 
that at either pole, where it would be leasts by r^ : a differ* 
ence which, for the present, we may disregard. 

256. The whole amount of electricity over the suzfiguie of 
any great r^on of mountainous country, or of forest land, 
or of soil and vegetation of any kind, or of streets and houses in 

* L«t N be the normel componeiit of the force at any point of % doeed 
surface, d9 an element of the aiizf aoe, / the aign of tntegranon for the whole 
Borf aee^ and Q the whole quantity of deetrid^ within it> Then, hf n weU- 
known theorem of Gieen'a, redieoorered aa alloded to in n pieeedi^g aola^ 
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ft-town, or of rough sea, would be veiy approximately the same 
as that on an area of unrufSed ocean, equal to the ** reduced ** 
area of the irregular surface ; but the distribution of the elec* 
tricitj over hill and valley, over the leaves and trunks of trees, 
and the surfaces of plants generally, and on the soil beneath 
them, over the loofs, perpendicular walls, and overhanging or 
overshaded surfaces of buildings, and the surfaces of streets and 
enclosed courts between them, and over the hollows and crests 
of waves in a stormy sea, would be extremely irregular, with, 
in general, greater electric density on the more prominent and 
convex portions of sur£Btces, and less on the more covered and 
concave— quite insensible, indeed, in any such position as the 
interior of a cave, or the soil below trees in a forest even where 
considerable angular openings of sky are presented, — or the 
roof or floor of a tunnel, or covered chamber, even although 
cpen to a considerable angle of sky. 

256. If thus a perfect electro-geodesy gave a ''reduced" 
electric density equal over the whole earth, we might infer that 
iho electrification of the earth is not influenced by any elec- 
tricity in the air. According to what has been stated above, 
there might in that case be either no electricity in the air, from 
the earth's atmosphere to the remotest star, and the lines of 
electric force rising from the earth might either be infinite or 
terminate in the surfaces of the moon, meteoric stones, sun, 
planets, and stars; or there might be, at any distance con- 
siderably exceeding the height of the highest mountain, a imi- 
formly electrified stratum of equal quantity and opposite kind 
to the earth% balancing through all the exterior space tl^e force 
due to the terrestrial electricity, and limiting the manifestations 
of electric force to the atmosphere within it ; or there might be 
any of the infinite variety of distributions of electricity in space 
round the earth, by which the electric density at the earth's 
aurfiioe would be uninfluenced. 

257. But^ in reality, the electric density varies greatly, even 
in serene weathw, over the earth's sur&ce at any one time, 
as we may infer from (1.) the facts (established for Europe, 
and probably trae in all the temperate zones of both hemi- 
spheres), that in any one place the electric density of the 
rarfiue observed durii^ serene weather is much greater in 
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winter Uian in sommer, and that it varies aoooidiog to aome* 
thing of a . regular periodiciiy with the honis of the day and 
night; and (2.) the consideration that there is often serene 
weather of day and night, and of sommer and winter, at one 
and the same time» in different temperate portions of the eaith. 
We may, therefore, consider it as quite established that^ even 
in serene weather, the electrification of the earth's surface is 
hugely influenced by external electrified matter. Although we 
cannot (§ 253) discover the exact locality and distribution of 
this influencing electricity from its effects at the earth's surihce 
alone, yet it is possible, fh>m the character of the distribution 
of the terrestrial electric density as influenced by it, to assign a 
superior limit to its height.* If at any one instant the electric 
density reduced to the sea level were distributed according to 
a simple ** harmonic " law, or, more generally, according to a 
certain definite character of non-abruptness of variation easily 
specified in mathematical language,'f the external influencing 
electricity might be at any distance, however greats for all we 
could discover by observations near the earth's surface. But^ 
little as we know yet regarding the diurnal law of electrio 
variation in serene weather, it is, we may say with almost 
perfect certainty, not such as could give at any instant a dis- 
tribution over the whole earth possessing any such gradual 
character as that referred to; and, therefore, we may, in all 
probability, from the character of the diurnal variation itself, 
say that its electric origin is not at a distance of many radii 
from the surface. On the oth^r hand, when we consider that 
in temperate regions the velocity with which the earth's suifiEu^ 



* If at any instant tlie oo-e£Bcienta of the ■eriei of " Laiilaoe'a 
ozpreatiDg tiie temttrial electrio density veduoed to the sea IstoI, eon- 
verged oltimately with less rapidity than the goooietricel series 1, — • -^t— 



we might he sore that there is electricity in the air at some dirtanoe from 

!the centre of the earth, not exceeding m times the radios of tiie esrth*s snr* 
face. For the principles on which this assertion is foanded, see a short 
} article, entitled '* Kote on Certain Points in the Iheoffy of ISLmX^^ Camhndff 

I MaihemMoaX JounuU, Kovember 184S. 

I f For instance, if in simide proportion to the eoeine of the angular distance 

I from any point of the earth's sarface, or mors generally, if expc e s si ble by 

I any finite number of *' Laplace's functions," or i^ mors genmUy, if ex- 

t pressible by a series of '* Laplace's funetums," with oo-efficients oo n T s i y ug 

i ultimately mors rapidly than any geometrical series. 
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is earned lotmd in its diurnal coaise is from 600 to 000 miles 
per hour, ve see elearlj that any law of diurnal electric varia- 
tion, established on observations even so frequent as once every 
Lour, could not possibly fix the locality of the origin to within 
100 miles of the surfietce ; and as we have as yet nothing to go 
upon in the way of published observations more frequent than 
three or four times a day, towards establishing either the ex- 
istence or the character of the diurnal law, we cannot consider it 
as proved by observation that the influencing electricity which 
produces it is even as near as the 50 or 100 miles limit which is 
eommonly (but in the opinion of the writer of this article, most 
unreasonably) assigned as an end to the earth's atmosphera 

258. The great suddenness of the electric variations during 
broken weather, and their close correspondence with beginnings, 
changes^ and cessations of rain, hail, or snow, compel us (by a 
wmmon anm estimate founded on an unconscious application 
of the mathematical law stated in the footnotes to the preced- 
ing § 257) to believe that their origin agrees in position with 
that of the showers, and to give it a " local habitation ^ and a 
name — Thundercloud. 

259. The writer of this article has observed extremely rapid 
variations of terrestrial electrification during perfectly serene 
weather. Thus, in a calm summer night, with an unvarying 
cloudless sky overhead, and not the faintest appearance of 
amoral light to be seen, he has, in a temporary electric observa- 
tory in the Island of Arran, found large variations (as much as 
from a certain degree to double and back) in the course of 
a minute of time. The influencing electricity by which these 
variations were produced, cannot possibly (unless on the ex* 
tremdy improbable hypothesis of their being due to highly 
electrified extra-terrestrial matter moving very rapidly with 
reference to the earth) have been very far removed from the 
earth's suifiice. It is not impossible, and we have as yet 
nothing to make it decidedly improbable, that they were due 
to fluctuations up and down of aerial strata^ perhaps those of 
the great atmospheric currents, in high r^ons of the atmo- 
sphera Judging, however, from still more recent observations 
lefened to below (§ 262), we may think it more probable that 
these ramarkaUe variations in the observed electric force were 
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due chiefly to poeitirely or negatirelj electrified maaeee numng 
along within a few miles of the locality of observation. 

2dO. Betoming to the subject of Uie distribution of eleo- 
tridty over the earth's sui&ce at any instant, we may remark, 
that if over an area of several miles in diameter, of perfectly 
level bare countiy, or of sea, the electrical density is sensibly 
uniform, we could not^ without going up in a balloon, and 
observing the electric force at points in the air above^ forili 
any judgment whatever as to the distance bom. the earth at 
whidi the influencing electriciiy is situated If, on the other 
hand, we find a veiy sensible variation in the electric density 
between two points of a piece of level open country, or at 
sea, not many miles apart^ we may infer as quite certain 
that there is influencing electricity not many miles up in the 
air, and not uniformly distributed in level strata. Nothing 
can be easier than to make this trial— only to observe simul- 
taneously with similar instruments, similarly placed, at two 
neighbouring stations, in a suitable locality — ^and most interest* 
ing and important results are to be derived from it^ as soon aa 
arrangements can be made for continuing the requisite observa- 
tions day and night, during various vicissitudes of weather, 
especially during a time of perfect serenity. 

261. Corresponding statements apply to a mountainous 
country, with this modification, that a very varied, instead of 
a xmiform distribution of electric density, is, in such a locality, 
as explained above in § 25S, the natural consequence of freedom 
from the disturbing influence of near electrified masses of air or 
doud. The problem of accurately determining, from purely 
geometric data (§ 256), this undisturbed distribution over even 
the smoothest hillside, would infinitely transcend human mathe- 
matical power, although an approximate solution may be readily 
given for any piece of country over the whole of which both the 
inclination and the ratio of the height above the general level to 
the radius of curvature of the surface are small For a ragged 
mountainous country, the most perfect geometrb data» and the 
most strenuous mathematical efforts^ could scarcely lead us 
towards an approximate estimate of the inequalities of electric 
density whidi different localities must preset without any 
disturbance from near, electrified atmosphere. Henoe^ in a 
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momitainons oouBtry — ^unless we find electricity strong in some 
locality where from the configuration of the surface, we correctly 
judge it ought to be weak if undisturbed, or weak where it ought 
to be strong, or unless, at least, we find some veiy decided devia- 
tion firom any such amount of diflTerence between two stations 
as, without being able to make a precise calculation, we can 
^ estimate for the difference due to figure — ^we cannot judge as 
to the influence of aerial electrification from simultaneous 
absolute determinations at any one instant alone. But of one 
. thing we may be sure, that although the absolute amounts of 
the electrification at any two stations not far apart may differ 
largely, they must remain in an absolutely constant proper- 
. taon to one another, if there is no electrified air or doud near. 

S63. Hence, if we find observations made simultaneously by 
two electrometers in neighbouring positions, in a mountainous 
country, to bear alwajrs the same mutual proportion, we may 
not be able to draw any inference as to electrified air ; but ii^ 
on the contrary, we find their proportion varying, we may be 
perfectly certain that there are varying electrified masses of air 
or cloud not fax off. A first application of this test is described 
in the following extract from the Proceedings of the Literary 
and Philosophical Society of Manchester for October 18, 18S0 : — 

* The following extract of a letter received from Professor W. 
** Thomson, F.RSi, Glasgow, Honorary Member of the Society, 
. * eta, was read by Dr. Joule :— - 

' I have a very simple '^ domestic " apparatus by which I can 
' observe atmospheric electricity in an easy way. It consists 
^ merely of an insulated can of water set on a table or window 

* sill inside, and discharging by a small pipe through a fine nozzle 
' two or three feet from the wall With only about ten inches 

* head of water and a discharge so slow as to give no trouble in 

* replenishing the can with water, the atmospheric effect is 
' collected so quickly that any difference of potentials between 

* the insnlated conductor and the air at the place where the 
' stream from the nozzle breaks into drops is done away with at 
' the rate of five per cent per half secoiui, or even Coster. Hence 
' a very moderate degree of insulation is sensibly as good as 
' perfect^ so Cur as observing the atmospheric effect is concerned. 
' It is easy, by my plan of drying the atmosphere round the 
« iniwlating stems by means of pumice-stone moistened with 
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' snlphuric add, to insure a dcf^ree of insnlation in all weaihsa, 

' bj which' there need not be more tlum five per cent per hour 

' lost by it fiom the stmospherio appoiatns at any time. A little 

'attention to keep the outer ptut of the condiiet(» clear d 

' spider lines is necessary. The 

' apparatus I employed at In- 

' Tercloy stood on a table beside 

' a window on the second floor, 

' which was kept open about 

' an inch to 1st the discharg- 

' ing tube project oot without 

' coming in contact with the ria. i. 

' frame. The nozzle was only about two feet and a half from 

' the wall, and nearly on a level with the window aill. Hie 

' divided ring electrometer stood on the table bedde it, and 

' acted in a very satisfootory way (as I had lapplied it with a 

' Leyden phial, consisting of a common thin white glass shades 

' which insulated remark- 

'ably well, instead of the 

' German glasa jar — the 

' second of the kind which 

' I had tried, end which 

' would sot hold its chaj^ge 

' for half a day). I found 

' from 13 J" to 14° of ttnvion 

' required to bring the index 

' to zero, when uiged aside 

' by the electromotive force 

' of ten zinc-copper water 

' cella Tlie Leyden phial 

' held so well, that the sensi- 

' bility of the electrometer, 

' measured in that way, did 

' not &11 more than from 

' 13J* to ISJ" in three days. 

' The atmospheric effect 

' ranged &om 30' to above 

' no" during the ibur days 

' which I had to test it ; that 
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IS to sajt the electromotiTa force per foot of air» measured hori- 
lontallj fiom the side of the house, was from 9 to above 126 zinc- 
copper water cells. The weather was almost perfectly settled, 
eitiier calm» or with slight east wind, and in general an easterly 
base in the aii; The electrometer twice within half an hour went 
above 420*, there being at the time a fresh temporary breeze 
from the east What I had previously observed residing the 
efiect of east wind was amply confirmed. Invariably the 
electrometer showed veiy high positive in fine weather, before 
and during east wind. It generally rose veiy much shortly 
before a slight puff of wind from that quarter, and continued 
high till the breeze would begin to abata I never once 
obsenred the electrometer going up unusually high during fair 
weather without east wind following immediately. One even- 
ing in August I did not perceive the east wind at all, when 
warned by the electrometer to expect it; but I took the 
precaution of bringing my boat up to a safe part of the beach, 
and immediatdy found by waves coming in that the wind 
must be Uowing a short distance out at sea, although it did 
not get so fiar as the shore. I made a slight commencement 
of the eleetrogeodetjf which I pointed out as desirable at the 
Britirii Association, and in the course of two days, namely, 
October 10th and 11th, got some very decided results. Mac- 
iarlane^ and one of my former laboratoiy and Agamemnon 
assistants^ SusseU, came down to Arran for that purpose. Mr. 
Bussell and I went up GoatfeU on the 10th instant, with the 
portable electrometer (see Fig. 3), and made observations, while 
Mr. MacfiBfflane remained at Inverdoy, constantly observing 
and recording the indications of the house electrometer. On 
the 11th instant the same process was continued, to observe 
simultaneously at the house and at one or other of several 
stations on the way up GoatfeU. I have not yet reduced all 
the observations ; but I see enough to leave no doubt whatever 
but that cloudless masses of air at no great distance from the 
earthy certainly not more than a mile or two, influence the 
electrometer laigely by electricity which they carry. This I 
conclude because I find no constancy in the relation between 
ihe simultaneous electrometric indications at the different 
statioosL Between the house and the nearest station the rela- 
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' live variatioii was least. Between the house and a station about 

* halfway up Ooatfell, at a distance estimated at two nules and 
' a half in a right line^ the number expressing the ratio Taried 
' from about 1 13 to 360 in the course of about three hour& On 
' two different mornings the ratio of the house to a station about 
' sixty yards distant on the road beside the sea was 97 and 96 
' respectively. On the afternoon of the 11th instant^ during a 
' fresh temporary breeze of eastwind, blowing up a little spray as 
' far as the road station, most of which would fidl short of the 
' house, the ratio was 108 in favour of the house electrometer 
' — ^both standing at the time very high — the house about S50^ 

* I have little doubt but that this was owing to the negatiTS 
' electricity carried by the spray from the sea, which would 
' dimimsh relatiyely the indications of the road electrometer/ * 

263. The electrometers referred to in the preceding extract 
*wero on two different plans. The firsts or ** divided ring 
electrometer,** consists of — (1.) A ring of metal divided into 
sectors, of which 8ome-H>ne or more— are inmilated and con- 
nected with the conductor to be electrically tested, and the 
remainder connected with the earth. (2.) An index of metal 
supported by a glass fibre, or a wire, stretched in the line of 
the axis of the ring, and capable of having its fixed end tamed 
through angles measured by a circle and pointer. (3.) A 
Leyden phial, with its insuk^ coating electrically connected 
with the index. (4.) A case to protect the index from currents 
of air, and to keep an artificially dried atmosphere round the 
insulating supports — gjlazed to allow the index to be seen from 
without, but with the inner surfiu^e of the glass screened 
(electrically) by wiro cloth, perforated metal, or tinfoil, to* do 
away with irr^[ular reflections on the index. In the instru- 
ment represented in the drawing (No. 2) above, the ring is 
divided only into two parts, which are equal, and separated by 
a space of air about iv of an inch. Each of these half rings is 
supported on two glass pillars ; and by means of screws acting 
on a foot which bears these pillars, it is a4justed and fixed in 
its proper position. The index is of thin sheet aluminium, and 
projects in only one direction from the glass fibre bearing it^ 
A stiff vertical wiro, rigidly connected with it^ nearly in the 
prolongation of the fibre^ bears a counterpoise consideraUy 
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bdow the level of the index, and hoary enough to keep the 
index hoiisontaL A thin platinum wire booked to the lower 
«od of this vertical wire, dips in sulphuric acid in the bottom 
of the Leyden phial. The Leyden phial a charged either post- 
trrely or negatively; and is found to retain its charge for 
however, gradually, at some 
lerally than one per cent per 
it The index is thus, when 
LB in use, kept in a state of 
iding to the potential of the 
the phiaL When one of the 
inected with the earth, and a 
ity communicated to the other, 
I from or towards the latter, 
chai^ communicated to it is 
e opposite kind to that of the' 
itrument, as an electroscope 
LB sensibility — much greater 
r other hitherto constructed ; 
f the torsion arrangement it 
jive accurate metrical results, 
difficulties in the use of it 
rds the compariaoo of the indi- 
vith different degrees of elec- 
trification of the index, and 
the reduction of the results 
to absolute measure, hither- 
to obviated only by a daily 
application of Delmanu's 
method of reference to a 
zinc-copper water battery, 
which Belmann him&e^ 
applies once for all, to one 
of hia electrometers (unless 
his glass fibre breaks, when 
he must make a freah deter- 
mination of the sensibility 
of the instrument with its 
new fibre). The higti sensi- 
Tta. 1— nrtiUi iiwoiffcHia Birtraartir, bility of the divided ring 
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electrometer renders this test really very easy, as not more than 
from ten to twenty cells are required ; and a comparison with a 
few good cells of DanieU's may be made by its aid, to ascertain 
the absolute value and the constancy of the water cells. The 
difficulty thus met is altogether done away with in another 
kind of electrometer, also ** heterostatic,'' of which only one has 
yet been constructed — ^the electrometer of the portable apparatus 
shown in the third drawing. In it the index is attached at 
right angles to the middle of a fine platinum wire, finnly 
stretched between the inside coatings of two Leyden phials, 
and consists simply of a very light bar of aluminium, extend- 
ing equally on the two sides of the supporting wire. It is 
repelled by two short bars of metal, fixed on the two sides of 
the top of a metal tube, which is supported by the inside coat- 
ing of the lower phial, and has the fine wire in its axis. A 
conductor of suitable shape, bearing an electrode, to connect 
with the body to be tested, insulated inside the case of the 
instrument, in the neighbourhood of the index, and when elec- 
trified in the same way, or the contrary way, to the inside 
coatings of the Leyden phials, causes, by ito influence^ the 
repulsion between the index and the fixed bam to be diminished 
or increased. The upper Leyden phial is moveable about a 
fixed axis, through angles measured by a pointer and dicle, 
and thus the amount of torsion, in one-half of the bearing 
wire, required to bring the index to a constant position, in any 
case, is measured. The square root of the number of degrees 
of torsion measures the difference of potentials between the 
conductor tested and the inner coating of the Leyden phiaL 
In using the instrument^ the conductor tested is first put in 
connexion with the earth, and the torsion required to bring the 
index to its fixed position is read off. This is called the zero, 
or earth reading. The tested conductor is then electrified, and 
the torsion reading taken. In the atmospheric application, this 
is called the air reading. The excess — ^positive or negative — 
of its square root, above that of the zero reading, measures the 
electromotive force between the earth and the point of air 
tested. This result^ when positive shows vitreous, when nega- 
tive resinous potential in the air ; if the index is resinous, ^y 
the aid of Barbw^s table of square roots» the indications of the 
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instnunent may thus be leduced to definite measoie of potential, 
almost as quickly as they can be written down. Once for all, 
the sensibility of the instrument can be determined by com- 
parison with an absolute electrometer, or a galvanic battery. 
In the portable apparatus a burning match is used — ^instead of 
the water-dropping system, which the writer finds more con- 
renient than any other for a fixed apparatus — to reduce the 
insulated conductor to the same potential as the air at its end. 

264. Ab has been remarked above (§ 252), it is the electrifica- 
tion of the earth's surface which has either directly or virtually 
been the subject of measurement in all observations on atmo- 
spheric electricily hitherto made. The methods which have 
been followed may be divided into two classes— ^1.) Those in 
which means are taken to reduce the potential of an insulated 
conductor to the same as that of the air, at some point, a few 
feet or yards distant from the earth. (2.) Those in which a 
portion of the earth (see above, § 253) is insulated, removed 
from its position, and tested by an electrometer, in a difierent 
position, or under cover. The first method was very imperfectly 
carried out by Beccaria with his long ^ exploring wire," stretched 
between insulating supports, or elevated portions of buildings, 
tree tops, or other prominent positions of the earth (see above, 
§ 249) ; also, very imperfectly 1^ means of *' Volta's lantern" — 
an enclosed flame, supported on tiie top of an insulated conduc- 
tor On the other hand, it is put in practice very perfectly, by 
means of a match, or flame burning in the open air, on the top 
of a well insulated conductor— a plan adopted, after Yolta's 
suggestion, by many observers ; also, even more decidedly, by 
means of the water-dropping system— -described in the preced- 
ing extract — which has recently occurred to the writer, and has 
been found by him both to be very satisfactory in its action, 
and extremely easy and convenient in practice. The principle 
of each of these methods of the first class may be explained 
best by first considering the methods of the second dass, as 
follows: — 

266. If a large sheet of metal were laid on the earth in 
a perfectly level district^ and if a oiroular area of the same 
metal were laid upon it^ and, after the manner of Coulomb's 
pioof plan^ were lifted by an insulated handle^ and removed 
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to an electarometer within doora, a measure of the earth's elec- 
trification, at the time, would be obtained ; or, if a ball, placed 
on the top of a conducting rod in the open air, were lifted from 
that position by an insulating support^ and carried to an 
electrometer within doors, we should also have, on precisely the 
same principle, a measure of the earth's electrification at the time. 
If the height of the ball in this second plan were equal to one* 
sixteenth of the circumference of the disc (compare § 235) used 
in the first plan, the electrometric indications would be the same^ 
provided the diameter of the ball is small, in comparison with 
the height to which it is raised in the air, and the electrostatic 
capacily of the electrometer is small enough not to take any 
considerable proportion of the electricity from the ball in its 
application. The idea of experimenting by means of a disc laid 
flat on the earth, is merely suggested for the sake of illustra- 
tion, and would obviously be most inconvenient in practice. 
On the other hand, the method, by a carrier ball, instead of a 
proof plane, is precisely the method by which, on a small scale^ 
Faraday investigated ^e distribution of electricity induced on 
the earth's surface (see above, § 249), by a piece of rubbed shell- 
lac; and the same method, applied on a suitable scale, for test- 
ing the natural electrification of the earth in the open air, has 
given, in the hands of Delmann of Creuznach, the most accurate 
results hitherto published in the way of electro-meteorological 
^observation.* 

266. If, now, we conceive an elevated conductor, first belong- 
ing to the earth (% 249), to become insulated, and to be made < 
to throw off, and to continue throwing off, portions fix>m an 
exposed position of its own surface, this part of its surface will 
quickly be reduced to a state of no electrification, and the whole 
conductor will be brought to such a potential as will allow it to 
remain in electrical equilibrium in the air, with that portion of 
its surfiEtce neutraL In other words, the potential throughout 
the insulated conductor is brought to be the same as that ^the 



* Throng loine miMppnlieiinoiit Mr. Bebnaaa luimelf ]im not pawived 
that bit own method of obMiratioii really coaritto in remoriog a portioD of 
the earth, and bringing it ininlated with the eleotrioily whioh it poeemod 
la jjte, to be teeted within doon, otherwiM^ he oovld not haT« objeeted, as 
he hai» to Peltier'i view. 
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pazticnlar equi-poteniial surface in the air, which passes through 
the point of it from which matter breaks away. A flame, or 
the heated gas passing from a baming match, does precisely 
this: the flame itself, or the highly-heated gas dose to the 
match being a conductor which is constantly extending out^ 
and gradually becoming a non-conductor. The drops into 
which the jet issuing from the insulated conductor, on the plan 
introduced by the writer, produce the same effects, with more 
pointed dedsion, and with more of dynamical energy to remore 
the rqjeeted matter with the electricity whidi it carries from 
the neighbourhood of the flzed conductor. 



BOTAL INSTrnmOK FRIDAT EVENINO LECTDBB^ 

MAT IS, 18G0. 

267. Stephen Gray, a pensioner of the Charter-house, after 
many years of enthusiastic and persevering devotion to electric 
edence, closed his philosophical labours, about one hundred 
and thirfy years ago, with the following remarkable conjec- 
ture : — ^ That there may be found a way to collect a greater 
** quantity of the electrical fire , and consequently to increase 
^ the force of that power, which, by several of these experi- 
^ ments, n lioU magna eompanere parvis, seems, to be of the 
^ same nature with that of thunder and lightning.'* 

The inventions of the dectrical machine and the Leyden 
phial immediately fulfilled these expectations as to collecting 
greater quantities of electric fire ; and the surprise and delight 
which they elicited by their mimic lightnings and thunders, 
and above all by the terrible dectric shock, had scarcely sub- 
mded when iVanklin sent his kite messenger to the clouds, and 
demonstrated that th^ imagination had been a true guide to 
this great sdentifio discovery — ^the identity of the natural agent 
in the thunderstonn with the mysterious influence produced 
bj the simple operation of rubbing a piece of amb^, which, 
two thousan d yean before, had attracted the attention of those 
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philosophers among the ancients who did not despise the small 
things of nature. 

268. The investigation of atmospheric electricity immediately 
became a very popular branch of natural science ; and the dis- 
covery of remarkable and most interesting phenomena quickly 
rewarded its cultivatora The foimdation of all we now know 
was completed by Beccaria, in his observations on *the nuld 
electricity of serene weather/' nearly a hundred years aga It 
was not until comparatively recent years that definite qnan- 
ti^ive comparisons from time to time of the electric quality 
manifested by the atmosphere in one locality were first obtained 
by the application of Peltier^s mode of observation with his 
metrical electroscope. The much . more accurate electrometer, 
and the greatly improved mode of observation, invented by 
Delmann, have given for the electric intensity, at any instant^ 
still more precise results ; but have left something to desire in 
point of simplicity and convenience for general use, and have 
not afforded any means for continuous observation, or for the 
introduction of self-recording apparatus. The speaker had 
attempted to supply some of these wants, and he explained 
the construction and use of instruments, now exhibited to the 
meeting, which he had planned for this purpose. 

269. Apparatus for the observation of atmospheric electricity 
has essentially two functions to perform ; to electrify a body with 
some of the natural electricity, or with electricity produced by 
its influence ; and to measure the electrification thus obtained. 

270. The measuring apparatus exhibited, consisted of three 
electrometers, which were referred to imder the designations of 
(I.) The divided ring reflecting electrometer ; (11.) The common 
house electrometer ; and (III.) The portable dectrometer. 

(I.) The divided ring reflecting electrometer [compare § 263, 
above, and §§ 444... 466, below] consists of :— 

(1.) A ring of metal divided into two equid parts, of which 
one is insulated, and the other connected with the metal case 
(6.) of the instrument 

(2.) A very light needle of sheet aluminium hung by a fine 
glass fibre, and counterpoised so as to make it project only to 
one side of this axis of suspension. 
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(S.) A Leyden phial, consiBting of an open g^ass jar, coated 
outside and inside in the usual manner, with the exception 
that the tinfoil of the inner coating does not extend to the 
bottom of the jar, which is occupied instead by a small quantity 
of sulphuric acid [connected with the tinfoil by means of a 
platinum wire]. 

(4.) A stiff straight wire rigidly attached to the aluminium 
needle, as nearly as may be in the line 
of the suspending fibre, bearing a light 
platinum wire linked to its lower end, 
and hanging down so as to dip into the 
sulphuric add. 

(5.) A case protecting the needle from 
currents of air, and from irr^pilar electric 
actions, and maintaining an artificially 
dried atmosphere round the glass pillar 
or pillars supporting the insulated half- 
ring and the uncoated portion of the glass 
of the phiaL 

(6.) A light stiff metallic electrode pro- 
jectingfipom theinsa]ated half-ring through 
the middle of a small aperture in the metal case, to the outside. 
(7.) A wide metal tube of somewhat less diameter than the 
Leyden jar, attached to a metal ring borne by its inside coat- 
ing, and standing up vertically to a few inches above the level 
of the mouth of the jar. 

(8.) A stiff wire projecting horizontally from this metal tube 
above the edge of the Leyden jar, and out through a wide hole 
in the case of the instrament to a convenient position for 
applying electricity to chaige the jar with. 

(9.) A veiy light glass mirror, about three-quarters of an 
inch diameter, attached by its back to the wire (4.), and there- 
fore rigidly connected with the aluminium needle. 

(10.) A circular aperture in the case shut by a convex lens, 
and a long horizontal slit shut by plate glass, with its centre im« 
mediatdy above or below that of the lens, one of tliem above, 
and the other equally below the level of the centre of the mirror. 
(11.) A large aperture in the wide metal tube (7.), on a level 
with the minor (0.), to allow light from a lamp outside the 
entering through the lens, to fall upon the mirror, and be 
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reflected out through the plate-glass window; aud three or 
four fine metal wires stretched across this aperture to screen 
the mirror from irrq;ular electric influences, without sensibly 
diminishing the amount of light falling on and reflected off it 

271. The divided ring (1.) is cut out of thick strong sheet 
metal (generally brass). Its outer diameter is about 4 inches, 
its inner diameter 2^; and it ib divided into two equal parts by 
cutting it along a diameter with a saw. The two halves are 
fixed horizontally ; one of them on a firm metal support^ and 
the other on glass, so as to retain as nearly as may be their 
original relative position, with just the saw cut^ from n to n 
of an inch broad, vacant between them. They are placed with 
their common centre as nearly as may be in the axis of the 
case (6.), which is cylindrical, and placed vertically. The Leyden 
jar (3.), and the tube (7.), carried by its inside coating, have 
their common axis fixed to coincide as nearly as may be with 
that of the case and divided ring. The glass fibre hangs down 
from above in the direction of this axis, and supports the needle 
about an inch above the level of the divided ring. The stiff 
wire (4.), attached to the needle, hangs down as nearly as may 
be along the axis of the tube (7.). 

[The following diagrams, placed here to facilitate comparison, 
represent the arrangement of ** needle" and quadrants described 
below in § 345, as substituted in the modem instrument for 
the bisected ring and narrow needle of the old electrometer 
here described] :— 





272. Before using the instrument, the Leyden phial (3.) is 
charged by means of its projecting electrode (8.). When- an 
electrical machine is not available, this is very easily done by the 
aid of a stick of vulcanite, rubbed by a piece of chamois lecuther. 
The potential of tlie charge thus communicated to the phial, is 
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to be kept as nearly constant as is required for the accuracy of 
the investigation for which the instrument is used. Two or 
three rubs of the stick of vulcanite once a day, or twice a day, 
are sufScient when the phial is of good glass, well kept dry. 
The most convenient test for the chaige of the phial is a 
proper electrometer or electroscope, of any convenient kind, 
kept constantly in communication with the charging elec- 
trode (8.). [Compare § 353, below.] 

The electrometer (IL) is to be ordinarily used for that pur- 
pose in the Eew apparatus. Failing any such gauge electro- 
meter or electroscope, a zinc-copper-water battery of ten, twenty, 
or more small ceUs may be veiy conveniently used (after the 
maimer of Delmann) to test directly the sensibility of the re- 
flecting electrometer, which is to be brought to its proper degree 
by charging its Leyden phial as much as is required. 

273. In the use of this electrometer, the two bodies of which 
the difference of potentials is to be tested are connected, one of 
them, which is generally the earth, with the metal case of the 
instrument^ and the other with the insulated half ring. The 
needle being, let us suppose, negatively electrified, will move 
towards or from the insulated half ring, according as the poten- 
tial of the conductor connected with this half ring differs posi- 
tively or negatively from that of the other conductor (earth) 
connected with the case. The mirror turns accordingly in one 
direction or the other through a small angle from its 2sero posi- 
tion, and produces a corresponding motion in the image of the 
lamp on the screen on which it is thrown. 

274. (II.) The common house electrometer [compare § 263, 
above, and §§ 374. ..377, below]. — ^This instrument consists of: — 

(1.) A thin flint-glass bell, coated outside and inside like a 
Leyden phial, with the exception of the bottom inside, which 
contains a little sulphuric acid. 

(2.) A cylindrical metal case, enclosing the glass jar, cemented 
to it round its mouth outside, extending upwards about an inch 
and a half above the mouth, and downwards to a metal base 
supporting the whole instrument^ and protecting the glass 
against the danger of breakaga 

(3.) A cover of plate glass, with, a metal rim, dosing the top 
of the cylindrical case of the instrument. 
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(4.) A torsion head, after the niauaer of Coalomb'B balance, 
supported in the centre of the glass cover, and bearing a g^ata 
fibre which hangs down through on aperture in ita centre. 

(5.) A light ^uminium needle attached across the lower eoA 
of the fibre (which is somewhat above the centre of the ^aas 
bell), and a stiff platinum wire attached to it at right anglea^ 
and hanging down to near the bottom of the jar. 



(6.) A very light platinum wire, long enough to hang within 
one-eighth of an inch or so of the bottom of the jar, and to dip 
in the eulphuric acid. 

(7.) A metal ring, attached to tlie inner coating of the jar, 
bearing two plates in proper positions for repelling tiie two 
ends of the aluminium needle when similarly electrified, and 
proper stops to limit the angular motion of Uie needle to with- 
in about 45° &om these plates. 

(8.) A cage of fine brass wire, stretched on brass fiamework, 
supported ham the main case above by two glass pillani, and 
partially enclosing the two ends of the needle, and the repel> 
ling plates, from all of which it is separated by clear spaces, of 
nowhere less than one-foarth of an inch of air. 

(9.) A charging electrode, attached to the ring (7.), and pro- 
jecting over the mouth of the jar to the outside of the metal 
case (3.)> tiirough a wide aperture, which is commonly kept 
closed by a metal cap, leaving at least one-quarter of an inoh 
of air round the projecting end of the electrode. 

(10.) An electrode attached to tiie cage (&), and projecting over 
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themouih of the jar to ihe outside of the metal case (2.), through 
the centre of an aperture, about a quarter of an inch diameter: 

274. This instrument is adapted to measure differences of 
potential between two conducting systems, namely ; as one, the 
aluminium needle (5.), the repelling plates (7.), and the inner 
coating of the jar; and, as the other, the insulated cage (8.). This 
latter is commonly connected by means of its projecting electrode 
(10.), with the conductor to be tested. The two conducting 
systems, if through their projecting electrodes connected* by a 
metallic wire, may be electrified to any degree, without causing 
the slightest sensible motion in the needle. If, on the other 
band, the two electrodes of these two systems are connected 
with two conductors, electrified to different potentials, the ne^le 
moves away from the repelling plates ; and if, by turning the 
torsion head, it is brought back to one accurately marked posi- 
tion, the number of degrees of torsion required is proportional 
to the square of the difference of potentials thus tested. 

275. In the ordinary use of the instrument, the inner coating 
of the Leyden jar is charged negatively, by an external applica- 
tion of electricity through its projecting electrode (9.). The 
degree of the chaige thus communicated, is determined by 
putting the cage in connexion with the earth through its elec- 
tzode (10.), and bringing the needle by torsion to its marked 
position. The square root of the number of degrees of torsion 
required to effect this, measures the potential of the Leyden 
charge. This result is called the reduced earth reading. When 
the atmosphere inside the jar is kept sufficiently dry,:— this 
change is retained from day to day with little loss ; not more, 
often, than one per cent in the twenty-four hours. 

276. In using the instrument the charging electrode (9.) of 
the jar is left untouched, with the aperture through which it pro- 
jects closed over it by the metal cap referred to above. The 
electrode (1 0.) of the cage, when an observation is to be made, 
is connected with the conductor to be tested, and the needle is 
brought by torsion to its marked position. The square root of 
the number of degrees of torsion now required measures the 
differanoe of potentials between the conductor tested and the 
intedor coating of the Leyden jar. The excess, positive or nega- 
tive, of this result above the reduced earth reading, measures 
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the excess of the potential, positive or negative, of the conduc- 
tor tested above that of the earth ; or simplj the potential of 
the conductor tested, if we regard that of the earth as zero. 

277. (IIL) The portable electrometer [compare § 263, above» 

and §§ 363.. .373, below] is constructed on the same elec* 

trical principles as the house electrometer junt described. 

The mode of suspension of the needle is, however, essentially 

difierent ; and a varied plan of connexion between the different 

electrical parts has been consequently adopted as more con* 

vonient In the portable electrometer, the needle is firmly 

attached at right angles to the middle of a fine platinum wire. 

tightly stretched in the axis of a brass tube with apertures in 

its middle to aUow the needle to project on the two sides. 

One end of the platinum wire is rigidly connected with this 

tube ; the other is attached to a graduated torsion head Tlie 

brass tube carries two metal plates in suitable positions to 

repel the two ends of the needle in contrary directions, and 

metal stops to limit its angular motion within a convenient 

ranga The conducting system composed of these different 

parts is supported from the metal cover, or roof ^f the jar, by 

three glass sterna The torsion head is carried round by means 

of a stout glass bar, projecting down from a pinion centered on 

the lower side of this cover, and turned by the action of a tan- 

; gent screw presenting a milled head, to the hand of the opera- 

I tor outside. The conducting system thus borne by insulating 

j supports is connected with the outside conductor to be tested 

\ by means of an electrode passing out through the centre of the . 

I top of the case by a wide aperture in the centre of the pinion. 

\ A wire cage, surrounding the central part of the tube and the 

I needle and repelling plates, is rigidly attached to the interior 

\ coating of the Leyden jar. It carries two metal sectors, or 

'' bulkheads," in suitable positions to attract the two ends of 

! the needle, which, however, is prevented from touching them ^ 

by the limiting stops referred to above. The effect of these 

attracting plates, as they will be called, is to increase very 

I much the sensibility of the instrument The square root of 

the number of degrees of torsion required to bring the needle 

to a sighted position near the repelling plates, measures the 
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difference of potentials between the cage and the conducting 
system, consisting of tnbe, torsion-head, repelling plates, and 
needle. The metal roof of the jar is attached to a strong metal 
case» cemented round the outside' of the top of the jar, and 
endoeing it all round and below, to protect it from breakage 
when being carried about There are sufficient apertures in 
this case^ opened by means of a sliding piece, to allow the 
obsenrer to see the needle and graduated circle (torsion head), 
when using the instrument On the outside of the roof of the 
jar a stout glass stem is attached, which supports a light stiff 
metallic conductor, by means of which a burning match is 
supported, at the height of two or three feet above the observer. 
This conductor is connected by means of a fine wire with the 
electrometer, in the manner described above, through the centre 
of the aperture in the roof. An artificially dried atmosphere 
is maintained around this glass stem, by means of a metal case 
Bononnding it, and containing receptacles of gutta percha, or 
lead, holding suitably shaped pieces of pumice-stone moistened 
with sulphuric acid The conductor which bears the match 
projects upwards through the centre of a sufficiently wide aper- 
ture, and bears a small umbrella, which both stops rain from 
fidling into this aperture^ and diminishes the circulation of air, 
owing to wind blowing round the instrument, from taking place, 
to so great a degree as to do away with the dryness of the in- 
terior atmosphere required to allow the glass stem to insulate 
sufficiently. The instrument may be held by the observer in 
his hand in the open air without the assistance of any fixed 
, stand A sling attached to the instrument and passing over 
his left shoulder, much facilitates operations, and renders it 
easy to cany the apparatus to the place of observation, even if 
up a rugged hill side, with little risk of accident 

278. The burning match in the apparatus which has just been 
described, performs the collecting function referred to above. 
The collector employed for the station apparatus, whether the 
' reflecting electrometer or the common house electrometer is 
used, is an insulated vessel of water, allowed to flow out in a 
fine stream through a small aperturo at the end of a pipe pro- 
jecting to a distance of several feet from the wall of the build- 
ing in which the observations are made. 
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^79. The principle of collecting, whether by fire or by water, 
in the observation of atmoepheric electricity, was explained by 
the speaker thus : — ^The earth's surface is» except at instants* 
always found electrified, in general negatively, but sometimes 
positively. [Quotation from Nichors Chfdopadia, vi&, § 865, 
above, comes here in the original] 

After having given so much of these explanations as seemed 
necessary to convey a general idea of the principles on which 
the construction of the instruments of investigation depended, 
the speaker proceeded to call attention to the special subject 
proposed for consideration this evening. 

280. What is terrestrial atmospheric electricity ? Is it elec- 
tricity of earth, or electricity of air, or electricity of watery or 
other particles in the air t An endeavour to answer these ques- 
tions was all that was offered ; abstinence from speculation as to 
the origin of this electric condition of our atmosphere, and its 
physical relations with earth, air, and water, having been pain* 
fully learned by repeated and varied failure in every attempt t 
to see beyond facts bf observation. In serene weather, the^ 
earth's suiface is geuemlly, in most localities hitherto examined, 
found negatively or resinously electrified ; and when this fact 
alone is known, it might be supposed that the globe is merely 
electrified as a whole with a resinous chaige, and left insulated 
in space. 

281. But it is to be remarked that the earth, although insulated 
in its atmospheric envelope, being in fact a conductor, touched 
only by air one of the best although not the strongest of in- 
sulators, cannot with its atmosphere be supposed to be insulated 
so as to hold an electric chai^ in interplanetary space. It has 
been supposed, indeed, that outside the earth's recognised atmo- 
sphere there exists something or nothing in space which con- 
stitutes a perfect insulator ; but this supposition seems to have 
no other foundation than a strange idea that electric conduc- 
tivity is a strength or a power of matter rather than a mere 
non-rmstance. In reality we know that air highly rarefied by 
the air-pump, or by other processes, as in the construction of 
the ** vacuum tubea," by which such admirable phenomena of 
electric light have recently been seen in this place, becomes 
extremely weak, in its resistance to the transferenoa of eleo* 
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tricity ihiough it, and begins to appear rather as a conductor 
tlian an insulator. One hundred miles or upwards from the 
earth's surfJEUse, the air in space cannot in all probability have 
resisting power enough to bear any such electric forces as those 
which we generally find even in serene weather in the lower 
strata. Hence we cannot^ with Peltier, regard the earth as a 
lesinonsly charged conductor, insulated in space, and subject 
only to accidental influences from temporary electric deposits 
in clouds^ or air round it ; but we must suppose that there is 
always estmUaUjf in the higher aerial r^ons a distribution 
I arising from the self- relief of the outer highly rarefied air by 
disruptiye discharge. This electric stratum must constitute 
i Yeiy nearly the electro-polar complement to all the electricity 
I that exists on the earth's surface, and in the lower strata of the 
atmosphere ; in other words, the total quantity of electricity, 
reckoned as excess of poeitive above negative, or of negative 
above positive, in any large portion of the atmosphere, and on 
the portion of the earth's surfiace below it^ must be very nearly 
[ aero. The quality of non-resistance to electric force of the thin 
interplanetary air being duly considered, we might regard the 
earth, its atmosphere, and the surrounding medium as constitut- 
ing respectively the inner coating, the di-electric (as it were 
glass), and the outer coating of a great Leyden phial, charged 
negatively ; and even if we were to neglect the consideration 
of possible deposits of electricity through the body of the di- 
electric itself we should arrive at a correct view of the electric 
indications discoverable at any one time and place of the earth's 
surface. In fisu^t^ any kind of ** collector," or plan for collect- 
ing electricity from or in virtue of the natural "terrestrial 
ataiospheric electricity," gives an e£fect simply proportional to 
the electrification of the earth's surface then and there. The 
methods of collecting by fire and water which the speaker 
exhibited, gave definitivdy, in the language of the mathemati- 
cal theory, the "electric potential" of the air at the point 
oceupied by the burning end of the match, or by the portion 
of the strram of water where it breaks into drops. If the 
appaiatos is used in an open plane, and care be taken to 
eliminatft all disturbance due to the presence of the electro- 
meter itself and of the observer above the ground, the indicated 
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efifect^ if expressed in absolute electrostatic measure, and divided 
by the height of the point tested above the ground, has onlj to 
be [according to an old theorem of Coulomb's (see footnote on 
§ 25, above), corrected by Laplace] divided by four times the 
ratio of the circumference of a circle to its diameter, to reduce it 
to an expression of the number of units, in absolute electrostatio 
measure, of the electricity per unit of area of the earth's surface 
at the time and place. The mathematical theory does away 
with every difficulty in explaining the various and seemingly 
irreconcilable views which different writers have expressed, 
and explanations which different observers have given of the 
functions of their testing apparatus. . In the present state of 
electric science, the most convenient and generally intelligible 
way to state the result of an observation of terrestrial atmo- 
spheric electricity, in absolute measure, is in terms of the 
number of elements of a constant galvanic battery, required to 
produce the same difference of potentials as exists betwe^i the 
earth and a point in the air at a stated height above an open 
level plane of ground. Observations with the portable electro- / 
meter had given, in ordinary fair weather, in the island of 
Arran, on a flat open sea beach, readings varying from 200 to 
400, Daniel's elements, as the difference of potentials between 
the earth and the match, at a height of 9 feet above it Hence, 
the intensity of electric force perpendicular to the earth's sur* 
&ce must have amounted to from 22 to ii Daniel's dements 
per foot of air. In fair weather, with breezes from the east or 
north-east, he had often found from 6 to 10 times the higher of 
these intensitiea 

282. Even in fair weather, the intensify of the electric force in 
the air near the earth's surface is perpetually fluctuating. The 
speaker had often observed it especially during calms or very 
light breezes from the east varying from 40 Daniel's elemento 
per foot to three or four times that amount during a few 
minutes ; and returning again as rapidly to the lower amount 
More frequently he had observed variations fh>m about 80 to 
about 40, and back again, recurring in uncertain periods of 
perhaps about two minute& These gradual variations cannot 
but be produced by electrified masses of air or doud, floating 
by the locality of observation. Again, it is well known that 
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y during stonns of rain, hail, or snow, there are great and some* 

times sadden variations of electric force in the air close to the 

earth. These are nndoubtedly produced, partly as those of fair. 

J weather, by motions of electrified masses of air an:* cloud; 

^ partly by the fall of yitreously or resinously electrified rain, 

leaving a corresponding deficiency in the air or cloud, from 

X which it fiUls ; and partly by disruptive discharges (flashes of 

* lightning) between masses of air or cloud, or between either 

and the eartL The consideration of these various phenomena 

\ snggested the following questions, and modes of observation for 

answering them : — 

283. Qiudion 1. How is electricity distributed through the dif- 
ferent strata of the atmosphere to a height of .five or six miles 
above the earth's sur£BU» in ordinary fair weather? To be 
answered by electrical observations in balloons at all heights 
up to the highest limit, and simultaneous observations at the 
earth's surface. 

Q. 2. Does electrification of air close to the earth's surface, 
or within a few hundred foot of it, sensibly iufluouco ilie 
observed electric force ? and if so, how does it vary with the 
weather, and with the time of day or year ? The first part of 
. this question has been answered very decidedly in the affirma- 
tive, first, for large masses of air within a few hundred yards 
of the earth's surface, by means of otraervations made simul- 
taneously at a station near the seashore in the island of Arran, 
and at one or other of several stations at different distances, 
witiiin six miles of it, on the sides and summit of Goatfell. 
• After that it was found, by simultaneous observations made at 
a window in the Natural Philosophy Lecture-Boom, and on the 
College Tower of the University of Glasgow, that the influence 
of the air within 100 feet of the earth's surface was always 
sensible at both stations, and often paramount at the lower. 
Thus, for example, when, in broken weather, the superficial 
> electrification of the outside of the lecture- room, about 20 feet 
V above the ground, in a quadrangle of buildings, was found 
positive, the superficial electrification of the sides of the tower, 
. about 70 feet higher, was often found negative, or nearly zero ; 
', and this sometimes even when the positive electrification of the 



I aidee of the building at Ihe lower station equalled in amount 
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• 

an ordinary fair weather nq;atiye. This state of things oould 
only exist in virtue of a negative electrification of the ciicinn- 
ambient air, inducing a positive electrification on the ground 
and sides of the quadrangle, but not sufficient to counter- 
balance the influence, on the higher parts of the tower, of more 
distant positively electrified aerial masses. 

A long continuation of such systems of simultaneous obser- 
vation — not in a town only, but in various situations of flat and 
of mountainous country, on the sea coast as well as fSar inland, 
in various regions of the world — ^will be required to obtain the 
information asked for in the second part of this question. 

Q. 3. Do the particles of rain, hail^ and snow in falling 
through the air possess absolute charges of electricity ? and if 
so, whether positive or negative, and of what amounts in differ- 
ent conditions as to place and weather ? Attempts to answer 
this question have been made by various observers, but as yet 
without success ; as, for instance, by an ''electro- pluviometer," 
tried at Kew many years ago. By using a sufficiently well- 
insulated vessel to collect the falling particles, it is quite ceiiain 
that a decided answer may be obtained with ease for the cases 
of hail and snow. Inductive effecte produced by drops splash- 
ing away from the collecting vessel, if exposed to the electric 
force of the air in an open position, or inductive effects of the 
opposite kind produced by drops splashing away from surround- 
ing walls or screens and falling into the collecting vessel, if not 
in an exposed position, make it less easy to ascertain the elec- 
trical quality of rain ; but^ by taking means to obviate the 
disturbing effects of these influences, the speaker hoped to 
arrive at definite results. 

284. It would have been more satisfactory to have been able 
to conclude a discourse on atmospheric electricity otherwise than 
in questions, but no other form of conclusion would have been 
at all consistent with the present state of knowledga 

286. The discourse was illustrated by the use of the mirror 
electrometer reflecting a beam of light from the electric lamp, 
and throwing it on a white screen, where its motions were 
measured by a divided scala The principle of the water- 
dropping collector was illustrated by allowing a jet of water to 
flow by a fine nozzle into the middle of the lecture-room, ixxxm 
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r an nniiisiilated metal yessel of water and compressed air, and 
collectiiig the drops in an insulated vessel oii the floor. This 
vessel was connected with the testing electrode of the reflecting 
* / decfaometer ; and it was then found to experience a continnallj 
increasing native electrification^ when fixed positively elec- 
trified bodies were in the neighbourhood of the nozzle. If the 

^ same experiment were made in ordinary fair weather in the 
open air, instead of under the roof and within the walls of Uie 
lecture-room, the same result would be observed, without 
the presence of any artificially electrified body. The vessel 
from which the water was discharged was next insulated ; and 

V other circumstances remaining unvaried, it was shown that 
this vessel became rapidly electrified to a certain degree of 
positive potential, and the £ftlling drops ceased to communicate 
any more electricity to the vessel in which they were gathered. 

286. The influence of electrified masses of air was illustrated 
by carrying about the portable electrometer, with its match burn- 
ing, to difiereut parts of the lecture-room, while insulated 
spirit-lamps connected with the positive and negative con- 
ductor of an electrical machine, burned on the two sides. The 
speaker observed the indications on the portable electrometer ; 
but the potentials thus measured were seen by the audience 
marked on the scale by the spot of light ; the reflecting electro- 
meter being kept connected with the portable electrometer in 
all its positions, by means of a long fine wire. It was found 
that^ when the burning match was on one side of a certain 
surfiBbce dividing the air of the lecture-room, thd potential indi- 
cated was positive, and on the other side negative. 

287. The water-dropping collector constructed for the self- 
T^gisteiing apparatus to be used at Kew, had been previously 
set upon the roof of the Boyal Institution, and an insulated 
wire (Beocaiia's ** Deferent Wire "0 led down to the reflecting 
electrometer on the lecture-room table. The electric force in 
the air above the roof was thus tested several times during the 
meeting; and it was at first found to be, as it had been during 
aeveral days preceding, somewhat feeble positive (corresponding 
to a feeble n^ative electrification of the earth's surface, or 
lather housetops, in the neighbourhood). This was a not 
vnfiequeot deotrical condition of days, such as these had been 
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of dull rain, with occaBional intervals of heavier rain and of 
cessation. The nataral electricity was again observed by 
means of the reflecting electrometer during several minates 
near the end of the discourse ; and was found, instead of the 
weak positive which had been previously observed, to be 
strong positive of three or four times the amount Upon this 
the speaker quoted^ an answer which Prior Ceca had given to 
a question Beccaria had put to him " concerning the state of 
" electricity when the weather clears up^'' ^ * If, when the rain 
" * has ceased (the Prior said to me) a strong excessive f dec- 
'' ' tricity obtains, it is a sign that the weather will continue fair 
" ' for several days ; if the electricity is but small, it is a sign 
" ' that such weather will not last so much as that whole day, 
'''and that it will soon be cloudy again, or even will again 
" ' rain.' ** The climate of this country is very different from 
that of Piedmont, where Beccaria and his friend made their 
observations, but their rule as to the ** electricity of clearing 
weather'' has been found frequently confirmed by the speaker. 
He therefore considered that, although it was still raining at 
the commencement of the meeting, the electrical indications 
they had seen gave fair promise^ for the remainder of this 
evening, if not for a longer period. There can be no doubt but 
that electric indications, when sufficiently studied, will be 
found important additions to our means for prognosticating the 
weather ; and the speaker hoped soon to see the atmospheric 
electrometer generally adopted as a useful and convenient 
weather-glass. 

288. The speaker could not conclude without guarding him- 
self against any imputation of having assumed the existence of 
two electric fluids or substances, because he had frequently 
spoken of the vitreous and resinous electricitiea . Dufay^s very 
important discovery of two modto or qualities of electnfication, 
led his followers too readily to admit his supposition of two 
distinct electric fluids. IVanklin, JSpinus, and Cavendish, 



* From BeooariA*f first letter *'0n TeireetruJ AtuMMpherie Xlwtfkilgr 
dttriDg Serene Weatlier.*'-— ^dru|;iia M Momdwi, "Mmj 16^ 177ff» 

+ ie., ▼itreom, or poeitiTe. 

t At the ooQoliMiicni of the meeting it WM found th*t the rain had aotaAOy 
ceased. The weather eoatinned fair daring the remainder el the nighty and 
three or four of the finest dnys of the season followed. 
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with ft hypothesis of one electric fluid, opened the way for a 
jnster appreciation of the unity of nature in electric phenomena. 
Beccaria» with his ''electric atmospheres," somewhat vaguely 
fitmggled to see deeper into the working of electric force, but 
his views found little acceptance, and scarcely suggested in- 
qniiy or even meditation. The eighteenth century made a 
school of science for itself, in which, for the not unnatural 
dogma of the earlier schoolmen, ** matter cannot act where it is 
not^" was substituted the most fantastic of paradoxes, coiUa>ct 
do€9 noi exist. Boscovich's theory was the consummation of 
the eighteenth century school of physical science. This strange 
idea took deep root, and from it grew up a barren tree, exhaust- 
ing the soil and overshadowing the whole field of molecular 
investigation, on which so much imavailing labour was spent 
by the great mathematicians of the early part of 6ur nineteenth 
century. If Boscovich's theory no longer cumbers the ground, 
it is because one true philosopher required more light for trac- 
ing lines of electric force. 

289. Mr. Farada/s investigation of electrostatic induction in- 
fluences now every department of physical speculation, and 
constitutes an era in scienca If we can no longer regard 
electric and magnetic fluids attracting or repelling at a distance 
as realities, we may now also contemplate as a tiling of the 
past that belief in atoms and in vacuum, against which Leib- 
nitz so earnestly contended in his memorable correspondence 
with Dr. Samuel Clarke. 

290. We now look on space as full We know that light is 
propagated like sound through pressure and motion. We know 
that there is no substance of caloric — that inscrutably minute 
motions cause the expansion which the thermometer marks, 
and stimulate our sensation of heat — that fire is not laid up in 
coal more than in this Leyden phial, or this weight : there is 
potential fire in eacL If electric force depends on a residual 
surface adum, a resultant of an inner tension experienced by 
the insulating medium, we can conceive that electricity itself 
is to be underptood as not an accident^ but an essence of matter. 
Whatever electricity is, it seems quite certain that electricity 
in motion is heat; and that a certain alignment of axes of 
nvolution in this motion is magnetiam. Farada/s magneto- 
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optic experiment makes this not a hypothesis^ bat a demon— 
strated conclusion.* Thus a rifle-buUet keeps its point fore- 
most ; Foucault^s gyioscope finds the earth's axis of palpable 
rotation; and the magnetic needle shows that more subtle 
rotatory movement in matter of the earth, which we call ter- 
restrial magnetism : all by one and the same dynamical action. 

291. It is often asked, are we to fidl back on £BU^ts and pheno- 
mena» and give up all idea of penetrating that mystery which 
hangs round the ultimate nature of matter 7 This is a question 
that must be answered by the metaphysician, and it does not be* 
long to the domain of Natural Philosophy. But it does seem that 
the marvellous train of discovery, unparalleled in the history 
of experimental science, which the last years of the world haa 
seen to emanate from experiments within these walls, must 
lead to a stage of knowledge, in which laws of inorganic natoie 
wiU be understood in this sense-that one will be known as 
essentially connected with all, and in which unity of plan 
through an inexhaustibly varied execution, will be reoogmaed 

as a universally manifested result of creative wisdom. \ 

292. [Postscript, with diagram, communicated to the Philoio^ 
phiccU Magazine in 1861 ; but now first published.] 

Mr. Balfour. Stewart, Director of the Eew Meteorological 
Observatory, has, since the commencement of the present year 
(1861), brought into regular and satisfactory operation the self- 
recording atmospheric electrometer with wateiHlropping collec- 
tor, described in the preceding abstract : a specimen of the 
results is exhibited in the accompanying photographic curves. 
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• See ^'Dynimioel Sliutrations of the Magnetio and the Heli^oidal Beta* 
tory Effeota of Traiiq[iai«nt Bodies on Polttiied Light'' By Fkot W. ThoSH 
~^%*-iVooeecKNa« ^<Ae iSoyoJ Society, Jane 12; 1S06. 

P 



3S6 Atfn/ogifkerie EUdrioUy. [XVL 

39S. The diagram exhibits the yariations of the electric force 
of the atmoBpheie, as photographically recorded bj the divided 
ling elecbometer at the Kew Observatory for two succes- 
fliye daysy oommenciDg on the 28th of April 1861. The 
piepaied sensitive paper vas made to move vertically at a 
uniform rate by means of clock-work, while a spot of light (the 
image of a portion of a gas-flame reflected from the mirror of 
the divided ring electrometer) moved horizontally across it 
aocoiding to the continually varying electric force of the atmo- 
sphere, and marked the carve photogmphically. The datum 
line, showing the.position the spot of light would have if the 
de^rio force were xero, is produced by an image from the same 
source of light reflected from a fixed mirror attached to the 
case of the electrometer. The numbers indicate hours reckoned 
from noon as xerp, up to 33. The same paper is, for the sake 
of economy, generally used. to bear the record for two days. 

Thus the distance of the spot of light from the datum line, 
on one side or other, indicates, and the photo-chemical action 
reoords^ for each inrtant of time the electric potential, positive 
or n^gative^ of the atmosphere at the point where the stream of 
water discharged from the insulated vessel breaks into drops. 



ON ELEOTBICAL "« FBEQUENCY." 
Utnm BqpoH i^BrUkh AMoeMim, Aberdeen Meeting, 1859.] 

394. Beccaria found that a conductor insulated in the open 
air becomes charged sometimes with greater and sometimes 
with less rapidity, and he gave the name of " frequency ** to ex- 
press the atmospheric quality on which the rapidity of charg- 
ing depends. It might seem natural to attribute this quality 
to decfcrification of the air itself round the conductor, or to 
electrified particles in the air impinging upon it ; but the author 
gave reasons for believing that the observed efifects are entirely 
due to particles flying away from the surface of the conductor, 
in consequence of the impact of fum-tUctrified particles against 
it He had shown in a previous, communication that when no 
electricity of separation (or, as it is more generally called, 
"frictional electricity,* or ^ contact electricity**) is called into 
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play, the tendency of particles continually flying off firom a 
conductor is to destroy all electrification at the part of its sur- 
face from which they break away. Hence a conductor insulated 
in the open air, and exposed to mist or rain, with wind, will 
tend rapidly to the samJB electric potential as that of the air, 
beside that part of its surface ftom, which there is the most 
frequent dropping, or flying away, of aqueous particles. The 
rapid ekoargvag indicated by the electrometer under cover, after 
putting it for an instant in connexion with the earth, is there- 
fore, in reality, due to a rafid discharging of the exposed porta 
of the conductor. The author had been led to these yiews by 
remarking the extreme rapidity with which an electrometer, 
connected by a fine wire with a conductor insulated above the 
roof of his temporary electric observatory in the island of 
Arran, became charged, reaching its full indication in a few 
seconds, and sometimes in a fraction of a second, alter being 
touched by the hand, during a gale of wind and rain. The 
conductor, a vertical cylinder about 10 inches long and 4 inches 
diameter, with its upper end flat and comer slightly rounded 
off, stood *only 8 feet above the rooi^ or, in aU, 20 £Bet above 
the ground, and was nearly surrounded by buildings rising to 
a higher level Even with so moderate an exposure as tfais^ 
sparks were frequently produced between an insulated and an 
uninsulated piece of metal, which may have been about Ath of 
an inch apart^ within the electrometeor, and more than onoe a 
continuous line of fire was observed in the instrument during 
nearly a minute at a time, while rain was &lling in torrents 
Otttsida 



ON THB NE0ESSIT7 FOB INGESSANT BEOOBDINO, AND FOB 
SIMULTANEOUS OBSEBYATIONS IN DIFFEBENT LOOAU 
TIES, TO INVESTIGATE ATM08PHEBI0 ELEOTBIGITT. 

[From BtpoH qfBrUkk A$9oei<Ukm, Ab«deea lieetiii|^ 1869.] 

296. The necessity for incessantly recording the electric con- 
dition of the atmosphere was illustrated by reference to obeer* 
vations recently made by the author in the island of Arran, by 
which it appeared that even under a doudless sky, without any 
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sensible mnd, the negative electrification of the surface of the 
earth, always found during serene weather, \b constantly vaiy- 
ing in degree. He had found it impossible, at any time, to 
leave the electrometer without losing remarkable features of 
the phenomenon. Beccaria, Professor of Natural Philosophy 
in the University of Turin a century ago, used to retire to 
Garzegna when his vacation commenced, and to make inces- 
sant observations on atmospheric electricity, night and day, 
sleeping in the room with his electrometer in a lofty position, 
from which he could watch the sky all round, limited by the 
Alpine range on one side, and the great plain of Piedmont on 
the other. Unless relays of observers can be got to follow his 
example, and to take advantage of the more accurate instru- 
ments supplied by advanced electric science, a self-recording 
apparatus must be applied to provide the data required for 
obtaining knowledge in this most interesting field of nature. 
The author pointed out certain simple and easily-executed 
modifications of working electrometers (exhibited to the meet- 
ing), to render them self-recording. He also explained a new 
collecting apparatus for atmospheric electricity, consisting of 
an insulated vessel of water, discharging its contents in a 
fine stream from a pointed tube. This stream carries away 
electricity as long as any exists on its surface, where it breaks 
into drops. The immediate object of tliis arrangement is to 
maintain the whole insulated conductor, including the portion 
of the electrometer coimected with it and the connecting wire, 
.in the condition of no absolute charge ; that is to say, with as 
much positive electricity on one side of a neutral line as of 
negative on the other. Hence the position of the dischai^g 
nozzle must be such, that the point where the stream breaks 
into drops xb in what would be the neutral line of the con- 
ductor, if first perfectly discharged under temporary cover, and 
then exposed in its permanent open position, in which it will 
become inductively electrified by the aerial electromotive force. 
If the insulation is maintained in perfection, the dropping will 
not be called on for any electrical efifect^ and sudden or slow 
atmospheric changes will all instantaneously and perfectly in- 
duce their corresponding variations in the conductor, and give 
their appropiiate indieations to the electrometer. The neces* 
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saiy imperfectioii of the actaal insolation, which tends to bring 
the neutral line downwards or inwards, or the contrary effects 
of aerial conyection, which, when the insulation is good, gene- 
rally preponderate, and which in some conditions of the atmo- 
sphere, especially during heavy wind and rain, are often Teiy 
large, are corrected by the tendency of the dropping to main- 
tain the neutral line in the one definite position. The objects 
to be attained by simultaneous observations in different localities 
alluded to were^l.) to fix the constant for any observatory, 
by which its observations are reduced to absolute measure of 
electromotive force per foot of air ; (2.) to investigate the dis* 
tribution of electricity in the air itself (whether on visible 
clouds or in dear air) by a species of electrical trigonometiy, of 
which the general principles were slightly indicctted. A por- 
table electrometer, adapted for balloon and mountain observa- 
tions, with a burning match, regulated by a spring so as to give 
a cone of fire in the open air, in a definite position with refer- 
ence to the instrument^ was exhibited. It is easily carried, 
with or without the aid of a shouldeT'^trap, and can be used 
by the observer standing up, and simply holding the entire 
apparatus in his hands, without a stand or rest of any kind. 
Its indications distinguish positive firom negative, and are re- 
ducible to absolute measure on the spot The author gave the 
result of a determination which he had made, with the assist- 
ance of Mr. Joule, on the Links, a piece of level ground near 
the sea, beside the city of Aberdeen, about 8 A.M. on the pre- 
ceding day (September 14), under a cloudless sky, and witli a 
light north-west wind blowing, with the insulating stand of the 
collecting part of the apparatus buried in the ground, and the 
electrometer removed to a distance of 6 or 6 3rards» and con- 
nected by a fine wire with the collecting conductor. The 
height of the match was 3 feet above the ground, and the 
observer at the electrometer lay on the ground to render the 
electrical influence of his own body on the match insensible. 
The result showed a difference of potentials between the earth 
(negative) and the air (positive) at the match equal to that of 
116 elements of Daniell's battery, and, therefore, at that time 
and place, the aSrial electromotive force per foot amounted to 
that of thirty-eight Daniell's cells, or V% cells per centimetie^ 
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296. I find that atmospheric electricity is geneiallj negatire 
within doors, and almost always sensible to my divided ring 
reflecting electrometer. I use a spirit-lamp, on an insulated 
stand a few feet firom walls, floor, or ceiUng of my lecture 
room, and connect it by a fine wire with the insulated half 
ring of the electrometer. A decided native effect is generally 
found, which shows a potential to be produced in the con- 
ductors connected with the flame, native relatively to the 
earth by a difference amounting to sereral times the difference 
of potentials (or electromotive force) between two wires of one 
metal connected with the two plates of a single element of 
Daniell's. I have tested that the spirit-lamp gives no iduh 
eUdrie effect amounting to so much as the effect of a single 
oeU. The electric effect observed is therefore not due to 
thermal or chemical action in the flama It cannot be due to 
contact electrifications of metallic or other bodies in conductive 
communication with the walls, floor, or ceiling, because the 
potentials of such must always £Edl short of the difference of 
potentials produced by a single celL I have taken care to 
distinguish the observed natural effect from anything that can 
be produced by electrical operations for lecture or laboratory 
purposes. Thus I observe generally in the morning before any 
electrical operations have been performed, and find ordinarily 
results quite similar to those observed on the Monday mornings 
when the electrical machine has not been turned since the 
previous Friday. The effect^ when there has been no artificial 
disturbaiice, has always been found negaiivey except ttpo or three 
times, since the middle of November ; but trustworthy obser- 
vations have not been made on more than a quarter of the 
number of days. 

297. A few turns of the electrical machine, with a spirit-lamp 
on its prime conductor, or a slightly charged ley den phial, with 
its inside coating positive put in connexion with an insulated 
spirit-lamp, is enough to reverse the common negative indica- 
tion. Ano&er very striking way in which this may be done 
is to pot a negatively ekarged Leyden phial bebw an insulated 
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flame (a common gas-bumer, for instance). The flame, becom- 
ing positively electrified by induction, keeps throwing ofl^ bj 
the dynamic power of its burning; portions of its own gaseoos 
matter, and does not allow them to be electrically attracted 
down to the Leyden phial, but forces them to rise. These, on 
cooling, become, like common air,excellent non-conductors,^ and, 
mixing with the air of the room, give a preponderance of positiviB 
influence to the testing insulated flame (that is to say, render the 
air potential positive at the place occupied by this flame). 

298. Half an hour, or often much more, elapses after such an 
operation, before the natural negatively electrified air becomes 
again paramount in its infiuence on the testing flame. 

299. That either positive or negative electricity may be 
carried, even through narrow passages, by air, I have tested by 
turning an electric machine, with a spirit-lamp on its prime 
conductor, for ^ short time in a room separated from the lecture 
room by an oblique passage about two yards long and then 
stopping the machine and extinguishing the lamp ; so as to 
send a limited quantity of positive electricity into the air of 
that room. When the lecture-room window was kept open, and 
the door leading to the adjoining room shut^ the testing spirit*^ 
lamp showed the natural n^gativa When the window was 
closed, and a small chink (an inch or less wide) opened of the 
door, the indication quickly became positive. If the door was 
then shuty and the window again opened, the natural effect was 
slowly recovered. A current of air, to feed the lecture-room 
fire, was found entering by either door or window when the 
other was shut This altanato positive and negative electric 
ventilation may be repeated many times without renewing the 
positive electricity of the a4Joining room by turning the 
machine a&esh. 



* I find that tteam from a kettle boQiDg bfiekl j oa a comiiioii fire la aa 
ezoeUent iiualator. I aUow it to blow for a quarter of an hour or mora 
against an insulated electrified conductor, without dliooirering that it haa 
any effect on the retention of the chaige. The electricity of the atsam itMli^ 
in enoh cirenmetanoee, aa is to be expected from Faraday's investigatioB, la 
not considerable. Common air loses nearly aU its resisting power at sooia 
temperature between that of boiling water and red-hot iron, and oonduels 
continuously (not^ aa I beUeve is generaUy supposed to be the esse^ by dia» 
mption) as gUss does at some temperature below the boiUng pointi with a» 
great ease as to disohaige any common insulated conductor afiaost ocmplslsly 
in a few seconds. 
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SOO. The oat of doors air potential, as tested hy a portable 
electrometer in au open place, or even by a water dropping 
nozzle outside^ two or three feet from the walls of the lecture 
zoom, was generally on these occasions positive, and the earth's 
sorfitce itself therefore, of course, negative ; — ^the common fair 
weather condition, which I am forced to conclude is due to a 
paramount influence of positive electricity in higher regions of 
the air, notwithstanding the negative electricity of the air in 
the lower stratum near the earth's surfaca On the two or three 
occasions when the in-door atmospheric electricity was found 
positive, and, therefore, the surfiice of the floor, waUs, and ceil- 
ing negative, the potential outside was certainly positive, 
and the earth's surfisuM out of doors negative, as usual in fair 
weather. 



ON SOME RKMARKABTiK EFFECTS OF LIGHTNING OBSERVED 
IN A FARM-HOUSE NEAR MONDSMAIL, CUPAR-FIFK 

(IVom Proeeedingi qfihe PhUo9opki€tU Socki^ o/OIangmo.) 

SOI. The following is an extract from a letter, addressed last 
autumn to me by Mr. Leitch, minister of Moniemail parish : — 

** MovincAiL Maitbb, CuPAB-Fin, 
26IA Augtui 1849. 

*" . . • We were visited on the 11th inst with a violent 
thunder-storm, which did considerable damage to a farm-house 
in my immediate neighbourhood. I called shortly after- 
wards and brought away the wires and the paper which I 
enclose. . . . 

^ I have some difficulty in accounting for the appearance of 
the wires. Tou will observe that they have been partially 
fused, and when I got them first they adhered clo^ly to one 
another. You will find that the flat sides exactly fit They 
were both attached to one crank, and ran parsJlel to one 
another. The question is, how were they attracted so power- 
fully as to be compressed together f • . . 

''You wiU observe that the paper is discoloured. This has 
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been done, not by scorching, bat by baving some substance 
deposited on it There was painted wood also discolonied, on 
which the stratum was much thicker. It could easily be 
rubbed off, when you saw the paint quite fresh beneath. • . . 

^The £Btrmer showed me a probang which hung on a naiL 
The handle only was left llie res^ consisting of a twisted 
cane, had entirely disappeared. By minute examination I 
found a small fragment, which was not burnt^ but broken off." 

[The copper wires and the stained paper, enclosed with Mr. 
Leitch's letter, were laid before the Sodety.] 

The remarkable effects of lightning, described by Mr. Leitch, 
are all extremely interesting. Those with reference to the 
copper wires are quite out of the common class of electrical 
phenomena ; nothing of the kind having, so far as I am aware^ 
been observed previously, either as resulting from natural dis- 
^charges, or in experiments on electricity. It is not improbable 
that they are due to the electro -magnetic attraction which 
must have subsisted between the two wires during the dis* 
charge, it being a well-known feust that adjacent wires, with 
currents of electricity in similar directions idong them, attract 
one another. It may certainly be doubted whether the in- 
appreciably short time occupied by the electrical disdiarge 
could have been sufiBcient to allow the wires, after having been 
drawn into contact^ to be pressed with sufficient force to make 
them adhere together, and to produce the remarkable impres- 
sions which they still retain. On the other hand, the electro- 
magnetic force must have been very considerable, since the 
currents in the wires wen* ^ . rong enough nearly to melt them, 
and since they appear to nave been softened, if not partially 
fused ; the flattening and remarkable impressions might readily 
have been produced by even a slight force subsisting after the 
wires came in contact 

The circumstances with reference to the probang, described 
by Mr. Leitch, afford a remarkable illustration of the well- 
known fact, that an electrical discharge, when effected through 
the substance of a non-conducting (that is to say, hpowetfully 
ruiding) solid, shatters it, without producing any considerable 
elevation of its temperature ; not leaving marks of combustion^ 
if it be of an ordinary combustible material such as wood. 
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Dr. Bobert Thomflon, at my request^ kindly undertook to 
ATiMninA the paper removed from the wall of the fann-honse, 
and endoeed with his letter to me by Mr. Leitch ; ao as, if 
possible, by the application of chemical tests, to discover the 
staining substance deposited on its surfaca Mr. Leitch, in his 
letter, had suggested that it would be worth while to tiy 
whether this case is an example of the deposition of sulphur, 
which Fusinieri believed he had discovered in similar oircum- 
stancea Accordingly tests for sulphur were applied, but with 
' entirely negative resulta Stains presenting a similar appear- 
ance had been sometimes observed on paper in the neighbour- 
hood of copper-wires through which powerful discharges in 
experiments with the hydro-electric machine had been passed ; 
and from this it was suggested that the staining substance 
might have come from the bell wires. Tests for copper were 
accordingly applied, and the results were most satis&ctoiy. 
The front of the paper was scraped in different places, so as to 
remove some of the pigment in powder ; and the powders from 
the stained, and from the not stained parts, were repeatedly 
examined. The presence of copper in the former was readily 
made manifest by the ordinazy tests : in the latter, no traces of 
copper could be discovered. The back of the paper presented 
a green tint, having been torn from a wall which has probably 
been painted with Scheele's green ; and matter scraped away 
from any part of the back was found to contain copper. Since, 
however, the stains in front were manifestly superficial, the 
discolouration being entirely removed by scraping, and since 
there was no appearance whatever of staining at the back of 
the paper, nor of any effect of the electrical discharge, it was 
impossible to attribute the stains to copper produced from the 
Scheele's green on the wall below the paper. Dr. Thomson, 
therefore, considered the most probable explanation to be, 
that the stains of oxide of copper must have come from the 
beU-wiie. To ascertain how far this explanation could be 
supported by the circumstances of the case, I wrote to Mr. 
Leitch asking him for frirther particulars, especially with re- 
ference to this pointy and I received the following answer : — 
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** MoiniKAiL» Cvp am-Fd^ 
SOa N09. 1849. 

^ . • . I received your letter to-day, and inmiediatelj 
called at Hall-hill^ in the parish of CoUessiey the farm-hooae 
which had been struck by the lightninj^ . . • 

'' I find that Dr. Thomson's suggestion is fuUy borne out by 
the £Ekcts. I at first thought that the bell-wire did not run 
along the line of discolouration, but I now find that such was 
the case. . . . 

[From a drawing and explanation which Mr. Leitch giyes, it 
appears that the wire runs rertically along a comer of the 
room, from the floor, to about a ]rard from the ceiling, where 
it branches into two, connected with two cranks near one 
another, and dose to the ceiling.] 

"The efflorescence [the stains preyiously adverted to] was 
on each side of this perpendicular wire. In some places it 
extended more than a foot firom the wir& The deposit seemed 
to vary in thickness according to the surfisuse on which it was 
deposited. There was none on the plaster on the root It 
was thinnest upon the wall-paper, and thickest upon the wood 
facing of the door.* This last exhibited various coloura On 
the thickest part it appeared quite black ; where there was only 
a slight film, it was green or yellow. . . . 

** I may mention that the thunder-storm was that of the 11th 
of August last It passed over most of Scotland, and has 
rarely been surpassed for terrific grandeur at least beyond the 
tropics. It commenced about nine o'clock P.1L, and in the 
course of an hour it seemed to die away altogether. The peals 
became very faint, and the intervals between the flashes and 
the reports very great, when all at once a teirific crashing peal 
was heard, which did the damaga The storm ceased with 
thispeaL 

** The electricity must have been conducted along the lead 
on the ridge of the house, and have diverged into three streams ; 
one down through the roof, and the two others along the roof to 
the chimneys. One of these appears to have struck a huge stone 

. * These remarkAble f Mts are probebly 'ooimeeied with the eondveti^g 
powers of the different snilsoes. The fdaster ob the roof is not wo good * 
oondnetor ss the wall-paper, with its pigments ; and the paiatsd wood is 
probably a better oondnetor thnn either.— W. T. 
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out from the chimney, and to have been conducted down the 
chimney to the kitchen, where it left traces upon the floor. It 
had been washed over before I saw it^ but still the traces were 
visible on the Arbroath flags. The stains were of a lighter 
tint than the stone, and the general appearance was as if a pail 
of some light-coloured fluid had been dashed over the floor, so 
as to produce yarious distinct streama All along the coarse of 
the dischaige, and particularly in the neighbourhood of the bell- 
wires, there were small holes in the wall about an inch deep, 
like the marks that might be made by a finger in soft plaster. 

" Most of the windows were shattered, and all the fragments 
of glass were on the outside. I suppose this must be accounted 
finr by the expansion of the air within the house. 

** Ihe window-blind of the staircase, which was down at the 
time, was riddled, as if with small shot. The diameter of the 
^ace so riddled was about a foot On minute examination I 
found that the holes were not such as could readily be made 
by a pointed instrument or a pellet They were angular, the 
doth being torn along both the warp and the woof 

" The house was shattered from top to bottom. Two of the 
serving-maids received a positive shock, but soon recovered. 
A strong smell of what was supposed to be sulphur was per- 
ceived throughout the house, but particularly in the bed-room 
in which the eflfects I described before took placa'^ 
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GONDENSEB. 

[lbttbb to professok tait.] 

KruncBABL, Brodick, 
Ibli op Aeiuh, OcL 10, 1863. 

302. Testerday evening, when engaged in measuring the 
electrostatic capacities of some specimens of insulated wire 
designed for submarine telegraph cables, I had occasion fre- 
quently to dischaige, through a galvanometer coil, a condenser 
consiBting of two parallel plates of metal, separated by a space 
cf air about -007 inch across, and chaiged to a difference 
of potentials equal to that of about 800 Daniell's elements. 
I lemarked at an instant of discharge a sharp sound, with a 
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veiy slight proIoDged resonance, which seemed to come from 
the interior of the case containing the condenser, and which 
struck me as resembling a sound I had repeatedly heard before 
when the condenser had been overcharged and a spark passed 
across its air-space. But I ascertained that this sound was 
distinctly audible when there was no spark within the con- 
denser, and the whole discharge took place fairly through the 
2000 yards of fine wire, constituting the galvanometer coiL I 
arranged the circuit so that the place where the contact was 
made to produce the discharge was so far from my ear that the 
initiating spark was inaudible ; but still I heard distinctly the 
same sound as before from within the condenser. 

303. Using instead of the galvanometer coil either a short 
wire or my own body (as in taking a shock from a Leyden phial), 
I still heard the sound within the condenser. The shook was 
imperceptible except by a very faint prick on the finger in the 
place of the spark, and (the direct sound of the spark being 
barely, if at all, sensible) there was still a very audible sound, 
always of the same character, within the condenser, which I 
heard at the same instant as I felt the spark on my finger. 
Mr. Macfarlane could hear it distinctly standing at a distance 
of several yards. We watched for light within the condenser, 
but could see none. I have since ascertained that suddenly 
charging the condenser out of one of the specimens of cable 
charged for the purpose produces the same sound within the 
condenser ; also that it is produced by suddenly reversing the 
charge of the condenser. 

304. Thus it is distinctly proved that a plate of air emits a 
sound on being suddenly subjected to electric force, or on expe- 
riencing a sudden change of electric force through it This seems 
a most natural result when viewed in connexion with the new 
theory put forward by Faraday in his series regarding the part 
played by air or other dielectric in manifestations of electric 
force. It also tends to confirm the hypothesis I suggested to 
acco\mt for the remarkable observation made regarding light- 
ning, when you told me of it about a year ago, and other 
similar observations which I believe have been reported, prov- 
ing a sound to be heard at the instant of a flash of lightning 
in localities at considerable distances ttom any part of the line 
of discharge, and which by some have been supposed to de- 
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moDstnte an enor in the common theory of sound. I may 
add that Mr. Macfariane tells me he belieres he has heard, at 
the instant of a flash of lightning, a sound as of a heavy body 
striking the earth, and imagined at first that something close 
to him had been struck, but heard the ordinary thunder at a 
sensiUa time later. 



Xym. MEASUBBHENT OF THE ELEOTBOSTATIO FOBCB 
PBOBUCED BT A DANIELL'S BATTEBT. 

lFr9emdkig$ Jh^ Bodd^, Feb. 23 and April IS, 1S60, or Phil Mag. 1860^ 

Moond luilf • j6tt.] 

305. In a paper ** On Transient Electric Currents,* published 
in the PhiIa$ophieal Magazine for June 1853, I described a 
method for measuring differences of electric potential in abso- 
lute electrostatic units, which seemed to me the best adapted 
for obtaining accurate results. The ''absolute electrometer'' 
which I exhibited to the British Association on the occasion 
of its meeting at Gla^w in 1865, was constructed for the 
purpose of putting this method into practice, and, as I then 
explained, was adapted to reduce the indications of an electro- 
soopic* or of a torsion electrometer to absolute measure. 

306. The want of sufficiently constant and accurate instru- 
ments of the latter class has long delayed my carrying out of 
the plans then set forth. Efforts which I have made to produce 
electrometers to fulfil certain conditions of sensibility, con- 
venience, and constancy, for various objects, especicdly the 
electrostatic measurement of galvanic forces, and of the differ- 
ences of potential required to produce sparks in air, under 
definite conditions^ and the observation of natural atmospheric 
electricity, have enabled me now to make a b^inning of abso- 
lute determinations, which I hope to be able to carry out soon 
in a much more accurate manner. In the meantime, I shall 
give a slight description of the chief instruments and processes 

* I htsw «0ed ihs Mraw w io ii ^'eleotratoopio •leetrometer," to dedgnato an 
cketraiMifear of whieh wo indkatjomi are merely reed off in eeoh ineUnoe by 
• eins^ obeerfalioa, wiUumt the neceeeity d applying any ezperimental pro- 
— of we^inft or of halanfling ^7 tomoB, or of oUierwiee modifying the 
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followed, and state the approximate lesolte already obtained, 
as these may be made the foundation of various important 
estimates in several departments of electrical science. 

307. The absolute electrometer alluded to above (compare 
§ 358, below), consists of a plane metallic disc» insulated in a 
horizontal position, with a somewhat smaller plane metallic diao 
hung centrally over it^ from one end of the beam of a balancei 
A metal case protects, the suspended disc from currents of air, 
and from irregular electric influences, allowing a light vertical 
rod, rigidly connected with the disc at its lower end, and sua* 
pended from the balance above, to move up and down freely, 
through an aperture just wide enough not to touch it In tiie 
side of the case there is another aperture, through which pro- 
jects an electrode rigidly connected with the lower insulated diso. 
The upper disc is kept in metallic communication with the case. 

308. In using this instrument to reduce the indications of an 
electroscopic or torsion electrometer to absolute electrostatio 
measure, the insulated part of the electrometer is kept in 
metallic communication with the insulated disc, while the 
cases enclosing the two instruments are also kept in metallic 
communication with one another. A charge, either positive or 
negative, is communicated to the insulated part of the double 
apparatus. The indication of the tested electrometer is read 
off, and at the same time the force required to keep the move- 
able disc at a stated distance from the fixed disc below it^ is 
weighed by the balance. This part of the operation is, as I 
anticipated, somewhat troublesome, in consequence of the in- 
stability of the equilibrium, but with a little care it may be 
managed with considerable accuracy. The plan which I have 
hitherto followed, has been to limit the play of the arm of the 
balance to a very small arc, by means of firm stops suitably 
placed, thus allowing a range of motion to the upper disc 
through but a small part of its whole distance from the lower. 
A certain weight is put into the opposite scale of the balance, 
and the indications of the second electrometer* are observed 
when the electxic force is just sufficient to draw down the 
upper disc from resting in its upper position, and again when 
insufficient to keep it down with the beam pressed on its 
lower stop. This operation is repeated at different distanoesi 
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ttid thus no considerable error depending on a want of parallel- 
ism between the discs conld remain undetected It may be 
remarked that the upper disc is carefully balanced by means 
of small weights attached to it^ so as to make it hang as nearly 
as possible parallel to the lower disc. The stem carrying it is 
graduated to hundredths of an inch (*254 of a millimetre) ; 
and by watching it through a telescope at a short distance^ it 
is easy to observe t^r of a millimetre of its vertical motion. 

309. I have recently applied this method to reduce to ab- 
solute electrostatic measure the indications of an electrometer 
forming part of a portable apparatus for the observation of 
atmospheric electricity. In this instrument (compare § 263) 
a veiy light bar of aluminium attached at right angles to the 
middle of a fine platinum wire, which is firmly stretched be- 
tween the inside coatings of two Leyden phials, one occupying 
an inverted position above the other, experiences and indicates 
the electrical force which is the subject of measurement^ and 
which consists of repulsions in contrary directions on its two 
ends, produced by two short bars of metal fixed on the two 
sides of the top of a metal tube, supported by the inside coat- 
ing of the lower phiaL 

310. The amount of the electrical force (or rather, as it should 
be called in ooirect mechanical language, eauple) is measured by 
the angle through which the upper Leyden phial must be 
turned round an axis coincident with the line of the wire, so 
as to bring the index to a marked position. An independently 
insulated metal case, bearing an electrode projecting outwards, 
to which the body to be tested is applied, surrounds the index 
and repelling bars, but leaves free apertures above and below, 
for the wire to pass through it without touching it ; and by 
other ^^ertures in its sides and top, it allows the motions of 
the index to be observed, and the Leyden phials to be charged 
or dischaiged at pleasure, by means of an electrode applied to 
one of the fixed bars described above. When by means of such 
an electrode the inside coatings of the Leyden phials are kept 
connected with the earth, this electrometer becomes a plain 
repulsion dectrometer, on the same principle as Peltier^s, with 
the exception that the index, supported by a platinum wire 
instead of on a pivots is directed by elastici^ of torsion instead 
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of by magnetism ; and the electrical effect to be meaanred is 
produced by applying the electrified body to a conductor con- 
nected with a fixed metal case round the index and repelling 
bars, instead of with these conductors themselyea. 

31 1. This electrometer, being of suitable sensibility for direct 
comparison with the absolute electrometer according to the 
process described above, is not sufficiently sensitive to measure 
directly the electrostatic effect of any galvanic battery of fewer 
than two hundred cells with much accuracy. Not having at 
the time arrangements for working with a multiple battery of 
reliable character, I used a second torsion electrometer of a 
higher degree of sensibility as a medium for comparison, and 
determined the value of its indications by direct referonoe to a 
Daniell's battery of from six to twelve elements in good work- 
ing order. This electrometer, in which a light aluminium 
index, suspended by means of a fine glass fibre, kept constantly 
electrified by means of a light platinum wire hanging down 
from it and dipping into some sulphuric acid in the bottom of 
a charged Leyden jar, exhibits the effects of electric force due 
to a difference of potentials between two halves of a metallic 
ring separately insulated in its neighbourhood, will be suffici- 
ently described in another communication to the Royal Society. 
Slight descriptions of trial instruments of this kind have already 
been published in the Traneaetione of the Pontifical Aeadany 
of Rome,* and in the second edition of NichoFs Oydopccdia 
(article Electricity, Atmospheric), 1860 (§§ 249, 266, above). 

312. I hope soon to have another electrometer on the same 
general principle, but modified from those hitherto made, so 
as to be more convenient for accurate measurement in terms of 
constant units. In the meantime, I find that^ by exercising 
sufficient care, I can obtain good measurements by means of 
the divided ring electrometer of the form described in Nichors 
OjfdopiBdia (§ 263, above). 

313. In the ordinary use of the portable electrometer, a con- 
siderable charge is communicated to the connected inside coat- 
ings of the Leyden phials, and the aluminium index is brought 
to an accurately marked position by torsion, while the insulated 

* Aoenddlai* PoatUiai* d«i Nmrri Lyaoti, Ftbnniy 1W7. 

Q 
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metal case snrfoimdiDg it is kept connected with the earth. 
The square root of the reading of the torsion- head thus ob- 
tained measures the potential, to which the inside coatings of 
the phials haye been electrified. K, now^ the metal case 
xeferied to is disconnected firom the earth and put in con- 
nexion with a conductor whose potential is to be tested, the 
square root of the altered reading of the torsion-head required 
to bring the index to its marked position in the new circum- 
stances measures similarly the difference between this last 
potential and that of the inside coatings of the phial& Hence 
the excess of the latter square root above the former expresses 
in degree and in quality (positive or negative) the required 
potentiaL This plan has not only the merit of indicating the 
quality of the electricity to be tested, which is of great import- 
ance in atmospheric observation, but it also affords a much 
higher degree of sensibility than the instrument has when used 
as a plain repulsion electrometer ; and, on account of this last- 
mentioned advantage, it was adopted in the comparisons with 
the divided ring electrometer. On the other hand, the portable 
dectrometer was used in its least sensitive state, that is to say, 
with its Leyden phials connected with the earth, when the 
oompaxisons with the absolute electrometer were made. 

S14. The general result of the weighings hitherto made, is 
that when the discs of the absolute electrometer were at a dis- 
tance of '5080 of a centimetre, the number of degrees of torsion 
in the portable electrometer was '20924 times the number of 
grammes' weight required to balance the attractive force ; and ' 
the number of degrees of torsion was '4983 times the number 
of grammes' weight found in other series of experiments in 
which the distance between the discs was *762 of a centimetre. 
According to the law of inverse squares of the distances to 
which the^ attraction between two parallel discs is subject when 
a constant difference of potentials is maintained between them,* 
the force at a distance of *264 of a centimetre would have been 
TT*Vr» according to the first of the preceding results, or, accord- 
ing to the second, tvtt of the number of degrees of torsion. 
The mean of these is tiVt^ or *0777 ; and we may consider this 

* 8m i 11 oI XUiiMnti of Mathianatjoal Tlieoiy of ElMtridtj appoaded 
to Hm pmmmAfMm IbDowing thii in ths «« PhMetdinga.'*. 
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number as representiiig approximately the value in grammeaT 
weight at '254 of a centimetre distance between the disca of the 
absolute electrometer, corresponding to one degree of torsion 
of the portable electrometer. By comparing the indications of 
the portable electrometer with those of the divided zing elecbnH 
meter, and by evaluating those of the latter in terms of the 
electromotive force of a Daniell's battery charged in the usual 
manner, I find that 284 times the square root of the number 
of degrees of torsion in the portable electrometer is approxi- 
mately the number of cells of a Daniell's battery which would 
produce an electromotive force (or, which is the same thin£^ a 
difference of potentials) equal to that indicated. Hence the 
attraction between the discs of the portable electrometer, if at 
'254 of a centimetre distance, and maintained at a difference of 
potentials amounting to that produced by 284 cells, is "0777 of 
agramme. The effectof 1000 cells would therefore be to give a 
force of *965 of a gramme, since the force of attraction is propor- 
tional to the square of the difference of potentials between the 
discs. The diameter of the opposed circular areas between 
which the attraction observed took plaoe^ was 14*88 centi* 
metres. Its area was therefore 174-0 square centimetres^ and 
therefore the amount of attraction per square decimetre, accord- 
ing to the preceding estimate for *254 of a centimetre distance 
and 1000 cells' difference of potential, is '554 of a gramma 
Hence, with an electromotive force or difference of potentials 
produced by 1000 cells of Daniell's battery, the force of attrac- 
tion would be 3*57 grammes weight per square decimetre 
between discs separated to a distance of 1 millimetre. [The 
force in grammes weight is. equal to "000357 x n\ if the area 
of each of the opposed surfaces is equal to a square whose aide 
is n times the distance between them, provided n be a large 
number:] 

315. This result differs very much from an estimate I have 
made according to Weber^s comparison of electrostatic with eleo* 
tro-magnetic units and my theoretical estimate of 2,600,000 
British electro-magnetic units for the electromotive force of a 
single element of Daniell'a On the other hand, it agrees to 
a remarkable degree of accuracy with direct observations made 
for me, during my absence in Qeimany, by lb. Macfariane^ in 
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the monthB of June and July 1866, on the force of attraction 
piodaced by the direct application of a miniature Daniell's 
battery, of different numbers of elements, from 93 to 461, 
applied to the same absolute electrometer with its discs at 
*2006 of a centimetre asunder. These observations gave 
forces varying, on the whole, very closely according to the 
square of the number of cells used ; and the mean result re- 
duced according to this law to 1000 cells was 1*616 grammes. 
Seducing this to the distance of 1 millimetre, and dividing 
by I'Ti, the area in square decimetres, we find 3*61 grammes 
per square decimetre at a distance of 1 millimetre. 

316. Although the experiments leading to this result were 
executed with great care by Mr. Macfarlane, I delayed publish- 
ing it because of the great discrepance it presented from the 
estimate which I deduced from Weber^s measurement, pub- 
lished while my preparations were in progress. I cannot 
doubt its general correctness now, when it is so decidedly con- 
firmed by the electrometiic experiments I have just described, 
which have been executed chiefly by Mr. John Smith and 
1&. John Ferguson, working in my laboratory with much 
ability since the month of November. I am still unable to 
explain the discrepance, but it may possibly be owing to some 
miscalculation I have made in my deductions from Weber's 
result 

Olasoow Coubqi, Jan. IS, 1860. 

[Addition, April 1870. — From experiments of the present 
date» performed by Mr. William Leitch and Mr. Dugald 
M'Eichan, with the new Absolute Electrometer (§ 364, below), 
it is deduced that with the difference of potentials produced 
by 1000 Daniell's cells in series, the force of attraction would 
be 6*7 grammes per square decimetre between discs separated 
to a distance of 1 millimetre, instead of 3*67 grammes as found 
in § 314. This new measurement, with Maxwell's correction 
of Weber's number, which diminishes it by about 8 per cent 
{BtpaiH qfBriiish Anoeiation/ar 1860, page 438 .^— Committee 
on Elecfaical Standards), seems to reduce to as nearly as may 
be nothing, the discrepance from my thermo-dynamio estimate 
of December 1861 {Philo9ophical Magarine) referred to in § 318, 



xym.] produced by a DwmMz BaUery. 245 

below. Calculating from it by § 339, we find 3*74 for the dif- 
ference of potentials (or electromotive force in abeolnte electro- 
static measure), produced by 1000 elements of Daniell'&] 




POSTSOBIPT, April 13« 1860. 

317. I have since found that I had inadvertently misinter- 
preted Weber^s statement in the ratio of 3 to 1. I had always^ 
as it appears to me most natural to do, regarded the transference 
of negative electricity in one direction, and of positive elec- 
tricity in the other direction, as identical agencies, to which, in 
our ignorance as to the real nature of electricity, we may apply 
indiscriminately the one expression or the other, or a combina- 
tion of the two. Hence I have always regarded a current of 
unit strength as a current in which the positive or vitreous 
electricity flows in one direction at the rate of a unit of elec- 
tricity per unit of time ; or the n^;ative or resinous electrici^ 
in the other direction at the same rate ; or (according to the 
infinitely improbable hypothesis of two electric fluids) the 
vitreous electricity flows in one direction at any rate less than 
a unit per second, and the resinous in the opposite direction at 
a rate equal to the remainder of the unit per second. I have 
only recentiy remarked that Weber^s expressions axe not only 
adapted to tiie hypothesis of two electric fluids, but that they 
also reckon as a current of unit strength, what I should have 
called a current of strength 2, namely, a flow of vitreous 
electricity in one direction at the rate of a unit of vitreous 
electricity per unit of time^ and of the resinous electricity in 
the other direction simultaneously, at the fate of a unit of 
resinous electricity per unit of tima 

318. Weber^s result as to the relation between electrostatic 
and electro-magnetic units, when oorrectiy interpreted, I now 
find would be in perfect accordance with my own results given 
above, if the electromotive force of a single element of the 
Daniell's battery used were 2,140,000 British electro-magnetic 
units instead of 2,600,000, as according to my thermo-dyiuunio 
estimate. This is as good an agreement as could be ex- 
pected when the difficulties of the investigations, and the 
uncertainty which still exists as to the true measure of ibo 
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^Y6 force of the Darnell's element are considered. 
It must indeed be remarked that the electromotive force of 
Darnell's battery yaries \xj two or three or more per cent with 
Taxiations of the solutions nsed ; that it varies also very sensibly 
with temperature ; and that it seems also to be dependent^ to 
some extent, on drcumstanoes not hitherto elucidated. A 
thorough examination of the electromotive force of Darnell's 
and other forms of galvanic battery, is an object of high im- 
portancev which, it is to be hoped, will soon be attained. Until 
this has been done, at least for Darnell's battery, the results of 
the preceding paper may be regarded as having about as much 
aoeuracy as is desirable. 

SI 9. I may state, therefore, in conclusion, that the average 
electromotive force per cell of the Daniell's batteries which I 
have used, produces a difference of potentials amounting to 
"OOSQS [corrected to "00874, April 1870,] in absolute electro- 
static measura This statement is perfectly equivalent to the 
following in more familiar terms : — 

One thousand cells of Daniell's battery, with its two poles 
oonnected by wires with two parallel plates of metal 1 millimetre 
apart^ and each a square dedmetre in area» produces an elec- 
trical attraofekm equal to the weight of S*57 [corrected to 8*7] 
jDanuBea* 



I 
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TIT MEAST7BEMENT OF THE ELBOTBOMOTIVB POBGE 
BEQUIBED TO FBODUGB A 8PABK IN AIR B8TWEBN 
PARALLEL METAL PLATES AT DIFFERENT DIBTANGB& 

[Pmetdtngi B^^ Society. Feb. 23 and April 18, 1660, or PAO. Jia^ 1660, 

•eoond half -yMr.] 

320. Thx electrometers used in this inyestigation were the 
absoilute electrometer and the portable electrometer described in 
my last communication to the Boyal Society, and the opera- 
tions were execated by the same gentlemen, Mr. Smith and 
Mr. Ferguson. The conductors between which the sparks 
passed were two unvarnished plates of a condenser, of which 
one was moved by a micrometer screw, giving a motion of 
inr of an inch (about one millimetre) per turn, and having its 
head divided into 40 equal parts of circumference. The 
readings on the screw-head could be readily taken to tenth 
parts of a division, that is to say, to about tvv of a millimetre 
on the distance to be measured. The point firom which the 
spark would pass in successive trials being somewhat van* 
able, and often near the edges of the discs, a thin flat 
piece of metal, made very slightly convex on its upper 
surface like an extremely flat watch-glass, was laid on the 
lower plate. It was then found that the spark always passed 
between the prown of this convex piece of metal and the flat 
upper plate. The curvature of the former was so small, that 
the physical circumstances of its own electrification near its 
crown, the opposite electrification of the opposed flat surface 
in the parts near the crown of the convex, and the electric 
pressure on or tension in the air between them could not^ it 
was supposed, differ sensibly fit>m those between two plane 
conducting surfietces at the same distance and maintained a( 
the same difference of potentials. 
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321. The reading of Uie acrew-head oorreaponding to the poai- 
tion of the moTeable diac when touching the metal below^ waa 
alwaja detennined electrically by making a ancceaaion of aparka 
pa88p and approaching the moveable diac gradoallj by the acrew 
nntQ all appeaxance of aparka ceaaed. Contact waa thna pro- 
duced without any force of preaaure between the two bodiea 
capable of aenaibly distorting their supporta. 

With theae arrangementa aeveral aeriea of experimenta were 
mad% in which the differencea of potentiala producing aparka 
acroea different thickneaaea of air were meaaured fiiat by the 
abeolute electrometer^ and afterwards by the portable tonion 
dactrometer. The following Tablea exhibit the reaulta hither- 
to obUhined: — 

tS2. Tabli L—Deetmber 18, 1859. Me<uyremem$ bg abiobtie dec* 
iromeUr (ff maximum ekeiroitatie forces* aeroa a iiraium qf 
air j^djfarmU thiehuties. 

Ana of each plate of abaolata aIactrometarail74 square oontimatraa. 
Diatanoa batwaan plataa of abaolata elaotromatar m *50S of a oentimatre. 



Lngth«f 


Wi^ktlatnlM 
nqdnd to fcitem 


UtoftroiRotiT^ ftMW 


■MtnMtetle fiiroe, or 
•lootromotlve Ibroo 


mufcte 


iB unite of th« 
•iMtrooMter. 


porlBohofolr, in 


«. 


w* 


Vi». 




•007 


6 


S-4495 


849*9 


•0105 


9 


8*0000 


285-7 


•0115 


10 


8*1629 


275-0 


-014 


18 


8*6055 


257-5 


•017 


16 


4*0000 


285-8 


•oia 


19 


4*8589 


242*2 


*014 


80 


5-4779 


228-2 


•0805 


40 


6*8245 


214-4 


•084 


50 


7*0710 


208-0 


•0885 


60 


7-7459 


201*2 


iMl 


70 


8*8686 


204-1 - 


•0445 


80 


8*9449 


^201-0 


•048 


90 


9-4868 


197-6 


•ost 


100 


10-0000 


192*8 


•055 


110 


10*4880 


190*7 


1168 


190 


10-95U 


188-9 


•060 


180 


11*4017 


190-0 



S2S. Theae numbera demonatrate an unexpected and a very 
madcabla raanlt^— that greater elecfcromotiTe force per unit 
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length of air is required to produce a spark at short distances 
than at long. When it is considered that the absolute electri- 
fication of each of the opposed sur&ces* depends simply on 
the electromotire force per unit length of the space between 
them, or, which Ib the same thing, the resultant electrostatio 
force in the air occupying that space, it is difficult even to oon« 
jecture an explanation. Without attempting to explain it» .we 
are forced to recognise the fact that a thin stratum of air is 
stronger than a thick one against the same disruptive tension 
in the air, according to Farada/s view of its condition as trans* 
mitting electric force, or against the same lifting electric pres- 
sure fix>m its bounding surfaces, according to the yiews of the 
eighteenth century school, as represented by Poisson. The 
same conclusion is established by a series of experiments 
the previously-described portable torsion electrometer 
tuted for the absolute electrometer, leading to results shown 
in the following Table : — 



Tablb IL— /anuory 17, 1860. Meamrementt 2y porUMe 
sion eleetromeier of electromoihe forcet producing tparb 
a $tnUum qfair of different tUekneaea. 



LngthofiiptA 
iaineliM. 


TonioB In dflmM 

nqvind to bauBM 

in etoetronetar. 

e. 


■ielroiiiotlir* flxM 
in aniU of th« 
tfactromettr. 


BlaolncUtle ftirea, «r 

•l6et>DmoUT« fbrw 

IMrlachofair, te 

tMiponry wuto. 


•001 


8 


11B2 


1732 


•002 


7 


2^646 


1828 


•003 


11 


8*816 


1106 


•004 


14 


8*742 


936 


•005 


IS 


4^243 


849 


•006 


38 


4^690 


782 


•007 


27 


6-196 


742 


•008 


80 


6-477 


.686 


•009 


83 


6-744 


638 


•010 


88 


6-164 


616 


•on 


43 


6*667 


696 


•013 


48^6 


6^964 


680 


•018 


64 


7*348 


666 


•014 


69 


7-681 


649 


•016 


66 


8*124 


642 


•016 


78 


8*644 


684 


•017 


79 


8*888 


628 


•OlS 


86 


9*219 


612 



• See 1 832 below. 
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336. The series of experiments here tabulated stops at the dis- 
tance 18 thousandths of an inch, because it was found that the 
force in the electrometer coiresponding to longer sparks than 
tha^ was too strong to be measured with certainty by the port- 
able electrometer, whether from the elasticity of the platinum 
wire^ or from the rigidity of its connexion with the aluminium 
index being liable to fail when more than 85"* or 90"* of torsion 
were applied. So feur as it goes, it agrees remarkably well with, 
the other experiments exhibited in Table L, as is shown by the 
following comparative Table, in which, along with results of 
actual observation extracted from Table II, are placed results 
deduced from Table L by interpolation for the same lengths of 



Table lIL-^EaqfermenU qfDecmiber 13, 1869| and January 17, 

1860| compared. 



CoLL 


CoLS. 


OoLS. 


CoL4. 




BMtramotlvie forM 


BictforaoUve force 




f. 


perlnchofAlTp 

Dto. IS, in temponnr 

ualtoofttiAtdiqr. 


pwincliorair, 

Jan. 17, in tomponury 

VBlti of tliAt daj. 


lUtiMofnamlMrt 

in Col 8 to BUM- 

btnlaOoL t. 




^. 


^. 






$ 


9 




•007 


S49S 


742 


2-18 


-0105 


286*7 


606 


2-12 


•0116 


276-0 


688 


2-14 


H)U 


267-6 


640 


214 


•017 


286-8 


623 


2-22 


-OlS 


242-2 


612 


2-11 








Mma 2*14 



The close agreement with one another of the numbers in 
CoL 4, derived from series di£fering so much as those in Ools. 
3 and 3, and obtained by means of electrometers differing so 
much in construction, constitutes a veiy thorough confirmation 
of the remarkable result inferred above from tiie experiments 
of the first series, and shows that the law of variation of the 
dectrostatic force in the air required to produce sparks of the 
different lengthflf, must be represented with some degree of 
aocuiacy by the numbers shown in the last column of either 
Table L or Table III. 

Hie following additional series of experiments were made on 
precisdy the same plan as those of Table II. :— 
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Table TV.—Jafiuarg 21, 1860. MeoiuremenU tjf portable iortUm 
deetromettr qf eUetromathe foree$ proiucmf tparlu aerou m 
stratum of air o/differetU tkieknie$9e$. 



Lawthoffptik 
SaiiMhit. 


Tonioii in tareat 
wqnlrad to IwTiim 
. iB ilMlTOBtla; 


laBBitooftU 


■Mlnwtatie«DiM,« 

ttofltwwiiO'Uyi Hrw 

MTiMhofatavtai 

iMBpoiaij vailiL 




0. 


^9. 


V^-f«. 


•001 


a'2 


1'79 


1790 


-002 


6^4 


2-82 


1160 


-003 


10*5 


8-24 


1080 


-004 


I8^2 


8-68 


907 


-006 


]4^2 


8-77 


754 


'Ooe 


18^2 


4-27 


712 


•007 


217 


4*66 


666 


-012 


41^2 


6-42 


635 


-013 


46-7 


6-88 


625 


•014 


68-2 


7-29 


621 


•015 


57-2 


7-66 


604 


•016 


68^2 


7-96 


497 


•017 


68*2 


8-28 


486 


•018 


78-2 


8«4 


491 



Tablb ^^-^oMunry 23, 1860. Similar €xpermmit$ rqnatML 


#. 


e. 


v^. 


V#-^t. ' 


•001 


8-5 


1-87 


1870 


•002 


6-5 


2^65 


1275 . 


•008 


9-6 


808 


1027 


•004 


12-7 


8-66 


890 


•006 . 


15-6 


8^94 


788 


-006 


18*6 


4-80 


716 


•007 


23-0 


4^80 


686 


-008 


26-62 


5-06 


632 


•009 


80-6 


6-62 


613 


•010 


86-0 


5^92 


592 


•Oil 


89-6 


6-28 


571 


•012 


44-0 


6-63 


563 


•018 


60-0 


7^07 


544 


•014 


54-0 


7-85 


525 


•016 


69-0 


7^68 


512 ' 


•016 


63*6 


7^97 


498 


•017 


;69i( 


8-84 


490 


•018 


74-5 


8-68 


479 



The difference between the nmnben shown in these two 
Tables and in Table IL above, are probably due in part to trae 
differences in the resistance of the air to electxical disraption; 
bat variations in the electrometer, which was hj no means of 
perfect constnicfeion, may have sensibly influenced the lesults. 
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eBpedallj as regards the differences between those shown in 
Table IL and those shown in Tables lY. and Y., which, agree- 
ing on the whole closely with one another, fiedl considerably 
short of the formeEi 

S26. Tabu YL—Ammofy o/resuUs reduced to atechOe meaeure. 



OeLL 


OoLl 


OoLt. 


COL 4. 


C0L6. 
PiroMiirM of elootricity 




BllliHlltlllfl ftllOM 


Beotrattatte 




fkrom either oietalllo 


Lmfthor 

MBllOMtTCiL 


•oeordlBglo ■Impl* 


CoroM acoonUfl^ 




mttHM balanced by air 


4ftomliMtfoM or 


iOMtiniAttd 




Iminediately before 


DM.lt,ll6il 


•▼•ng«of 


DifltoMMMi 


diiraption, in gnuBBOi 




4/it .flei-ixtv* 

■J. 


TtriOOf ll6t««- 




weliphtpereqQare 


f. 


miiiAtkMM. 




eontinietit.t 










8vx081^ 


-00254 


••• 


527-7 


••• 


11-290 


•00506 


••# 


367*8 


••• 


5*484 


•0076S 


••• 


314*4 


••• 


4-007 


-01016 


••• 


267*6 


••• 


2-903 


•01270 


••• 


234*0 


••• 


2-220 


•01524 


••• 1 


216-1 


••• 


1-893 


•01778 


211-4 


208-2 


+81 


1-767 


•02032 


••• 


193-1 


••• 


1*512 


•02286 


••• 


163*4, 


••• 


1-364 


•02540 


••• 


177^5 


••• 


1-277 


•02667 


172-8 


173-3 


-0-5 


1*217 


•02794 


••• 


171^0 


••• 


1*186 


•02921 


166^4 


166^9 


-0-5 


1-129 


•03048 


••• 


163-2 


••• 


1*080 


H)3302 


••• 


159-4 


••• 


1-080 


•03556 


155-8 


155*8 


-0 


•984 


•03810 


••• 


152*6 


••• 


•944 


•04064 


••• 


149-9 


••• 


•911 


<04318 


142-5 


144*4 


-1-9 


•845 


•04572 


146-7 


145-7 


■fl-0 


•860 


•06096 


142*5 


••• 


••• 


•828 


-07493 


129*6 


••• 


••• 


•681 


•0B636 


126-0 


••• 


••• 


•644 


•09779 


121*8 


••• 


••• 


•601 


•10414 


123-7 


••• 


••• 


-620 


•11303 


121-8 


••• 


••• 


-601 


•12192 


119-5 


••• 


••• 


•679 


•13208 


116-3 


••• 


••• 


•548 


•13970 


115*4 


••• 


••• 


540 


•14732 


114*5 


»•• 


••• 


531 


•15240 


114*9 


••• 


••• 


•535 



* DwtaaM between dim of abeolafee eleotrometerM-SOiS of a centimetre. 
Are* of eeehiBl74 eqnnie oentimetree. 

Fotee of gvmnty at Olaegow on nnit maMM981-4 dynemicel nnits of foroe ; 
Ibal k to aaj, genentee in one eecond a Telodty of 081*4 oentimetree per 



f Tliie ii meet diieoUy dbteined hj finding the force between the dieoe of 
the abwdnte electrometer per eqnnre oentisMtre» and redooing, according to 
the imrane p roportion of aqnaree of distanooa» to what it would have ^en 
If the dishinne b e t we en then had been equal to the length of the epark. 
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Appendix (§§ 327*338). 

327. In order that the different expressions, ^potential,'* 
" electromotive force/' '* electric force/' or *' electroetatio force,** 
'' pressure of electricity from a metallic surface balanced by air * 
nsed in the preceding statement^ may be perfectly understood, I 
add the following explanations and definitions belonging to the 
ordinary elements of the mathematical theory of electricity : — 

328. MeagiMremewt ofquatditiu of eUctricity. — ^The unit quan- 
tity of electricity is such a quantity, that, if collected in a pointy 
it will repel an equal quantity collected in a point at a unit 
distance with a force equal to unity. 

[In absolute measurements the unit distance is one centi- 
metre; and the unit force is that force which, acting on a 
gramme of matter during a second of time, generates a velocity 
of one centimetre per second. The weight of a gramme at 
Glasgow is 981*4 of these units of forca The weight of a 
gramme in any part of the earth's sur&oe may be estimated 
with about as much accuracy as it can be without a special 
experiment to determine it for the particular locality, by the 
following expression : — 

In latitude X, average weight of a gramme 

= 978*024 X (1 + 006133 X sin^,) absolute kinetic unita] 

330. EUctrie density. — This term was introduced by CSoulomb 
to designate the quantity of electricity per unit of area in any 
part of the surface of a conductor. He showed how to measure 
it, though not in absolute measure, by his proof plane. 

331. RuuUant electric force at any point in an ineuloHng fluid 
[compare § 66, above]. — ^The resultant force at any point in air 
or other insulating fluid in the neighbourhood of an electrified 
body, is the force which a unit of electricity concentrated at 
that point would experience if it exercised no influence on the 
electric distributions in its neighbourhood 

332. Relation leticeen electric density on Uu mrface of a con- 
ductor, and electric force at points in the air close to it — Accord- 
ing to a proposition of C!oulomb's, requiring, however, correction, 
and first correctly given by Laplace, the resultant force at any 
point in the air close to the surface of a conductor la peipendi* 
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cnlar to the surface and equal to 4irp, if p denotes the electrio 
density of the snifAce in the neighbourhood (§ 87^ Cor.). 

333. EUeirie pressure from the surface of a conductor balanced 
hjf air. — ^A thin metallic shell or liquid film, as for instance a 
soap-bubble, if electrified, experiences a real mechanical force 
in a direction perpendicular to the surface outwards, equal in 
amount per unit of area to 2wp\ p denoting, as before, the 
electric density at the part of the surface considered (§ 88). 
This force may be called either a repulsion (as according to 
the views of the eighteenth centuiy school) or an attraction 
effected by tension of air between the surface of the conductor 
and the conducting boundaiy of the air in which it is insu- 
lated, as it would probably be considered to be by Faraday ; 
but whatever may be the explanation of the modus operandi by 
which it is produced, it is a real mechanical force, and may be 
reckoned as in CoL 5 of the preceding Table, in grammes weight 
per square centimetra In the case of the soap-bubble, for 
instance, its effect will be to cause a slight enlargement of the 
bubble on electrification with either vitreous or resinous elec- 
tridly, and a corresponding collapse on being perfectly dis- 
chaiged. In every case we may regard it as constituting a 
deduction from the amount of air-pressure which the body 
experiences when unelectrified. The amount of this deduction 
being different in different parts according to the square of the 
electric density, its resultant action on the whole body disturbs 
its equilibrium, and constitutes in fact the resultant of the 
electric force experienced by the body. 

334, CoUeeied formulae ofrdatian behoeen ekcMe density on the 
mufaee of a conductor, deetric diminution of air-pressure upon 
it, and resultant force in the air close to the surface.— Jjsl, as 
befine, p denote the first of these three elemento, let p denote 
the second reckoned in unite of force per unit of area, and let 
A denote the third. Then we have 

335. XUetrie potential [difference of potentials being what, 
after German usage, is still sometimes called ''electromotive 
finoa* (Addition, April 1870.)]— The amount of wori 
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to xnoye a unit of electricitj against electric repnlrion from any 
one position to any other position, is eqnal to the exoess of the 
electric potential of the second position above the dectrio 
potential of the first position. 

Cor. 1. The electric potential at all points close to the sorfaoe 
of an electrified metallic body has one value, since an electri- 
fied point, possessing so small a quantity of electricity as not 
sensibly to influence the electrification of the metallic sur&oe^ 
would, if held near the surface in any locality, experience a 
force perpendicular to the surface in its neighbourhood. 

Cor. 2. The electric potential throughout the interior of a 
hollow metallic body, electrified in any way by external influ* 
ence, or, if insulated, electrified either by influence or by com- 
munication of electricity to it, is constant, since th^re is no 
electric force in the interior in such circumstance& 

[It is easily shown by mathematical investigation, that the 
electric force experienced by an electric point containing an 
infinitely small quantity of electricity, when placed anywhere 
in the neighbourhood of a hollow electrified metallic shell, 
gradually diminishes to nothing if the electric point be moved 
gradually from the exterior through a small aperture in the 
shell into the interior. Hence the one value of the potential 
close to the surface outside, mentioned in Cor. 1, is equal to 
the constant value throughout the interior mentioned in Cor. 2.] 

336. Interpretation of mecuurenufU hy eUetromstor, — ^Eveiy 
kind of electrometer consists of a cage or case containing a move- 
able and a fixed conductor, of which one at least is insulated and 
put in metallic communication, by what I shall call the prin- 
cipal electrode passing through an aperture in the case or cage;, 
with the conductor whose electricity is to be tested. In eveiy 
properly constructed electrometer, the electric force experi- 
enced by the moveable part in a given position cannot be 
electrically influenced except by changing the difference of 
potentials between the principal electrode and the uninsulated . 
conductor or conducting system in the electrometer. Even 
the best of ordinary electrometers hitherto constructed do not 
fiilfil this condition, as the inner surface of the gjiaaa of which 
the whole or part of the enclosing case is generally made, is 
liable to become electrified, and inevitably does become so 
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'when any yeiy high electrification is designedly or acciden- 
tally introduced, even for a very short time ; the consequence 
of which is that the moving body vill generally not return to 
its jsero position when the principal electrode is peiTectly dis- 
Insulated. Faraday long ago showed how to obviate this radi- 
cal defect by coating the interior of the glass case with a fine 
network of tinfoil ; and it seems strange that even at the pre- 
sent day electrometers for scientific research, as, for instance, 
for the investigation of atmospheric electricity, should be con- 
fltructed with so bad and obvious a defect uncured by so simple 
and perfect a remedy. When it is desired to leave the interior 
of the electrometer as much light as possible, and to allow it 
to be clearly seen from any external position with as little 
embarrassment as possible, a cage made like a bird's cage, with 
an exfa^mely fine wire on a metal frame, inside the glass shade 
used to protect the instrument from currents of air, etc, may 
be substituted with advantage for the tinfoil network lining of 
the gjass. It appears, therefore, that a properly constructed 
electrometer is an instrument for measuring, by means of the 
motions of a moveable conductor, the difierence of potentials 
of two conducting qrstems insulated from one another, of one 
of which the case or cage of the apparatus forms part It may 
be remarked in passing, that it is sometimes convenient in 
special researches to insulate the case or cage of the apparatus, 
and allow it to acquire a potential differing from that of the 
earth, and that then, as always, the subject of measurement is 
the difference of potentials between the principal electrode and 
the case or cage, while in the ordinaiy use of the instrument 
the potential of the latter is the same as that of the earth. 
Hence we may regard the electrometer merely as an instrument 
for measuring differences of potential between two conducting 
qrstems mutually insulated ; and the object to be aimed at in 
perfecting any kind of electrometer (more or less sensitive as it 
may be, according to the subjects of investigation for which it 
is to be used), is, HuU aeewraU evaluaiion$ in absoluU meamr$^ 
iff d^ermees of poUntialt tnay 1$ immidiatdy derivabUJfwn iU 
ituUcoHofiSm 

337. BslaiianhehoeeneUetroiUUie/tnwandva^^ 
foimUaL — § 336, otherwise stated, is equivalent to this : — ^The 
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average component electrostatic force in the straight line of 
air between two points in the neighbourhood of an dectrified 
body is equal to their difference of potentials divided by their 
distance. In other words, the rate of variation of electric 
potential per unit of length in any direction is equal to the 
component of the electrostatic force in that direction. Since 
the average electrostatic force in the line joining two points at 
which the values of the potential are equal is nothing, the 
direction of the resultant electrostatic force at any point must 
be perpendicular to the equipotential surface passing through 
that point ; or the lines of force (which are generally curves) 
cut the series of equipotential surfaces at right angles^ The 
rate of variation of potential per unit of length along a line of 
force is therefore equal to the electrostatic force at any point 

3S8. Stratum of air hdween two parallel or nearly paraUd 
plane or curved metallie eurfaea maintained at different poUn^ 
tiale.—Lei a denote the distance between the metallic surfaces 
on each side of the stratum of air at any part^ and V the differ- 
ence of potentiala It is easily shown that the resultant elec- 
trostatic force is sensibly constant through the whole distance^ 

from the one surfieM^ to the other; and being in a directioQ 

y 
sensibly perpendicular to each, it must (§ 337) be equal to ^* 

Hence (§ 332) the electric density on each of the opposed sur- 

V 
faces is equal to g — • This is Green's theory of the Leyden 

phiaL 

339. Abeolute EUdromeUr. — Aa a particular case of § 338, 
let the discs be plane and parallel : and let the distance be- 
tween them be small in comparison with their diameters, or 
with the distance of any part of either from any conductor 
differing horn it in potential The electric density will be 

uniform over the whole of each of the opposed surfaces and 

V • 
equal to t — > being positive on one and negative on the other; 

and in all other parts of the surface of each the electrificatioii 
will be comparatively insensible. Hence the foroe of attraetbn 

between them per unit of area (§§ 333 and 334) will be r— r ; 

if A denote the area of either of the opposed surfaces, the 
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whole foice of attraction between them is therefore A g^* 

Henee» if the observed force be equal to the weight of w grammea 
at GlasgoWp we have ^^^ ^ , K« 

bttar 

and therefore ,. mv4 xfiwxw 



AODinOK, DATED APRIL 13, 1860. 

340. Experiments on precisely the same plan as those of 
Table L December 13, have been repeated by the same two ex- 
perimenters, with diCTerent distances from 76 to 1*5 of a centi* 
metre, between the plates of the absolute electrometer, and 
results have been obtained confirming the general character of 
those shown in the preceding Tables. 

The absolute evaluations derived from these later series 
must be more accurate than those deduced above from the 
single series of December 13, when the distance between the 
plates in the absolute electrometer was only '6 of a centimetre. 
I therefors, by permission, add the following Table of absolute 
J^ fifJlll^ l^sti1^nff • — 





BIwliMiitto foroM Meoidlnf 


Uagthoffptik 


to Mfttmatad arenge of dttar^ 


la fttimlni. 


■iBoMouorFebmuT li» fli. 


«. 


ll»Mdl9,oiid]foioliS. 




A 


-0086 


2671 


•0127 


2670 


•0127 


262-2 


•0190 


224*2 


•0281 


200*6 


•0408 


161-0 


•0668 


1441 


•0584 


139*6 


•0688 


140-8 ^ 


•0904 


184-9 . 


•1066 


182-1 


•1825 


181-0 



These results, as well as those shown in the preceding Tables, 
demonstmte a much less rapid variation with distance, of the 
eleetrostatic force preceding a spark, at the greater than at the 
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smaller distances. It seems most probable that at still greater 
distances the electrostatic force will be found to be sensiblj 
constant, as it was certainly expected to be at all distanoeflL 
The limiting value to which the results shown in the last 
Table seem to point must be something not much less than 
130. This corresponds to a pressure of 68 grammes weight per 
square decimetra We may therefore conclude that Uie ordi- 
nary atmospheric pressure of 103,300 grammes per square deci- 
metre, is electridJly relieved by the subtraction of not more 
than 68, on two very slightly convex metallic surfaces, before 
the air between them is cracked and a spark passes, provided 
the distance between Uiem is not less than 1 of a centametie. 
By taking into account the result of my preceding communica- 
tion to the Boyal Society, we may also conclude that a Danidl'a 
battery of 5510 elements can produce a spark between two 
slightly convex metallic surfiues at i of a cenfeimetie asunder 
in oidinaiy atmospheric aii; , 
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341. An electrometer is an instrument for measuring differ- 
ences of electric potential between two condactors through 
effects of electrostatic force, and is distinguished from the gal- 
vanometer^ which, of whatever species, measures differences of 
electric potentials through electromagnetic effects of electric 
cuiients produced by them. When an electrometer merely 
indicates the existence of electric potential, without measuring 
its amount^ it is commonly called an electroscope; but the 
name electrometer is properly applied when greater or less 
degrees of difference are indicated on any scale of reckoning, 
if approximately constant, even during a single series of experi- 
menta The first step towards accurate electrometry in every 
case is to deduce from the scale-readings, numbers which shall 
be in simple proportion to the difference of potentials to be 
determined. The next and last step is to assign the corre- 
sponding values in absolute electrostatic measure. Thus, when 
for any electrometer the first step has been taken, it remains 
only to determine the single constant coefficient by which the 
numbers, deduced from its indications as simply proportional 
to differences of potential, must be multiplied to give differ- 
ences of potential in absolute electrostatic measure. This co- 
efficient will be called, for brevity, the absolute coefficient of 
the instrument in question. 

343. Thus, for example, the gold-leaf electrometer indicates 
differences of potential between the gold leaves and the solid 
walls enclosing the air-space in which they move. If this 
•olid be of other than sufficiently perfect conducting material, 
of wood and glass, or ct metal and glass, for instance, as in the. 
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instniment ordinarilj made, it is quite imperfeet and indefinite \ ^ 
in its indications, and is not worthy of being eren called an | * 
electroscope, as it maj exhibit a divergence when the difference I 
of potentials which the operator desires to discover is absolutely 
zera It is interesting to remark (§ 336) that Faraday fiisb 
remedied this defect by coating the interior of the glass case 
with tinfoil^ cut away to leave apertores proper and snfficieni 
to allow indications to be seen, but not enough to cause these 
indications to differ sensibly from what they would be if the 
conducting envelope were completely closed around it; and 
that not till a long time after did any other naturalist^ mathe- 
matician, or instrument-maker seem to have noticed the defect^ 
or even to have unconsciously remedied it 

343. Electrometers may be classified in genera and species 
according to the shape and kinematic relations of their parts ; 
but as in plants and animab a perfect continuity of interme- 
diate species has been imagined between the rudimentary plant 
and the most perfect animal, so in electrometers we may actu- 
ally construct species having intermediate qualities continuous 
between the most widely different genera. But^ notwithstand- 
ing, some such classification as the following is convenient 
with reference to the several instruments commonly in use and 
now to be described : — 

I. Bepulsion electrometera 

Pair of diverging straws as used by Beccaria, Volta, and 
others, last century. 

Pair of diverging gold leaves (Bennet). 

Peltier^s dectrometer. 

Delmann's electrometer. 

Old station-electrometer, described in lecture to the 
Royal Institution, May 1860 [§§ S74-S75, above] ; 
also in Nicholas Oydopcsdia, article ^ Electricify, Atmo- 
spheric" (edition, 1860) [§ 263, above], and in Dr. 
Everett's paper of 1867,^ On Atmospheric Electiiosity " 
{Phxlo9ophUal jTfonMicMofu). 
IL Symmetrical electrometers. . 

Bohnenbeigei's electrometer. 

Divided-ring electrometera 



•^ ^f" 
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' IIL Attracted disc electrometen. 

Absolute electrometer. 

Long-raiige electrometer. 

Portable electrometer. 

Spring-standard electrometer. 
S44. Class L is sufficiently illustrated by the examples re- 
ferred to; and it is not necessary to explain any of these 
instruments minutely at present^ as they are, for the present 
at all events, superseded by the divided- ring electrometer and 
electrometers of the third class. 

There are at present only two known species of the second 
dass ; but it is intended to include all electrometers in which 
a symmetrical field of electric force is constituted by two sym- 
metrical fixed conductors at different electric potentials, and in 
which the indication of the force is produced by means of an 
electrified body moveable symmetrically in either direction 
fipom a middle position in this field. This definition is obvi- 
onsly fulfilled by Bohnenbeiger's well-known instrument* 

345. My first published description of a divided-ring electro- 
meter is to be found in the Memoirs of the Roman Academy of 
Scieneeef for February 1857 ; but since that time I have made 
great improvemente in the instrument — first, by applying a 
light mirror to indicate deflections of the moving body ; next, 
by substituting for two half rings four quadrants, and conse- 
quently for an electrified body projecting on one side only of 
die axis, an electrified body projecting symmetrically on the 
two sides, and moveable round an axis ; and lastly, by various 
mechanical improvements, and by the addition of a simple 
gauge to test the electrification of the moveable body, and of 
a replenisher to raise this electrification to any desired d^;ree. 

346. In the accompanying drawings, Plate I. fig. 1 repre- 
sents the fiN>nt elevation of the instrument, of which the chief 
bulk consists of a jar of white glass (flint) supported on three 
legs by a brass mounting, cemented round the outside of its 
mofuth, which is closed by a plate of stout sheet-brass, with 

* A siagla gold leaf kangiDg between Ibe apper eode of two equal and 
aiadlar diy pilea etaadiag Tertleally on a horiaontid plate of metal, one with 
ita peaitive and tlie oilier wHli ita negatire pole np. 

t Aeeadewia PtetiiUrfa del Nnori Unon. 
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a lantern-shaped cover standing over a wide aperture in its 
centre. For brevity, in what follows these three parts will be 
called the jar, the main cover, and the lantern. 

Fig. 5 represents the quadrants as seen from above; they 
are shown in elevation at a and i, fig. 1, and in section at c and 
d, fig. 2. They consist of four quarters of a flat circular box 
of brass, with circular apertures in the centres of its top and 
bottom. Their position in the instrument is shown in figs» 
1, 2, and 6. Each of the four quadrants is supported on a 
glass stem passing downwards through a slot in the main cover 
of the jar, from a brass mounting on the outside of it^ and 
admits of being drawn outwards for a space of about 1 centi- 
metre (i of an inch) from the positions they occupy when the 
instrument is in use, which are approximately those shown in 
the drawings. Three of them are secured in their proper posi- 
tions by nuts («, e, «) on the outside of the chief flat lid of the 
jar shown in fig. 4. The upper end of the stem, carrying the 
fourth, is attached to a brass piece (/, fig. 6) resting on three 
short 1^ on the upper side of the main cover, two of these 
legs being guided by a straight V-groove at {g) to give them 
freedom to move in a straight line inwards or outwards, and to 
prevent any other motion. This brass piece is pressed out* 
wards and downwards by a properly arranged spring (A), and 
is kept from sliding out by a micrometer-screw (t) turning in 
a fixed nut This simple kinematic arrangement gives great 
steadiness to the fourth quadrant when the screw ii turned 
inwards or outwards, and then left in any position ; and at the 
same time produces but little friction against the sliding in 
either direction. The opposite quadrants are connected in two 
pairs by wires, as shown in fig. 6 ; and two stout vertical wires 
(/, m), called the chief electrodes, passing through holes in the 
roof of the lantern, are firmly supported by long perforated 
vulcanite columns passing through those holes, and serve to 
connect the pairs of quadrants with the external conductors 
whose difference of potentials is to be tested. Springs (n^ a) at 
the lower ends of these columns, shown in figs. 1 and 2, main- 
tain metallic contact between the chief electrodes and the 
upper sides of two contiguous quadrants (a and ft) when the 
Intern is set down in its proper position, but allow the lantern 
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to be removed, carrying the chief electrodes with it^ and to be 
replaced at pleasure without disturbing the quadranta The 
lantern also carries an insulated charging-rod (p), or temporary 
electrode, for charging the inner coating of the jar (§ 351) to a 
small d^ree, to be increased by the replenisher (§ 352), or, it 
may be, for making special experiments in which the potential 
of the interior coating of the jar is to be measured by a separate 
electrometer, or kept at any stated amount of difference from 
fhat of the outer coating. When not in use this temporary 
electrode is secured in a position in which it is disconnected 
from the inner coating. 

347. The main cover supports a glass column (;, fig. 2) 
projecting vertically upwards through its central aperture, 
to the upper end of which is attached a brass piece (r),*^ which 
bears above it a fixed attracting disc («), to be described later 
(§ 353) ; and projecting down from it a fixed plate bearing 
the silk-fibre suspension of the mirror (t), needle (v), etc, seen 
in fig& 1 and 2, and fixed guard tubes {v, w), to be described 
presently. To the main cover also is attached the circular 
level (fig. 6), which is adjusted to indicate the position of the 
instrument in which the quadrants are level, and the guard- 
tubes just mentioned vertical Its lower surface which rests 
on the cover is slightly rounded, like a convex lens, so as to 
admit of a slight farther adjustment (see end of § 348, Add&ian) 
by varying the relative pressure of the three screws by which it 
18 fe^stened down to the cover. 

348. The moveable conductor of the instrument consists of a 
stiff platinum wire («), about 8 centimetres (3^ inches) long, 
with the needle rigidly attached in a plane perpendicular to it, 
and connected with sulphuric acid in the bottom of the jar by 
a fine platinum wire hanging down from its lower end and kepi 
stretched by a platinum weight under the level of the liquid. 
The upper end of the stiff platinum wire is supported by a 
single silk-fibre so that it hangs down vertically. The mirror 
is attached to it just below its upper end. Thus the mirror, 
the needle, and the stiff platinum stem constitute a rigid body 
having very perfect freedom to move round a vertical axis (the 
line of the bearing fibre), and yet practically prevented from 
any other motion in the regular use of the instrument by the 
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weiffht of ita own maas and that of the loose pieoe of platiimm 
hanging from it below the snrfiice of the liquid in the jar. A 
Teiy small magnet ia attached to the needle, which, by strong 
magnets fixed outside the jar, is directed' to one position, abont 
which it oscillates after it is tamed thtongh any angle lonnd 
the vertical axis, and then left to iteel£ The external magnate 
are so placed that when there is magnetic eqailibrinm the 
needle is in the symmetrical position shown in figs. 6 and 4 ■ 
with reference to the quadrants.* 

[Addition, April 1870. — ^The success of the experiments m- 
' feired to in the footnote has led to the adoption of the Infilar 
Bospension in all the Quadrant Elec- 
trometers now made. It is repie- 
sented in the margin. The stiff plati- ' 
nam wire which carries the mirror 
and needle has a cross piece at its 
upper end, to which are attached Um 
lower ends of the two suspending 
silk fibres ; the other ends being 
wound upon the two pins e, d, which 
may be turned in their sockets by a 
square-pointed key, to eqnalize tite 
tensions of the fibres, and make the 
needle hang midway between the 
upper and under surfaces of the qua- 
dranta The pins e, d, are pivoted 
in blocks carried by springs e, /, to 
allow them to be sliifted horizontally 
when adjusting the position of the 
points of suspension. The screws a, ft, 
which traverse these blocks, have their 

points bearing against the fixed plate behind, so that when a or 
b is turned in the direction of the hands of a watch, the neigh- 
bouring point of suspension is brought forward, and conversely. 
The needle may thus be made to torn through an angle, till it 
lies in the symmetrical position represented in fig. 6, Plate I, 
when all electrical disturbance has been guarded against by 

* Baoantlr I h«T« mmda expariBtenli on » liiflUr wipiBriBa wflfc a vimr 
to ai^MnMliDg Um nugiMtia adjaataMa^ whUt preniM waU. 
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connecting the quadrants with the inside and outside of the jar. 
The conical pin h passes between the two springs and screws 
into the plate behind ; by screwing it inwards the points of sus- 
pension are made to recede from each other laterally, and the 
sensibility of the needle to a deflecting couple is diminished, 
and conversely. 

The method employed to test the symmetry of the suspen- 
sion is suggested by the consideration that if the tension be 
equally distributed between the two fibres, the sensibility of 
the needle to the same deflecting couple will be less than if 
the whole or the greater part of the weight were supported 
by one fibre ; also, the sensibility being a minimum, a small 
deviation from the conditions which make it so will produce 
the least change of sensibility, by the known property of a 
maximum or minimum. To test whether these conditions are 
attained, raise first one side of the instrument a little (one turn 
of the foot-screw on that side is usually sufiicient), and then 
produce an equal deviation in the opposite direction from the 
position marked by the attached level (§ 347) ; and in each 
position of the instrument observe the deflection of the image 
on the scale produced by some constant difference of potentials, 
as that between the two poles of a DanielFs cell. This deflection 
cmght to be very nearly equal in the three positions, but exactly 
equal in the two disturbed positions, and somewhat gi^eater in 
these than in the middle or level position. When the instni- 
ment is far out of adjustment, the deviation will be greater in 
one of the disturbed positions and less in the other than in the 
middle position. When it is but slightly out of adjustment, 
the deflections in the disturbed positions may both somewhat 
exceed that in the middle position, but to different degrees. 
An approximation to symmetry thus far at least should be 
obtained by merely turning the pins (e, d) in their sockets as 
already directed, through the minutest angles sensible to the 
operator, without altering the adjustment of the spirit-lev^l on 
the cover. Wlien that has been done, the level on the cover 
onght to be adjusted (§ 347} by successive triab to indicate 
the position of the instrument such that when equally dis- 
turbed from it in opposite directions, the deflections obtained 
are equally in excess of the deflection obtained in the indicated 
positioa] 
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349. The needle (u) is of thin sheet aluminium cut to 
the shape seen in figs. 5 and 6; the very thinnest sheet 
that gives the requisite stiffness being chosen. Its area is 4j 
square centimetres, and weight *07 of a gramme. If the four 
quadrants are in a perfectly symmetrical position round it^ and 
if they are kept at one electric potential by a metallic arc con- , 
necting the chief electrodes outside, the needle may be strongly^ 
electrified without being disturbed fiom its position of magnetic 
equilibrium ; but if it is electrified, and if the external elec- 
trodes be disconnected, and any difference of potentials esta- 
blished between them, the needle will clearly experience a 
couple turning it round its vertical axis, its two ends being 
driven from the positive quadrants towards the negative, if it 
is itself positively electrified. It is kept positive rather than 
negative in the ordinary use of the instrument^ because I find 
that when a conductor with sharp edges or points is surrounded 
by another presenting everywhere a smooth surface, a much 
greater difference of potentials can be established between them, 
without producing disruptive dischai;ge, if the points and edges 
are positive than if they are native. 

350. The mirror (0 serves to indicate, by reflecting a ray of 
light from a lamp, small angular motions of the needle round 
the vertical axis. It is a very light, concave, silvered glass 
mirror, being of only 8 millimetres (} of an inch) diameter, and 
22 milligrammes (J of a grain) weight I had for many years 
experienced great difiiculty in getting suitable mirrors for my 
form of mirror galvanometer; but they are now supplied in 
very great perfection by Mr. Becker, of Messrs. Elliott Brothers^ 
London. [Addition, May 1870. — I have not succeeded in get- 
ting more of these light ground concave minors giving good 
images, after a few supplied by Mr. Becker at the time when 
the report was written. The lightest ground mirrors that 
Mr. Becker can guarantee to give good images, weigh A^ of a 
gramme (A of a grain). Tliese answer well enough for the 
electrometers, because the aluminium needle weighing A* of m 
gramme (liV grain), and being of much greater linear dimen* 
sions, its moment of inertia is not largely increased by the 
addition of a mirror of that weight ; and they are preferred for 
this purpose to the exquisite light mirrors supplied by Mr. 
White, as being stronger and less liable to waip in being 
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mounted. But for galyanometerSy and especially telegraph- 
signal galyanometen, it is important that the mirrore be the 
veny lightest poesibla The only mirrors suitable for this 
puipose which I can now obtain are supplied by Mr. White. 
Thej giTe yery perfect images, and weigh i^ of a gramme 
(i^ of a grain) without the magnets, and Ar of a gramme 
with the magnets attached. Mr. White produces them by 
cutting out and silvering a huge number of circles of the 
thinnest microscope glass, attaching the magnets (four on the 
back of each mirror), and finally testing for the image. Out of 
fifty tried, about ten or fifteen are generally found satisfactory. 
A minor may give a good image before the magnets are 
attached, and become warped out of shape and give a bad 
image after the magnets have been cemented to it] The 
focus for parallel rays is about 50 centimetres (20 inches) 
from the mirror, and thus the rays of the lamp placed at a 
distance of I metre (or 4.0 inches) are brought to a focus 
at the same distance. The lamp is usually placed close be- 
hind the vertical screen a little below or above the normal 
line of the mirror, and the image is thrown on a graduated 
scale extending horizontally above or below the aperture in the 
screen through which the lamp sends its light When the 
minor is at its magnetic zero position, the lamp is so placed 
that its image is, as nearly as may be, in a vertical plane with 
itself^ and not more than an inch above or below its level, so 
that there is as little obliquity as possible in the reflection, and 
the line traversed by the image on the screen during the deflec- 
tion is, as nearly as may be, straight The distance of the lamp 
and screen from the mirror is adjusted so as to give as perfect 
an image as possible of a fine wire which is stretched vertically 
in the plane of the screen across the aperture through which 
the lamp shines on the mirror; and with Mr. Becker^s mirrors, 
as with Mr. White's selected galvanometer mirrors, I find 
it easy to read the horizontal motions of the dark image to 
an accuracy of the tenth of a millimetre. In the ordinary 
use of the instrument a white paper screen, printed from a 
copper-plate^ divided to fortieths of an inch, is employed, and 
the readingi are commonly taken to about a quarter of a scale- 
diviaioii ; but with a little practice they may, when so much 
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accuracy is deaiied, be read with considerable aocaiaqr to the 
tenth of a scale-division. Formerly a sUt in front of the lamp 
was used, but the wire giving a dark line in the middle of the 
image of the flame is a very great improvement^ first intro- 
duced by Dr. Everett Qn consequence of a suggestion made 
by Professor P. O. Tait) in his experiments on the elasticity of 
solids made in the Natural Philosophy Laboratoiy of Glasgow 
University.* 

351. The charge of the needle remains sensibly constant 
from hour to hour, and even from day to day, in virtue of 
the arrangement by which it is kept in communication with 
sulphuric acid in the bottom of the jar, the outside of the 
jar being coated with tinfoil and connected with the earth, so 
that it is in reality a Leyden jar. The whole outside of the 
jar, even where not coated with tinfoil, is in the ordinary use 
of the instrument, especially in our moist climate, kept virtually 
at one potential through conduction along its surface. This 
potential is generally, by connecting wires or metal pieces, kept 
I the same as that of the brass legs and framework of the instru- 

ment. To* prevent disturbance in case of strongly electrified 
bodies being brought into the neighbourhood of the instrument^ 
* a wire is either wrapped round the jar fiom top to bottom, or a 
cage or network of wire, or any convenient metal case, is placed 
round it ; but this ought to be easily removed or opened at any 
' time to permit the interior to be seea When the instrument 
is left to itself from day to day in ordinary tise, the needle, 
connected with the inner coating of the jar as just described, 
loses, of course, unless replenished, something of its charge ; 
but not in general more than \ per cent, per day, when the jar 
is of flint-glass made in Glasgow. On trying similar jars of 
green glass I found that they lost their chafge more rapidly 
per hour than the white glass jars per month. I have occa- 
sionally, but very rarely, found white glass jars to be as defec- 
tive as those green ones, and it is possible that the defect I 



* A Dmmmond light plAoed aboufc 70 oeDtimetrM ftmn tli« miRW p. 
•n imago^ on a lareeii about 3 metret distaat» fariUiant onoogh for leetars- 
illtuitratiQn% and with raffioieiit dafinitioii to aUow aoouato readiafi of the 
pontiont on a aoale marked by tho imago of a fino vortioal wiro in front of 
tho light 
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found in the green jars may have been an accident to the jars 
tested, and not an essential property of that kind of glass. 

353. I have recently made the very useful addition of a 
leplenisher to restore electricity to the jar from time to time 
when required. It consists of (1.) a turning vertical shaft of 
vulcanite bearing two metal pieces called carriers ((, &, figs. 
17 and 18); (2.) two springs {d^ d, figs. 16 and 18), con* 
nected by a metallic arc, making contact with the carriers once 
every hidf turn of the shaft, and therefore called connectors ; 
and (S.) two inductors (a, a) with receiving springs (c, «) attached 
to them, which make contact with the carriers once every half 
turn, shortly before the connecting contacts are made. The 
inductors (o^ o^ figs. 16 and 18) are pieces of sheet metal bent 
into dicular cylindrical sliai)es of about 120"* each; they are 
placed so as to deviate in the manner shown in tlie drawing 
ttoxa parts of a cylindrical surface coaxial with the turning- 
shaft^ leaving gaps of about 60^ on each side. The diameter of 
this qrlindrical surface is about 15 millimeti'es (about t of an 
inch). The carriers (&, i, figs. 17 and 18) are also of sheet 
metal bent to cylindrical* surfaces, but not exactly circular 
cylinders; and are so placed on the beaiing vulcanite shaft 
that each is rubbed by the contact springs over a very short 
space, about 1 millimetre beyond its foremost edge, when turned 
in the proper direction for replenishing. Tlie ivceiviug springs 
(^ «, fig& 17 and 18) make their contacts with each carrier 
immediately after it has got fairly under cover, as it were, of 
the inductor. Each carrier subtends an angle of about 60"* at 
the axis of the turning- shaft. The connecting contacts are 
completed just before the carriers commence emerging from 
being under cover of the inductors. The carriers may be said 
to be under coVer of the inductors when they are within the 
angle of 120* subtended by the inductors on each side of the 
axis. One of the inductors is in metallic communication with 
the outside coating of the jar, the other with the inside. Figs. 
16, 17, and 18 illustrate aufiiciently the shape of carriers and 
the succession of the contacts. The arrow-head indicates the 
direction to turn for replenishing: When it is desired to 
diminish the charge, the replenisher is turned backwards. A 
aniall charge having been given to the jar fh>m an independent 
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source, the repleiiislier when turned forwards iucreases the dif- 
ference of potentials between the two inductors and therefore 
between the two coatings of the jar connected with them by a 
constant percentage per half turn, unless it is raised to so high 
a degree as to break down the air-insulation by disruptive dis- 
charge. The electric action is explained simply thus: — ^The 
carriers, when connected by the connecting springs, receive op- 
posite charges by induction, of which they deposit laige propor- 
tions the next time they touch receiving springa Thus, for 
example, if the jar be cliarged positively, the carrier emerging 
from the inductor connected with the iimer coating carries a 
negative charge round to the receiving spring connected with the 
outside coating, while the other carrier, emerging from the induc- 
tor connected with the outside coating, carries a positive charge 
round to the receiving spring connected with the inside coating. 
If the carriers are not sufficiently well under cover of the in- 
ductors during both the receiving contacts and the cormecting 
contacts to render the chaiges which they acquire by induction 
during the connecting contacts greater than that which they 
carry away with them from the receiving contacts^ the rotation, 
even in the proper direction for replenishing, does not increase, 
but, on the contrary, diminishes the charge of the jar. Hie 
deviations of the inductors from the circular cylinder, referred 
to above, have been i^opted to give greater security against 
this failure. A steel pivot fixed to the top of the vulcanite 
shaft, and passing through the main cover, carries a small 
milled head (y, fig. 1) above, on the outside, which is spun 
rapidly round in either direction by the finger, and tlius in 
less than a minute a small charge in the jar may be doubled. 
The diminution of the charge, when tJie instrument is left to 
itself for twenty-four hours, is sometimes imperceptible ; but 

^ when any loss is discovered to have taken place, even if to tlie 

extent of 10 per cent, a few moments' use of the replenisher 
suffices to restore it, and to adjust it with minute accuracy to 
the required degree by aid of the gauge to be described jire- 
sently. The principle of the "replenisher'* is identical with 
that of the *' doubler * of Bennet In the essentials of its c(«- 
struction it is the same as Yarley's improved form of Kichol- 

I son's ~ revolving doubler.*' 
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353. The gauge oonsists of an electrometer of Class III 
The moveable attracted disc is a square portion of a piece of 
▼eiy thin sheet alominimn of the shape shown at a in fig. 4. 
It is snpported on a stretched platinum wire passing through 
two holes in the sheets and over a very small projecting ridge 
of bent sheet aluminium placed in the manner shown in the 
magnified drawing, fig. 3. The ends of this wire are passed 
through holes in curved springs, shown in fig. 4, and are bent 
round them so as to give a secure attachment without solder, 
and without touching the straight stretched part of the wira 
The ends of the platinum wire 09, /S) are attached by cement 
to the springs, merely to prevent them from becoming loose, 
care being taken that the cement does not prevent metallic 
contact between some part of the aluminium wire and one 
or both of the brass springs. I have constantly found fine 
platinum wire rendered brittle by ordinaiy solder applied to it 
The use of these springs is to keep the platinum wire stretched 
with an approximately constant tension from year to year, and 
at various temperatures. Their fixed ends are attached to 
round pins, which are held with their axes in a line with the 
fibre by friction, in bearings forming parts of two adjustable 
brass pieces (</, y) indicated in fig. 4 ; these pieces are adjusted 
once for all to stretch the wire with sufficient force, and to keep 
the square attracted disc in its proper position. The round 
pins bearing the stretchiog springs are turned through very 
small angles by pressing on the projecting springs with the 
finger. They are set so as to give a proper amount of torsion 
tending to tilt the attracted disc (a) upwards, and the long end 
of the aluminium lever (S), of which it forms a part downwards. 
The downward motion of the long end is limited by a properly 
placed stop. Another stop (c) above limits the upward motion, 
which takes place under the influence of electrification in the 
use of the instrument A very fine opaque black hair (that of a 
small black-and-tan terrier I have found much superior to any 
hitherto tried) is stretched across the forked portion of the 
sheet aluminium in which the long arm of the lever terminate& 
Looked at horiA>ntally from the outside of the instrument it is 
seen, as shown in fig. 7, Plate L, against a white background, 
2Daiked with twd very fine black circles. These sight-plates 
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in the instniments, as now made by Mr. White, aie of the same 
material as the ordinary enamel watch-diala; with black figures 
on a white ground. The white space between the two circles 
should be a very little less than the breadth of the hair. The 
sight-plate is set to be as near the hair as it can be without 

,» impeding its motion in any part of its range ; it is slightly 

convex iorwards, and is so placed that the hair is nearer to it* 
when in the middle between the black circles than when in 
any other part of its range. It is thus made reiy easy, evea 
without optical aid, to avoid any considerable error of parallaT 
in estimating the position of the hair relatively to the two 
black circles. By a simple plano-convex lens (^ fig. 2\ with 
the convex side turned inwards, it is easy, in the ordinary use 
of the instrument, to distinguish a motion np or down of the 
hair amounting to -nAnr of an inch. With a little care I have 
ascertained. Dr. Joule assisting, that a motion of no more than 
go^QQ of an inch from one definite central position can be 

*^ securely tested without the aid of other magnifying power thaa 

that given by the simple lens. The lens during use is in a 
fixed position relatively to the framework bearing the needle, 
but it may be drawn out or pushed in to suit the focus of each 
observer. To give great magnification, it ought to be drawn out 
80 far that the hair i^nd sight-plate behind may be but little 
nearer to the lens than its principal focus, and the observer's 
* eye ought to be at a very considerable distance from the instru- 
ment, no less than 20 centimetres (8 inches) to get good mag- 
nification ; and a short-sighted person should use his ordinaiy 
concave eye-lens close to his eya The reason for turning the 

t convexity of the small plano-convex lens inwards is, that with 

such a lens so placed, if the eye of the observer is too high or too 

^. low, the hair seems to him curved upwards or downwards, and 

he is thus guided to keep his eye on a level sufficiently constant 
to do away with all sensible effects of parallax on the position of 
. the hair relatively to the black ciides. The framework cany- 
ing the stretched platinum wire and moveable attracted disc is 
above the brass roof of the lantern, in which a square aperbuie 
is cut to allow the square portion constituting the short ann of 

» the aluminium balance to be attracted downwasda by the fixed 

attracting disc (§ 347), to be presently described A side view 
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of tiie attracting plate, the brass roof of the lantern, the ala- 
mininm balance, the sight-plate, the hair, and the plano-convex 
lens is given in section (fig. 2) ; also a glass upper roof to pro- 
tect the gauge and the interior of the instrument below from 
dust and disturbance by currents of air, to which, without this 
upper roo( it would be exposed, through the small vacant space 
around the moveable aluminium square. The fixed attracting 
disc is borne by a vertical screw screwing into the upper brass 
mounting (s, fig. 2) (§ 347), connected with the inner coating of 
the Leyden jar through the guard tubes, etc, and is secured in 
any position by the ''jam nut,'' shown in the drawing at z, 
fig. 2. This disc (i) is circular, and about 38 millimetres (1 } 
inch) in diameter, and is placed horizontally with its centre 
xmder the centre of the square aperture in the roof t)f the 
lantern. . Its distance from the lower surface of the roof and of 
the moveable attracted disc may be from 2j^ to 5 millimetres 
(from ^ to T of an inch), and is to be adjusted, along with the 
amount of torsion in the platinum wire bearing the aluminium 
lMdance-arm» so as to give the proper sensibility to the gauge. 
The sensibility is increased by diminishing the distance from 
the attracting to the attracted plate, and increasing the amount 
of torsion. Or, again, the degree of the potential indicated by 
it when the hair is in the sighted position is increased by in- 
creasing the distance between the plates, or by increasing the 
amount of torsion. If the electrification of the needle is too 
greats its proper position of equilibrium becomes unstable ; or 
before this there is sometimes a liability to discharge by a spark 
across some of the air-spaces. The instrument works extremely 
well with the needle charged but little less than to give rise to 
one or both of these faults, and I adjust the gauge accordingly. 
354 The strength of the fixed steel directing magnets is to 
be adjusted to give the desired amount of deflection with any 
stated difference of potentials maintained between the two 
chief electrodes, when the jar is charged to the degree which 
Inings the hair of the gauge to its sighted position. In the 
instnonents already made, the deflection * by a single cell of 

• . 

* Hull is to say, tlie namber of Mak-diTitioiia over which the laminoiif 
IflMgo moffm whan the ohief eleotoodee are ditoonneeted from one another 
p«t ia BSfeidlio eonaexioii with the two pUtee of a DanieU'e batfeeiy. 
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Daoiell's amounts to about 100 scale-diyisioiis (of ;^ of an inch 
each and at a distance of 40 inches)^ if the magnetic diiectiva 
force is such as to give a period of vibration equal to about 1*5 
seconds, when the jar is dischaiged and the four quadrants 
are connected with one another and with the inner coating of 
the JBX. Lower degrees of sensibility maj be attained better by 
increasing the magnetic directing force than by diminishing the 
charge of the jar. Thus, for instance, when it is to be used 
for measuring and photographically recording the potential of 
atmospheric electricity at the point where the stream of the 
water-dropping collector* breaks into drops, the magnetic 
directing force may be made from 10 to 100 times greater than 
that jusv described. When this is to be done it may be con- 
venient to attach a somewhat more powerful magnetic needle 
than that which has been made in the most recent instruments 
where a high degree of sensibility has been provided for. But it 
is to be remarked that in general the directing-foroe of the ex- 
ternal steel magnets cannot be too strong, as the stronger it is 
the less is the disturbance produced by magnetic bodies moving 
in the neighbourhood of the instrument.^ In labpratoiy work, 
where numerous magnetic experiments are being performed in 
the immediate neighbourhood, and in telegraph fiactories where 
there is constant disturbance by laige moving masses of iron, 
the artificial magnetic field of the electrometer ought to be 
made very strong. To allow this, and yet leave sufficient 
sensibility to the instrument, the suspended magnetic needle 
has been made smaller and smaller, imtil it is now reduced to 
two small pieces of steel side by side, 6 millimetres (^ of an 
inch) long. For a meteorological observatoiy all that is neces- 
sary is, that the directing magnetic force may be so great that 
the greatest disturbance experienced in magnetic storms shall 
not sensibly deflect the luminous image. 

356. The sensibility of the gauge should be so adjusted that 
a variation in the charge of the jar, producing an easily per- 
ceived change in the position of the hair, shall produce no 

* See Royal Inatttatioii Lecture, May 18, ISSO 278, 279, abore), or 
Niohol** Cffchpadia, artkle «' Electeioi^, AtmoeplMrio ** (Edition 1860) 
a 202, above). 

t All embanmssment from this aonrDe win be done away witb if the bifilar 
plan be adopted (aee | 348, Jdditiom). 
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•enaible ehange in the deflection of the Inminotia image pro- 
dnoed bj the giemtest diffeienoe of potentids between the 
quadnnti^ which is to be measured in the nae of the inatra- 
ment I beUere the inatramenta already made, when a4jiisted 
to fulfil these condituma^ may be tniated to meaaue the dif- 
ferenoe of potentiala prodnced by a aingle cell of Daniell'a to 
an aocma^ of a qnaiter per cent It mnat be remembered 
that the conataney of Talue of the nnit of each inrtrament 
dependa not only on the constancy of the potential indicated 
by the gauges bat also on the constancy of the magnetic force 
in the field traTersed by the snspended magnet^ and on the con* 
atancy €t the magnetic moment of the latter. Aa each of these 
may be expected to decrease gradually from year to year (al* 
thouj^ Teiy alowly after the first few hours or weeks), rigorous 
methods must be adopted to take such variationa into account^ if 
the instrument is to be trusted as giving accurately comparable 
indications at all timesi The only method hitherto provided 
for this most important object consists in the observation of 
the deflection produced by a measured motion of one of the 
quadrants by the micrometer screw (t) when the four quadrants 
are put in metallic communication with one another through 
the principal electrodes ; the jar being brought to one constant 
potential by aid of the gauge, and therefore the force producing 
the deflectbn being constant The amount of the deflection will 
ahow whether or not the force of the magnetic field has changed, 
and will render it easy at any time to adjust the strength of the 
magneta, if necessaiy, to secure this constancy. But to attain 
this object by these means, the three quadrants not moved by 
the micrometer screw must be clamped by their fixing-screws 
so that they may be always in the same position. 

356. The absolute constancy of the gauge cannot be altogether 
relied upon. It certainly changes to a sensible degree with tem- 
perature ; and in different instruments, to veiy different dqprees» 
and even in different directions, as will be seen (§ 377) in con- 
nexion with the description of the portable electrometer to be 
given later. But this temperature variation does not amount in 
ordinary cases probably to as much as one per cent ; and it is 
probable that after a year or two any continued secular variation 
of the platinum torsion spring will be quite insensible. It is to 
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be remarked, however, that secular experiments on the elasticitjr 
of metals are wanting, and ought at least to be commenced in 
our generation. In the meantime it will be desirable, both on 
account of the temperature variation and of the possible secular 
variation in the couple of torsion, to check the gauge hj accu- 
rate measurements of the time of oscillation of the needle with 
its appurtenances. The moment of inertia of this rigid body, 
except in so far as it may be influenced by oxidation of the 
metal, of which I have as yet discovered no signs, may be 
regarded as constant^ and therefore the amount of the direct- 
ing couple due to the magnets may be determined with great 
accuracy by finding the period of an osciUation when the four 
quadrante are put in connexion through the chaiging rod with 
the metal mounting bearing the guard plates, etc. I have not 
as yet put into practice any of the obvious methods, founded 
on the general principle of coincidences used in pendulum 
observations, for detennining the period of the oscillation ; but 
although not more than twenty or thirty complete oscillationa 
can be counted, it seems certain that with a little trouble the 
period of one of them may be easily determined to an accuracy 
of about ru per cent 

357. [Addition, May 1870. — ^The most direct and obvious 
method of using the Quadrant Electrometer is to connect the 
two chief electrodes, with the two bodies whose difference of 
potentials is to be measured, and one of them with the case of 
the instrument With the instruments made at the present 
date, a difference of potentials equal to that of the opposite poles 
of a single Daniell's cell gives, when measured in this manner, 
a deflection of the image over about 60 scale-divisions, more 
or less according to the distance at which the points of sus- 
pension of the silk fibres have been adjusted (§ 348, Addition). 
The difference of potentials due to six cells in series would 
thus deflect the image to the extremity of the scale, and be the 
greatest difference of potentials that could be measured by the 
electrometer, if these were the only connexions available for 
measurements. A second and much lower grade of sensibility 
is obtained by simply raising, so as to disconnect firom the 
quadrant beneath it^ the electrode connected with the case. 
This being done, it requires a battery of about 10 or IS oella 
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to prodnce the deflection preriously produced by a single ceU. 
Several •till lower gradei of Knaibilitj have been provided for 
in the instramenta recently made, by the addition of an induc- 
tioD-pIat(^ insnlatod directly over one of the quadrants behind 
tbe minoi: The sketdt in the margin represente a vertical 
section through the induction- 
plate (e), inwilaHng glass stem (() 
by which it is supported, its 
electrode (a), Uia quadrant (c), 
and main glass stem (;). The 
line AB in the horizontal plan 
below is the line of section, pass- 
ing through the centres of the 
elecbode and insulating stem of 
the induction-plate, and that of 
the main glass stem, which are in 
one straight line. The plan re- 
presents that part of the main 
cover as seen from above, when 
the lantern and upper works are 
removed. The plate (A) which 
supports the main stem (9) has 
been enlarged to bear also the in- 
solatiDg support (0 of ^B induction-plate. The outline of the 
induction-plate falls within that of the quadrant beneath it by 
'1 6 of a centimetre (A of an inch) all rovtnd. It is distant '48 
of a centimetre (A of An inch) from the upper surface of the 
quadrant The dimensions in the figure are half full size. 

With an electrometer fitted with Uie indnction-plate, die 
usual connexions for the first or direct metiiod of measure- 
ment are the same as above mentioned. The electrode of the 
indnction-plate may be connected with that of the quadrant , 
beneath it, or with the case, or it may be insulated, without 
sensibly affecting the indications of the instrument. For 
the second grade of sensibility the induction-plate is con- 
nected with the case, and ^e difference of potentials to 
be measured is established between it and the distant pair 
of qoadtaots, the nearer pair being insolated by niaing their 
fllactn>d& To &ee the latter &om the indaoed chai!ge vhieh 
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they commonly lecMve by the act of laisixig their electrode, 
a disinsulator is provided, consisting of a light arm ot spring 
which may be turned so as to make contact with the quad- 
rant by means of a small milled head projecting above th^ 
cover. For a certain lower grade the arrangement is the same, 
except that the distant pair of quadrants, instead of the indue* 
tion-plate, is connected with the cover, and the difference of 
potentials to be measured is established between the cover and 
the induction-plate. With this arrangement the deflections 
measure about five times the difference of potentials producing 
the same deflections by the second grade. 

The connexions may be further varied so as to produce 
other degrees of sensibility giving indications perfectly trust* 
worthy and available for comparative measurements. The dif- 
ferent methods of forming the connexions, with or without an 
inductor, are indicated in the following table, where R means 
the electrode of the pair of quadrants marked RBfin the figure, 
L that of the pair LL^, and / that of the induction-plate ; O is 
the conductor led from one of the bodies experimented upon, 
the conductor led from the other and connected to the outer 
metallic case of the instrument^ which may be insulated from 
the table if necessary by placing a small block or cake of dean 
parafiSn under each of the three feet on which the instrument 
stands ; (S) or (L) means that the electrode of RBf or LL' is 
to be raised so as to be disconnected from its pair of quadrants. 
Thus in the grade of diminished power or sensibility standing 
first in the table on the right, the electrode L is raised, one 
conductor is connected withi2; /and the other with the case of 
the instrument The grade standing last in the table, in which 
Zand R are both rtdsed, is the least sensitive of alL In each of 
these methods the correctness of the indications has been veri- 
fied by measurements taken simultaneously with the Standard 
Electrometer (§ 379)^ the measured diffnence of potentials 
being that of the earth and of a Leyden jar fitted with a 
replenisher, by means of which its potential was varied so as 
to make the deflected image stand at all points between the 
extremity of the scale and the zero position. The working 
of the replenisher being suspended at intervals to allow an 
accurate reading to be taken of the position of the image and 
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the indication of the Standard Electrometer, the subsiBtence of 
a oonect proportion between the deflection and the meaeuie- 
ment obtained from the Standard Electrometer was veiified at 
all points of the range. 
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The facility afforded by the number 
1^ of these arrangements for varying the 
sensibility of the instrument even to 
a moderate or slight degree without 
altering the adjustment of the fibres, 
will be found useful in some kinds 
of observationa For instance, if it 
be desired to observe the fluctuations 
of a vaiying potential, a degree of 
sensibility which throws the deflected 
image nearly to the extremity of the 
scale will cause the fluctuations to be 
twice as sensible and accurately read 
as if the deflection were only half as 
much, as they will bear the same pro- 
portion to the whole deflection in the 
two cases. 

It is intended in future to make the induction-plate smaller 
and moro distant fiiom the quadrant, in order to diminish the 
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indactive effect and permit of the measorement of from 100 to 
6000 cells hj the least sensitiye method. In some electro- 
meten also the fiist two grades of sensibQity may be oonsideied 
sufficient^ and the induction-plate dispensed with.] 

Absolute Elbctbomxtxb, 

SSa The absolute electrometer (fig. 11, Plate IL) and the 
other instruments of Class III. are founded on a method of 
experimenting introduced bj Sir William Snow Harris, and 
described in his first paper " On the Elementary Laws of 
Electricity," * thirty-four years aga In these experiments 
a conductor, hung from one arm of a balance and kept in 
metallic communication with the earth, is attracted by a fixed 
insulated conductor, which is electrified, and, for the sake of 
keeping its electric potential constant^ is connected with the 
inner coating of a Leyden battery. The first result which 
he announced is, that, when other circumstances remain the 
same, the attraction varies with the squaie of the quantity 
of electricity with which the insulated body is charged and 
is independent of the unopposed parts. . '' It is readily seen 
'^ that, in the case of Mr. Harris's experiments, it will be 
** so slight on the unopposed portions that it could not be 
^ perceived without experiments of a very refined nature, such 
** as might be made by the proof plane of Coulomb, which is, 
" in fact^ with a slight modification, the instrument employed 
^ by Mr. Faraday in the investigation. Now to the degree of ap- 
** proximation to which the electrification of the unopposed parts 
^ may be neglected, the laws observed by Mr. Harris when the 
*« opposed surfaces are plane may be readily deduced from the 
^ mathematical theory. Thus let « be the potential in the in- 
" terior of A, the charged body, a quantity which will depend 
'' solely on the state of the interior coating of the battery 
^ which, in Mr. Harris's experiments, A is connected, and 
** therefore be sensibly constant for different positions of A 
^ relative to the uninsulated opposed body A Let a be the 
^ distance between the plane opposed faces of A and B, and 

* PhUotoBkioal TrasuaaUomM. 1SS4. 
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* lefe She the area of the opposed parts of these faces, which 
** will in general be the area of the smaller^ if they be nneqnaL 
^ When the distance a is so small that we may entirely neglect 

* the intensity on all the unopposed parts of the bodies, it is 
^ readily shown, from the mathematics theory, thai (since the 
^ diiFerence of the potentials at the surfaces of A and Bisv) 

* the intensity of the electricity pvodnced by induction at any 

* point of the portion of the surfSace of B which is opposed to 

* A is r — » the intensity at any point which is not so situated 

* being insensibla Hence the attraction on any small element 

* «^ of the portion 5 of the surface of B, will be in a direction 

* peipendicular to the plane and equal to ^wfr— ] ok* Hence 

* the whole attraction on £ is 

< 

v"5 



em* 

formula expresses all the laws stated by Mr. Harris 
" as results of his experiments in the case when the opposed 
^ surfaces are plane.*t 

S59. After many trials to make an absolute electrometer 
founded on the repulsion between two electrified spherical con- 
ductors for which I had given a convenient mathematical formula 
in § 4 of the paper just quoted (§ 30, above), it occurred to me 
to take advantage of the fact noticed by Harris, but easily seen 
as an immediate consequence of Green's mathematical theory, 
that the mutual attraction between two conductors used as in 
his experiments is but little influenced by the fmn of the un- 
opposed parts ; and in 1853, in a paper '' On Transient Electric 
Cunents^**^ I described a method for measuring differences of 
dectric potential in absolute electrostatic measure founded on 
that idea. The '' absolute electrometer,!' which I exhibited to 
the British Association at its Glasgow Meeting in 1855^ was con* 
atmeted lor the purpose of putting these methods into practice. 
Una instrument consists of a plane metal disc insulted in a 

• 9m MaOematieid JourmO, toL iii p^ 275 (VU abore^ §§ 14e, 147). 

MMmaUcal JmrnuO, 1846; and Fkih$f^phiet U MagoMiM, jitf 1854 (IL 
aWfv^f 27). 
t nUim^ioal JAijwfw^, Jum 1858. 
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fixed horizontal position with a somewhat smaller fixed metal 
disc hnng centrally over it^ from one end of the beam of a 
baknca In two papers * entitled " Measurement of Electro- 
static Force produced by a Battery/ and ** Measurement of the 
Electromotiye Force reqiured to produce a Spark in Air between 
Parallel Metal Plates at Different Distances/ published in the 
Proeeedings o/ihe Royal Society for February I860, 1 described 
applications of this electrometer, in which, for the first time I 
believe, absolute electrostatic measurements were made. The 
calculations of differences of potential in absolute measure 
were made according to the formula quoted above (§ 858) 
from my old paper on ** The Elementaxy Laws of Statical Elec- 
tricity/' 

360. This formula is rigorous only if the distance between 
the discs is infinitely small in comparison with their diameters ; 
and therefore, in my earliest attempt to make absolute electro- 
static measurements, I used very small distances. I found 
great difiiculty in securing that the distance should be nearly 
enough equal between different parts of the plates, and in 
measuring its absolute amount with sufficient accuracy; and 
found besides serious inconveniences in respect of sensibility 
and electric range : later I made a great improvement in the 
instrument by making only a small central area of one of the 
discs moveabla Thus the electric part of the instrument 
becomes two large parallel plates with a circular aperture in 
one of them, nearly filled up by a light circular disc supported 
properly to admit of its electrical attraction towards the other 
being accurately measured in absolute units of foroa The diso 
and the perforated plate surrounding it will be called, for 
brevity, the disc and the guard-plate. The fi&ces of these two 
next the other plate must be as nearly as possible in <me plane 
when the disc is precisely in the position for measuring the 
electric force upon it^ which, for brevity, will be called its 
sighted position. The space between the disc and the inner 
edge of its guard-ring must be a vexy small part of the diameter 
of the aperture, and must be very small in comparison with the 
distance between the plates ; but the diameter of the disc may be 
greater than, equal to, or less than the distance between the plates^ 

• XYHL and XDL sboTi^ ■ 310-34a • 
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361. Mathematical theoiy shows that the electric attraction 
expmenced by the disc is the same as that experienced by a 
obtain part of one of two infinite planes at the same distance, 
irith the same difference of electric potentials, this area being 
▼eiy approximately the mean between the area of the aperture 
and the area of the disc, and that the approximation is very 
good, even should the distance between the plates be as much 
as a fourth or fifth, and the diameter of the disc as much as 
ihiee-fourths of the diameter of the smaller of the two plates. 
This conclusion will be readily assented to when we consider 
that* the resultant electric force at any point in the air between 
the two plates is equal numerically to the rate of conduction of 
heat per unit area across the corresponding space in the follow- 
ing thermal analogue. Let a solid of uniform thermal conduc- 
tivity replace all the air between and around the plates ; and in 
place of the plates let there be hollow spaces in this solid. Let 
these hoUow spaces be kept at two uniform temperatures, 
differing by a number of degrees equal numerically to the 
of potentials in the electric system, the space corre- 
to the disc and guard-ring being at one temperature, 
and that corresponding to the opposite plate at the o^er tem- 
perature; and let the thermal conductivity of the solid be 
imity. If we attempt to draw the isothermal surfaces between 
the hollow corresponding to the continuous plate on the one 
side, and that corresponding to the disc and guard-ring on 
the other, we see immediately that they must be very nearly 
plane^ from very near the disc all the way across to the corre- 
sponding central portion of the opposite plate, 1>ut that there 
will be a oonvexily towards the annular space between the disc 
and guaid-ring. 

363* Thus we see that the resultant electric force will, to a 

V 
very dose approximation, be equal to ^ for all points of the 

air between the plates at distances from the outer bounding 
edges exceeding two or three times the distance between the 
plates^ and at distances from the interstice between the guard- 



*Oii a« Unifoim Condootion of BmX thnmoh Solid Bodies, and ito 
with tho Mathomatioal Tlieoiy of Etooftnoity,** CamMdgtMati^ 
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ring and disc not less than the breadth of this intentioe. 
Hence, if p denote the electric density of any point of the 
plate or disc &r enough from the edges, we ha^e 

V 

But the outward force experienced by the surfisuse of the 
electrified conductor per unit of area at any point is 2ir/^, and 
therefore if F denote the force experienced by any area A 
of the fixed plate, no part of which comes near its edge^ we 
have ytA 

which will clearly be equal to the attraction experienced by 
the moveable disc, if il be the mean area defined abova This 

gives V^dJ^, the formula by which differanoe of pcrten- 

tials in absolute electrostatic measure is calculated from the 
result of a measurement of the force F^ which, it must be 
remembered, is to be expressed in kinetic units. Thus if W 
be the mass in grammes to which the weight is equal, we have 

F^gW, 

where jr is the force of gravity in centimetres per second per 
second 

The difficulty which, in first applying this method about 
twelve years ago, I found in measuring accurately the distance 
D between the plates and in avoiding error from their not 
being rigorously parallel, I now elude by measuring only differ- 
ences of distance, and deducing the desired results from the 
difference of the corresponding differences of potentials. Thus 
let V be the difference of potentials between the plates re- 
quired to give the same force F; when the difference of poten- 
tials is V^ instead of V, we have 

368. The plan of proceeding which I now use is as follows : 
— ^Each plate (fig. 11, Plate II.) is insulated ; one of them, the 
continuous one, for instance, is kept at a potential differing 
from the earth by a fixed amount tested by aid of a separate 
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idiostatic* electrometer ;f the other plate (the guard-ring and 
moYeable disc in metallic communication with one another) is 
alternately connected with the earth and with the body whose 
potential is to be measured. The lower plate is moved up or 
down by a micrometer screw until the moveable disc balances 
in a definite position, indicated by the hair (with background 
of white with black dots) seen through a lens, as shown in 
fi^ 1 1. Before and after commencing each series of electrical 
experiments, a known weight is placed on the disc, and a small 
wire rider on the lever from which the disc hangs is adjusted 
to bring the hair to its sighted position when there is no electric 
force. This last condition is secured by putting the two plates 
in metallic communication with one another. For the electric 
experiments the weight is removed, so that when the hair is 
in the sighted position the electric attraction on the moveable 
disc is equal to the force of gravity on the weight The electric 
connexions suitable in using this instrument for determining 
in absolute electrostatic measure the difference of potentials 
maintained by a galvanic battery between its two electrodes are 
indicated in fig. 1 1. No details as to the case for preventing 
disturbance by currents of air, and for maintaining a diy atmo- 
sphere, by aid of pumice impregnated with strong sulphuric 
acid, are shown, because they are by no means convenient in 
the instrument at present in use, which has undergone so many 
transformations that scarcely any part of the original structure 
remains. I hope soon to construct a compact instrument con- 
venient for general usa The amount of force which is constant 
in each series of experiments may be varied from one series to 
another by changing the position of t])e small wire rider on the 
levex. 

The electric system here described is heterostatic (§ 385 
below), there being an Independent electrification besides that 
whose difference of potential is to be measured. 

• 8m 1 8S5, bdow. 

t [A Leyden jar with an idiotUtie g»o0e and replenuher fitted to the 
oofer hj whioh it ia oloeed hat been f oand rwy anitaUe for thia purpoae. 
Hm gauge oaa be adjnated to a higher degree of aenaibility than is attainable 
in an eleotiometer for general purpoaea, aa the Standard or the Portable 
Xleotrometer, and the mierometer moTementa and gradnatioDB of theae 
an not reqniied.— ifair iS70.] 
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New AfisOLun Elbctbohreb. 

364. Plate IIL is a sketch in perspective of this iiistra- 
ment, one-third of the full size. As in the Absolute Electro- 
meter just described, the electric system is heterostatic ; with 
this addition, that the potential of the auxiliary charge is 
tested and maintained, not by a separate electrometer and 
electric machine, but by an idiostatic arrangement forming 
part of the instrument itael£ This consists of a Leyden jar, 
forming the case of the instrument ; a gauge ; and a replenisher. 
The Leyden jar is a white (flint) glass cylinder, coated inside 
and outside with tinfoil to nearly the height of the circular 
plate (A) ; apertures being left to admit the requisite light to 
the interior, and allow the indications of the yertical scale (r) 
and divided circle (Q to be read. A brass mounting is cemented 
round the upper rim of the jar, to which is screwed the cover 
of stout sheet-brass (C), which closes the jar at the top. By 
another brass mounting cemented round its lower rim, the jar 
is fastened down to the cast-iron sole-plate (D) which doses 
its lower end. The sole-plate is supported on three legs similar 
to those shown in fig. 13, Plate IL The cover (C) supports 
the replenisher (E)^ and the aluminium balance-lever of the 
idiostatic gauge, which are identical in construction with those 
described in §§ 852, 363, but on a larger scale. The air inside 
is kept dry by aid of pumice soaked with strong sulphuric 
add, contained in glass vessds placed in the bottom of the 
jar. 

The moveable disc or balance (c) hangs in a circular aperture 
in the plate (A), which rests on three fixed supports (a; % •) 
cemented to the interior surface of the jar, and in metallic con- 
nexion with the indde coating ; the manner of support is that 
of the hole, dot, and plane, described in § 380, (2), bdow. 
This perforated plate or guard-plate supports on a brass pillar 
the attracting plate (F) of the idiostatic gauges which thus 
tests the potential of the guard-plate, balance, and indde coat- 
ing. This potentid is kept constant during any series of ex- 
periments by using the replenisher according to the indicationa 
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of the gauge, which is made extremely sensitLve by a proper 
adjustment of the distance from the attracting plate (F) to 
the balance-lerer and of the torsion by which the electrical 
atlnu^on is balanced (see end of § 363). The replenisher has 
metallio contact with the goard-plate through the spring (e). 
The jar is charged by an insulated chaiging-rod let down for 
the occasion through a hole in the cover. 

365. The balance (e) is a light aluminiimi disc, about 46 
millimetres in diameter, strengthened by an elevated rim and 
xadial ribs on its upper surface, but having its lower surface 
plane and smootL It nearly fills the aperture in the guard- 
plate, sufficient clearance being left ('76 of a millimetre all 
Tound) to allow it to move up and down without risk of fric- 
tion. It is supported by three delicate steel springs, each of 
which consists of two parts ; the upper end of the upper part 
is attached to the lower extremity of a vertical insulating 
stem (t) directly above the centre of the disc, where the cor* 
responding end of the lower part is fixed The opposite ends, 
which project considerably beyond the circumference of the 
disc, are riveted together. One of these springs (s) is shown 
in the figure. Their general form may be compared to that of 
eoach-springa The point of attachment of their upper parts 
is moved vertically by a kinematic arrangement precisely the 
aame as that employed in the Portable Electrometer (§369). 
The insulating stem (i) is attached to a brass tube (a), which 
slides up and down in V guides by the action of a micrometer 
screw. This micrometer screw is worked by means of the 
milled head (m) projecting above the cover (C) ; the guides for 
the tube (a) and index (x) which moves up and down with the 
tube, are similar to those represented more fully in fig. 10, 
Plate IL, and are rigidly attached to a strong brass plate (h) 
lying across the mouth of the jar below the cover, and resting 
upon the flange of the brass mounting, to which it is fastened 
by screws. The plate (&) is so acyusted that the balance may 
hang concentric with the perforation in the guard-plate. The 
tube (a) is similar in construction to that represented in fig. 8, 
Plate IL, and described in § 369, below. The micrometer 
aerew carries a horuDontal droular disc (d) graduated by 100 
equal ai^gulsr divisions. An aperture is left in the cover 
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"thiough which its indications can be read off by lefeience 
to a fixed mark on the sbping edge of the aperture. Thia, 
together with the Bcale (J), each division of which coireaponds 
to one full turn of the micrometer screw, measures the yertical 
distance through which the tube (a) and the points of attach- 
ment of the springs are moved. 

Metallic communication between the balance and the guard* 
plate is maintained by a light spiral wire attached to the pillar 
(ff) and to the upper support of the springs^ which is a brass 
piece cemented to the insulating stem. An arm, not seen in 
the figure, projects from flie guard-plate over the disc so that 
its extremity is between the centre of the disc and the upper 
end, bent horizontally, of an upright fixed to the disc; thus 
serving as a stop to confine the motion of the disc between 
certain limits. A very fine opaque black hair (§ 853) is 
stretched between two small uprights (one of which is seen in 
the figure) standing in the centre of the disc. An achromatic 
convex lens (A), fixed on the guard-plate, stands opposite, and 
produces an image of the hair in the coigugate focus, which is 
just over the outer edge of the guard-plate. The two opposed 
screw-points (k) are adjusted to touch each side of the image 
thus thrown by the lens, which, on the principle of the astro- 
nomical telescope, is observed through an eye-lens (2), attached 
outside of the jar to the upper brasa mounting. By this ar- 
rangement the error of parallax in observing the position of 
the hair relatively to the two points is avoided ; the position 
of the eye may be varied in any direction without causing any 
change in the apparent relative position of the hair (image) and 
points. In adjusting these different parts, it is arranged that 
when the image of the hair is exactly between the two points^ 
or in what is called the sighted position, the under sur&oes of 
the balance and guard-plate may be as nearly as possible in one 
horizontal plane. 

The balance and springs are protected, in the use of the 
instrument^ from disturbing electrical forces, by a brass cover 
in two halves (y, y), one of which is represented displaced in 
the figure, to show the interior arrangements. The two halves^ 
when placed together, form a circular box, with an aperture in 
front in which the lens (h) stands, and another aperture behind 

T 
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to admit light fiom the sky or from a lamp placed outside of the^ 
jar in the line of the hair, lens, and pointa 

366. The electrical part of the instrument is completed by the 
continuous attracting plate (jB), under and parallel to the guard* 
plate and spring-balance. This is a sti£F circular brass plate 
with parts cut out to allow it to move freely past the fixed 
supports (z, Zf •) of the guard-plate. An electrode (n) project- 
ing through a hole in the sole-plate from an insulating stem (ja) 
is kept in metallic communication by a spiral wire with an arm. 
projecting from the centre of the continuous plate. The plate 
(S) is supported by a brass pillar (g), from which it is insulated 
by a short glass stem. It is moved vertically by the micro- 
meter screw (i£;} (step lAr of an inch) ; and this motion is 
measured by a vertical scale (r) and horizontal graduated circle 
(Q attached to the screw. The screw projects below the sole- 
plate, and is worked by the milled head (u), the nut (v) being 
fixed in the centre of the sole-plate. The pillar (s) moves in 
Y or ring guides, and rests upon the upper end of the screw in 
the manner represented in fig. 14, Plate IL 

367. Before this instrument is available for absolute electro- 
static measurements, the force required to move the balance 
through any fixed vertical distance (the point of suspension being 
unmoved) must be known. This is ascertained by weighings 
conducted in the following manner : — ^The cover (C) is removed, 
and all electrical force upon the balance is guarded against by 
putting the electrode (n) in metallic communication with the 
guard-plate. The balance is then brought, by turning the 
micrometer circle (d), to the sighted position ; and the reading 
on the scale (/) and graduated circle (d) is noted. A known 
weight is then distributed symmetrically over the disc (A of a 
gramme has been used hitherto), which displaces it below the 
sighted position. It is now raised to the sighted position by 
turning the disc ((2), and the altered micrometer reading is 
noted. The difference between the two readings measures the 
distance through which the given weight displaces the balance 
in opposition to the tension of the springs ; and conversely, 
when the balance has been displaced through the same distance 
by electrical attraction between it and the continuous plate 
bdow it^ this known weight is the measure of the fbrce exerted 
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upon it It has been thus found by repeated weighings, that a 
weight of n of a gramme displaces the balance thxongh a 
distance corresponding to two full tarns of the micrometer 
screw and a fraction of one division of the cirde, in the instru- 
ment belonging to the Laboratory of the Olasgow UniTersity. 
This distance having been ascertained with all possible care 
and at different temperatures, in view of the possible effect of 
temperature on the elasticity of the springs, the plan of pro- 
ceeding to absolute electrostatic measurements is as follows^ the 
weights being removed and covers (y, y, C) replaced. 

AH electrical influence having been removed by a wire led 
from the electrode (n) through the hole in the cover (O) to the 
guard-plate, the balance is brought to the sighted position. 
Starting fix)m this point, it is raised by the micrometer screw 
through any distance which has been ascertained to correspond 
to a known weight, e.g. the distance just mentioned. This cor- 
responds exactly to the removal of the weight (§ 363) in the 
use of the Absolute Electrometer already described. The jar 
is then charged, and the potential is kept constant during the 
experiments by using the replenisher according to the indica- 
tions of the gauge, which, as already said, has been made 
extremely sensitive for the purpose. The attracting plate (B) 
is connected by its electrode (n) alternately with the outside 
coating of the jar (which may be either connected with the 
earth or insulated) and with the body the difference of whose 
potential from that of the outside coating is to be measured. 
In each case the balance is brought to the sighted position by 
moving the plate (B) up or down by the micrometer screw (w)^ 
and the reading on the vertical scale (r) and graduated circle (t) 
is noted. The difference of the two readings gives the differ- 
ence of the two distances between balance and attracting 
plate, from which the difference of potentials is deduced by 
the formula at the end of § 862. In measuring the difference 
of potentials between the poles of a voltaic battery, it is found 
very convenient to connect the polesi through a Steinheil (or 
double Bavarian) key, either with the outer coating of the jar 
(or earth), the other with the insulated electrode (n). ^le 
reading being taken and the key reversed, the difference of 
readings^ it is evident^ measures a difference of potentuds 
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double that of the poles of the batteiy. Two obeeryen aie 
convenient^ one to watoh the gauge and nae the replenisher 
aooQidinj^jy the other to take the leadings. 

Portable Eleotrometxr. 

368. In the ordinary use of the portable electrometer (figs. 
S, 9, and 10, Plate IL), the electric system is heterostatic and 
quite simUar to that of the absolute electrometer, when used in 
the manner described above in § 36S. But the balance is not 
adapted for absolute measure of the amount of force of attrac- 
tion experienced by the moveable disc ; on the contrary, it is 
predsely the same as that described for the gauge of the quad- 
xant electrometer in § 353 above, only turned upside down. 
Thus» in the portable instrument, the square disc (/) forming 
part of the lever of thin sheet aluminium is attracted upwards 
by a solid circular disc of sheet-brass (jr), thick enough for 
stiffness. Every part of the aluminium lever except this 
square portion is protected fix)m electric attraction by a fixed 
brass plate (hh) with a square hole in it, as nearly as may be 
stopped by the square part of the sheet aluminium destined to 
experience the electric attraction, all other parts of the alumi- 
nium balance-lever being below this guard-plata The alumi- 
nium lever (ik), as shown in figs. 8 and 10, is shaped so that 
when the hair (I) at the end of its long arm is in its sighted 
position, the upper surfaces of the fixed guard-plate (h) and 
moveable aluminium square (/) are as nearly as may be in one 
plane. The mode of suspension is predsely the same as that 
described (§ 353) for the gauge of the quadrant electrometer. 
In the portable instrument^ careful attention is given by the 
maker to balance the aluminium lever by adding to it small 
masses of shellac or other convenient substance, so that its 
centre of gravity may be in the line of its platinum-wire axis, 
or, more properly speaking, in such a position that the instru- 
ment shall give, when electrified, the same " earth-readings '^ 
when held in any positions^ either upright^ or inclined, or in- 
Terted (§375 bdow). Thus the condition of equilibrium of 
the balance, when the hair is in its sighted position, is that the 
moment of electiio attraction round the axis of suspension shall 
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be equal to the moment of the couple of tonion, the latter 
being as constant as the properties of the matter concerned 
(platinum wire, brass stretching-springs, eta) will allow. 

369. The guard-plate canying, by the platinum-wire suspen- 
sion, the aluminium balance, is attached to the bottom of a 
small glass Leyden jar (mm), and is in pennanent metallic 
communication with its inside coating of linfoiL The outside 
tinfoil coating of this jar is in permanent metallic communica- 
tion with the outside brass protecting case. The upper open 
mouth of this case is closed by a lid or roof, which bears on its 
inner side a firm finme projecting downwards. This fiame has 
two y notches, in which a stout brass tube (p) slides, kept in 
the Ys by a properly placed spring (p) [(May 1870) better two 
springs, one pressing directly towards each Y], giving it freedom 
to slide up and down in one definite lina* Firmly fixed in the 
upper end of this tube is a nut (a, fig. 8), which is made to 
move up and down by a micrometer screw. The lower end 
of the shaft of this screw has attached to it a convex piece of 
polished steel (b, fig. 8), which is pressed upon a horizontal 
agate plate rigidly attached to the framework above mentioned 
by a stiff brass piece projecting into the interior of the brass 
tube through a slot long enough to allow the requisite range of 
motion. This arrangement will be readily understood from 
the accompanying drawings. It has been designed upon obvi- 
ous geometrical principles, which have been hitherto n^ected, 
so fftr as I know, in all micrometer screw mechanisms, whether 
for astronomical instruments or other purposea The screw- 
shaft IB turned by a milled head, fixed to it at the top outside of 
the roof of the instrument ; and the angles through which it is 
turned are read on a circle divided into one hundred equal parts 
of the circumference (or S'^'G each) by reference to a fixed mark 

* In ooDMqiieiioe of luggectioiu l^ Kr. Jeakin, it is probable tbii tb« 
spring may be done away with, and the Ye rsplaoed by ringi approximately 
fitting round the tube, but leaving it quite free to fall down by ite own 
weighl In eoneeqnence of the ■ymmetrieal podtioiL of the oonTex end of 
the aerew orer the oentre of the attracted diM3» tUj^t latenJ motioiia of the 
tube produce no senaiUe effect on the eleotrio attraction. [{Ma^ 1S70. — 
Varioua trials botii on the portable and staticDary instruments have bat 
Tory partially fulfilled this anticipation ; and have oonfinned the p ractic al 
Talne of tibe Vs. The constructional adTantages of the ri^gi and geometri- 
cal merits of the Ys are esstly combined.] 
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on the roof of the instroment The hole in the toof through 
which the sciew-ehaft passes is wide enough to allow the shaft 
to torn without touching it^ and the lower edge of the gradu- 
ated ciide turning with the screw is everywhere very near the 
upper side of the roof, but must not touch it at any point A 
second nut {e, fig. 8) abore the efiective nut fits easily, but 
somewhat accurately, in the hoUow brass tube, and ib prevented 
firom turning round in the tube by a proper projection and slob 
Thus the screw is rendered sufficiently steady, with reference 
to the sliding tube ; that is to say, its axis is prevented from 
any but excessively small deviations from the axis of the 
sliding tube and fixed guides ; and when the nut is kept from 
being turned round its proper axis, it forms along with the 
sliding tube virtually a rigid body. A carefully arranged 
spiral spring presses the two nuts asunder, and so causes the 
upper side of the thread of the screw-shaft always to press 
against the under side of the thread of the effective nut, thus 
doing away with what is technically called in mechanics " lost 
tima" In turning the micrometer screw, the operator presses 
AtB head gently downwards with his finger, to secure that its 
lower end bears firmly upon the agate plata It would be the 
reverse of an improvement to introduce a spring attached to 
the roof of the instrument outside to press the screw head 
downwards, inasmuch as however smooth the top of the screw- 
shaft might be made, and however smooth the spring pressing 
it down, there would still be a very injurious friction impeding 
the proper settlement of the sliding tube into its Y& A stiff 
fork (s) stretching over the graduated circle is firmly attached 
to the roof outside, to prevent the screw from being lifted 
up by more than a very small space ; about lAr of an inch 
at most In using the instrument, the observer should oc- 
casionally pull up the screw-head and press it down again, 
sad give it small horizontal motions, to make sure that when 
it is being used it is pressed in properly to its Ys and down 
upon the agate-plata A long aim (d, figs. 8 and 10) (or two 
snns one above the other), firmly attached to the sliding-tube, 
canies an index which moves up and down with it Two fixed 
guiding-cheeks on each side of tins index prevent the tube 
fiom bei^g canied round too fisur in either direction when the 
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screw 18 turned : one of these cheeks is giadoated so that each 
division is equal in length to the step of the micrometer screw ; 
this enables the operator to ascertain the number of times he 
has turned the screw. These two cheeks mnst never simul- 
taneously press upon the sliding-pointer ; on the contniij, thej 
must leave it a slight amount of lateral freedom to mova If 
this does not amount to *S6 of a degree, the amount of * lost 
time'' produced by it will not exceed iV of a division of the 
micrometer cirole, and will not produce any sensible error in 
the use of the instrument. A glass rod cemented to the lower 
end of the tube prolongs its axis downwards, and bean the 
continuous attracting-plate of the electrometer at its lower end. 

The object aimed at in the mechanism just described is to 
prevent the nut and other parts rigidly connected with it from 
any other motion than parallel to one definite line, and to leave 
it freedom to move in this line, unimpeded by any other fric- 
tion than that which is indispensable in the arrangement for 
keeping the sliding tube in its Vs. 

370. If the inner tinfoil covering of the Leyden jar were 
completed up to the guard-plate bearing the aluminium bal- 
ance-lever, the long arm of this lever being in the interior of a 
hollow conductor would experience no electric influence, and no 
force from the electrification of the Leyden jar, or from separate 
electrification of the upper attracting plate, or, moro strictly 
speaking, the electric density and consequent electric force on 
the long arm of the lever would be absolutely insensible to 
the most refined test we could apply, because of tlic smallness 
of the gap between the moveable aluminium si) uro and the 
boundary of the square aperture in the guard pl.ito. But to 
see the hair on the long end of the lever, and the white back- 
ground with black dots behind it, a not inconsiderable portion 
of the glass under the guard-plate must be deaied of tinfoil 
outside and insida Thus the electric potential of the inner 
coating of the Leyden jar will not be continued quite uni- 
formly over the inner surface of the bared portion of the glassy 
and a disturbance affecting chiefly the most sensitive part of 
the lever will be introduced. To diminish this as much as 
possible without inconveniently impeding vision, a double 
screen of thin wire fencing, in metallic communication with 
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tbe inner tinfoil coating and the guard-plate, is introduced 
between the end of the lever and the glass through which it is 
obserred. 

371. A yerj light spiral spring (r) connects the upper attract- 
ing plate witii a brass piece supported upon a fixed vertical 
S^ass column projecting downwards from the roof of the instru- 
ment This brass piece bears a stout wire (a), called the main 
electeode^ projecting vertically upwards along the axis of a 
brass tube open at each end, fixed in an aperture in the roof 
80 as to project above and below, as shown in fig. 9. 

372. The top of the main electrode bears a brass sliding 
piece (i), which, when raised a little, serves for umbrella and 
wind-guaid without disturbing the insulation; and when pressed 
down closes the aperture and puts the electrode in metallic 
connexion with the roof of the instrument /When the instini- 
ment is to be used for atmospheric electricity (unless at a fixed 
station), a steel wire, about 20 centimetres long, is placed in 
the hole on the top of the sliding brass piece just mentioned, 
and is thus held in the vertical position. A burning match is 
attached to its upper end, which has the effect of bringing the 
potentifd of the chief electrode and upper attracting plate, etc., 
all to the potential of the air at the point where the match 
buma^ The instrument is either held in the observer's hand, 
or it is placed upon a fixed support, and care taken that its 
outer brass case is in connexion with the eartL When the 
difference of potentials between two conductors is to be tested, 
one of these is connected with the brass case of the instrument^ 
and the other with the chief electrode, the umbrella being kept 
up. If both of these conductors must be kept insulated from 
the earth, the brass case of the electrometer must be put on an 
insulating stand, and the micrometer screw turned by an insu- 
lating han d le, 

S7S. A lead cup (e ^ fig. 8), supported by metal pillars fiK)m 
the roof and carxying pieces of pumice-stone, held in their 
place by India-rubber bands, completes the instrument The 
inner surface of the glass must be dean, and particles of dust, 

• 8m Iffkhol's OgeUipttiia, artids ««BlMlridty, Atnuwpheru^" 9d edition, 
ISSO d 2SS, abofve) ; or •'Boyil laiiitiilioa Laotmo on AtaKwplMrio Eloo- 
Irinty," Miy 1S60 (11 877, tj% nbort). 
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minute shredB or fibres^ eta, xemoved as carefully as possible, 
especially from the lower surfiatce of the upper attractiag- plate, 
and the upper surface of the guard*plate and aluminium square 
facing it from- below. The pumice is prepared by moistening 
it with a few drops of strong pure sulphuric acid. Ordinary 
sulphuric acid of commerce should be boiled with sulphate of 
ammonia to free it horn volatile acid vapours, and to strengthen 
it sufficiently by removing water if the acid be not of the 
strongest There should not be so much acid applied to the 
pumice as to make it have the appearance of being moist, but 
there must be enough to maintain a sufficiently dry atmosphere 
within the instrument for very perfect insulation of the Leyden 
jar, which I find does not in general lose more of its charge 
than five per cent, per week, when the pumice is properly im- 
pregnated with add. Thus there is no-tendency of the liquid to 
drop out of the pumice ; and the pumice being properly secured 
by the India-rubber bands, the instrument may be thrown about 
with any force, short of that which might break the glass jar or 
either of the glass stems, without doing any damage ; but to 
insure this hardiness the sheet aluminium of which the bal- 
ance is made must be very Mn. After several weeks' use the 
pumice may b^gin to look moist, and even slight traces of 
moisture may be seen on the outside of the lead cup, in conse- 
quence of watery vapour attracted by the sulphuric acid bom 
the atmosphere ; but the pumice should then be taken out and 
dried. At all events this must be done in good time, before 
enough of liquid has collected to give any tendency to drop. 
In all dimates in which I have hitherto tested the instrument; 
I have found the pumice effective for insulation and safe 
in keeping all the liquid to itself for two months. But 
Mr. Becker having reported to me that many instruments 
have been returned to him in a ruinous condition from drops 
of sulphuric acid having become scattered through their metal 
work, I now cause to be engraved coiuipicuously on the outer 
case of the instrument ** fumice dakoeaoits, if kot dbded okce 
A MONTH ;** also a frame carrying a card, on which the dates of 
drying are inscribed, to be placed in a convenient position on 
the roof of the instrument 
374. To prepare the instrument for use, the iimer coating of 
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the Leyden jar must be charged through a chargiiig rod, insu- 
lated in a Yulcanite or glass tube, and let down for the occasion 
through a hole in the roof of the instrument^ by aid of a small 
electrophorus, which generally accompanies the instrument, or 
by an electrical machine. I generally prefer to give a negative 
charge to the inner coating, as I have not found any physical 
reason, such as that mentioned in § 849 above, to prefer a posi- 
tive chaige to a negative chaige ; and the native charge gives 
increased readings of the micrometer, in the ordinary use of the 
instrument^ to correspond to positive chaiges of the principal 
electrode, as will be presently explained. Before commencing 
to charge the jar, the upper ^tracting-plate should be moved 
to nearly the highest position of its range by the micrometer 
screw, otherwise too strong a force of electric attraction may be 
put npon the aluminium square ; and besides, the jar will dis- 
charge itself between the upper plate and the extreme edge of 
the aluminium square, when it is pulled very much above the 
level of the guard-plate by the electric attraction. I have not 
found any injury or change of electric value of the scale-divi- 
aions to arise firom any such rough usage ; but still, to guard 
against such a possibility, I propose to add to the guard-plate 
checks to prevent the comers of the aluminium from rising 
much, if at all, above its level, and to conduct the discharge 
and protect the aluminium and platinum from the shock, 
in case of the upper plate being brought too near the lower. 
When the instrument is being charged, or when it is out of use 
at any time, the umbrella should always be kept down ; but it 
must be raised to insulate the principal electrode, of course, 
before proceeding to apply this to a body whose difference of 
potential from a body connected with the case of the instru- 
ment is to be measured. 

S76. In using the instrument the umbrella must very fre- 
quently be lowered, or metallic communication established in 
any otiier convenient way between the chief electrode and the 
outer brass case, the micrometer screw turned imtil the hair 
takes its sighted position, and the reading taken, the hundreds 
being read on the interior vertical scale, and the units (or single 
divisions of the circle) on the graduated circle above, ^e 
number thus found is called the earth-reading. It measures 
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the distance from an arbitrarir zero position to the position in 
which the upper attracting-plate must be placed to give the 
amount of electric force on the aluminium square which bal- 
ances the lever in its sighted positioa A constant added to 
the earth-reading, or subtracted firom it^ gives (§ 341) a number 
simply proportional to the difference of potentials between the 
upper and lower plate ; that is to say, between the two coat- 
ings of the Leyden jar. The vertical scale and micrometer 
circle are nimibered, so that increased distances between the 
plates gives increased readings ; and the zero reading should 
correspond as nearly as may be to zero distance between them; 
although in the instruments hitherto made no pains have been 
taken to secure this condition, even somewhat approximately. 
If it is desired to know the constant, an electrical experiment 
must be made to determine it^ which is done with ease ; but 
this is not necessary for the ordinary use of the instrument^ 
which is as follows : — 

376. First, an earth-reading is taken, then the upper dec* 
trode is insulated by raising the umbrella^ or otherwise break- 
ing connexion between the principal electrode and the outer 
metal case of the instrument The principal electrode and the 
outer case are then connected with the two bodies whose differ- 
ence of potential is to be determined, and the micrometer screw 
is turned until the hair is brought to its sighted positioa The 
reading of hundreds on the vertical scale and units on the oirde 
is then takea Lastly, the principal electrode is again con- 
nected with the case of the instrument and another eaith-ftad- 
ing is taken. If the second earth-reading differs from the first, 
the observer must estimate the most probable earth-reading for 
the moment when the hair was in its sighted position, with the 
upper plate and the metal case in connexion with the two 
bodies whose difference of potential is to be measured. The 
estimated earth-reading is to be subtracted from the reading 
taken in connexion with the bodies to be tested. This differ- 
ence measures (§ 362) the required difference of potentials be- 
tween them in units of the instrument The value of the unit 
of the instrument ought to be known in absolute electrostatio 
measure ; and the difference of readiog found in any experi-. 
ment is to be multiplied by this, which is called (§ S41) the 
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absolute coefficient of the instnunent, to give the required dif- 
ference of potentials in absolute measure. It so happens that^ 
in the portable electrometers of the kind now described which 
have been hitherto constructed, the absolute coefficient is some* 
where about *01» so that one turn of the screw, or one hundred 
divisions of the circle, corresponds to somewhere about one 
electrostatic unit^ with a gramme for the unit of mass, a centi- 
metre for the unit of distance, and a second for the unit of 
time ; but the di£ferent instruments differ from one another hy 
as much as ten or twenty per cent in their absolute coeffi* 
dents. In all of these I have found between three and four 
DanieU's cells to correspond to the unit division ; that is to 
say, between three hundred and four himdred cells to a full 
turn of the screw. With great care, the observer may measure 
small differences of potentials by this instrument to the tenth 
part of a division (or to about half a Daniell's cell). With a 
very moderate amount of practice and care, an error of as much 
as half a division may be avoided in each reading. 

377. But there are imperfections in the instrument itself 
which make it difficult or impossible to secure very minute 
accuracy, especially in measurements through wide ranges. 

(1.) In the first place, I am not sure that the end of the 
needle carrying the hair is protected sufficiently by the wire 
fences (§ 370) from electric disturbance to provide against any 
error firom this source, which possibly introduces serious irre- 



(i.) In the second place, the capacity of the jar in the small 
portable instrument is not sufficient to secure that the potential 
of its inner coating shall not differ sensibly with the different 
distances to which the upper plate is brought, to balance the 
aluminium lever with the hair in its sighted positioa But on 
this point it is to be remarked that the electric density on the 
upper suiface of the guard-plate is in its central parts always 
the same when the hair is in its sighted position ; and it is 
therefore only the comparatively small difference of the quantity 
of electricity on this surface, towards the rim, corresponding to 
different distances of the attracted plate, that causes difference 
of potential in the inner coating of the jar. But if the upper 
attiacting-plate be kq^t for several miautes at any distance,. 
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differing bj a few tarns of the screw, from that which brings 
the hair to its sighted position* the electricity creeps along the 
inner unconnected surface of the glass so as to diminish the 
charge of the inner metallic coating, or increase it, according 
as the distance is too great or too small If then qnickly the 
screw be tamed and the earth-reading taken, it is found smaller 
or greater, as the case may be, than previously ; butafterafew 
minutes more it returns to its preyious value very approxi- 
mately. Error from this source may be practically avoided by 
taking care never to allow the hair to remain for more than a 
few minutes far from its sighted position; never so far, for 
instance, as above the centre of the upper, or below the centre 
of the lower spot 

(3.) A third source of error arises from change of tempera- 
ture influencing the indicationa In most of the instruments 
hitherto made I have found that the warmth of the hand pro- 
duces in a few minutes a very notable augmentation of the 
earth-reading (as it were an increased charge in the jar) ; but 
in the last instrument which I have tested (White, No. 18) I 
find the reverse effect, the earth-reading becoming smaller as 
the instrument is warmed, or laiger when it is cooled. I have 
ascertained that these changes are not due to changes in the 
electric capacities of the Leyden jars ; and I have found that 
the change, if any, of specific inductive capacity of glass by 
change of temperature is excessively small, in comparison to 
what would be required to account for the temperature errors 
of these instruments, which probably must be due to thermo- 
elastic properties of the platinum wire, or of the stretching- 
springs, or of the aluminium balance-lever, or to a combination 
of the effects depending on such properties ; but I have en- 
deavoured in vain, for several years, and made many experi- 
ments, to discover the precise cause. It surely will be found, 
and means invented for remedying the error, now when I have 
an instrument in which the error is in the opposite direction to 
that of most of the other instrumenta It is of course much 
greater in some instruments than in others : in some it is so 
great that the earth-reading is varied by as much as twenty 
divisions by the warmth of the hand in the course of five or 
ten minutes after commencing to use the instrument^ if it has 
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been previooBly for some time in a cold placa Its influence 
may be eliminated, not quite rigorously, but nearly enough so 
for most practical purposes, by frequently taking ea^h-readings 
(§ 375) and proceeding according to the directions of § 376. 

(4.) A fourth fault in the portable electrometer is, that the 
difuneta of the guard-plate and upper attracting disc, which 
ought to be infinite, are not sufficiently great, in proportion to 
the greatest distance between them, to render the scale quite 
uniform in its electric value throughout A careful observer 
will, however, remedy the greater part of the error due to this 
defect, by measuring expei^nentally the relative (or absolute) 
values of the scale-division in different parts of the range. 
There will, however, remain uncorrected some irregularity, due 
to influence of the distribution of electricity over the uncoated 
inner surface, in the instruments as hitherto made, in all of 
which the inner surface of the jar is coated with tinfoil only 
below the guard-plate, so that the upper surface of the guard- 
plate may be seen clearly, in order that the observer may 
always see that all is in order about the aluminium square and 
aperture round it ; and particularly that there are no injurious 
shreds or minute fibres. But the irregular influence of the 
electrification of the uncoated glass, if found sensible, will be 
rendered insensible by continuing the tinfoil coating an inch 
above the upper surface of the guard-plate. 

378. All faults, except the temperature error, depend on the 
amallness of the instrument ; and if the observer chooses to 
regard as portable an instrument of thirty centimetres (or a 
foot) diameter, with all other dimensions, and all details of 
construction, the same as those of the instrument described 
above, he may have a portable electrometer practically free 
fiEom three of the four faults described. It is scarcely to 
be expected that a small instrument (12} centimetres high, 
and 8| centimetres in diameter) which may be carried about in 
the pocket can be free from such errors. But they are so 
tut remedied as to be probably not perceptible, in tiie large 
stationary instrument which I now proceed to describa 
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Standab]) Elbctboustsb. 

S79. This instrament (figs. 12, 13, and U, Plate II) diffets 
from the portable electrometer only in dimensions^ and in 
certain mechanical details, which are arranged to give greater 
accuracy by taking advantage of freedom from the exigencies 
of a small portable instrument It is at present called the 
standard electrometer, in anticipation of either remedying, or 
of learning to perfectly allow for, the temperature error, and of 
finding by secular experiments on the elasticity of metals, that 
their properties used in the instrument are satis&ctory as re- 
gards the permanence from year to year, and from century to 
century, of the electric value of its reading. It is an instru- 
ment capable of being applied with great ease to very accurate 
measurements of differences of potential, in terms of its own 
unit. The value of the unit for each such standard instrument 
ought, of course, to be determined with the greatest possible 
accuracy in absolute measure ; and until confidence can be felt 
as to its secular constancy, determinations should frequently 
be made by aid of the absolute electrometer. 

380. The Leyden jar of the standard electrometer consists of 
a large thin white-glass shade coated inside and outside to 
within 6 centimetres of its lip, and placed over the instrument 
as an ordinary glass shade, to protect against dust, currents of 
air, and change of atmosphere. It may be removed at pleasure 
from the cast-iron sole of the instrument, and then the interior 
works are seen, consisting of — 

(1.) A continuous disc of brass supported on a glass stem, in 
prolongation of a stout brass rod or tube sliding vertically in 
Vs, in which it is kept by a spring [better by two springs 
(§ 369)], and resting with its lower fiat end on the upper end 
of a micrometer screw shaft, shown in fig. 13, where the screw^ 
graduated circle, and stout brass rod are as seen in the instru- 
ment ; the manner in which the lower end of the rod or tube 
is constructed to keep the round upper end of the screw-shaft 
in position is shown in section in fig. 14. 

(2.) Besting on three glass columns, a guard-plate with a 
square aperture in its centre, and carrying on its upper side the 
stretching springs and thin platinum wire suspension of an 
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•lumiiiiixm balance-lever, shaped like those of the gauge (§ 363) 
and the portable (§ 368) already described, but somewhat 
laiger. The tops of the three glass columns are rounded ; a 
round hole and a short slot in line with this hole are cut in 
the guard-plate, and receiye the rounded ends of two of the 
columns, which are somewhat longer than the third The flat 
smooth lower surfetce of the guard-plate rests simply on the 
top of the third j^ass column. The diameter of the round hole 
and the breadth of the slot in the guard-plate may be about 

;^ of the diuneter of corvatuie of the upper hemispherical 

rounded ends of the glass columns, so that the bearing portions 
of the rounded ends in the round hole and in the slot respec- 
tively may be inclined somewhere about 46"* to the plane of the 
platei lliis well-known but too often neglected geometrical 
arrangement gives perfect steadiness to the supported plate, 
without putting any transverse strain upon the supporting 
^ass columns, such as was almost inevitable, and caused the 
breakage of many glass stems, before the mental inertia opposing 
deviations from the ordinaiy instrumenlnmaker^s plan (of screw- 
iog the guard-plate to brass mountings cemented to the tops of 
the glass columns) was overcome. It has also the advantage 
of allowing the guard-plate to be lifted o£f and replaced in a 
moment 

(3.) Principal electrode projecting downwards through a hole 
in the sole of the instrument^ and rigidly supported from above 
by a brass mounting cemented to the top of a thick vertical 
glass column, connected by a light spiral spring with the lower 
attracting plate moved up and down by the micrometer screw. 
The aperture round the principal electrode may be ordinarily 
stopped by a perforated column of well paraffined vulcanite 
projecting some distance above and below the aperture, which 
I find to insulate extremely well, even in the smoky, dusty, 
and acidulated atmosphere of Glasgow. When an extremely 
perfect insulation of the principal electrode and connected 
attracting plate is required, the vulcanite stopper surrounding 
it may be withdrawn from the aperture, so that the only com- 
munication between the electrode and the case of the instru- 
ment may be along the two glass columns in the artificiaUy 
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dried interior atmosphere of the case ; bat from day to day, 
when the instrument is out of use, the aperture round the 
principal electrode should be kept carefully stopped, if not by 
a Tulcanite insulator by a perforated cork; (al^ough I find 
but little loss of insulation^ either along the inner glass sur&ce 
of the Leyden jar or along the three glass columns, when this 
precaution is n^ected). 

(4.) Temporary chaiging-^rod enclosed in and supported by a 
vertical insulating column of para£Sned vulcanite, or a glass 
tube well varmshed outside and thickly paraffined insida 
This insulating column bearing the chaiging*rod is turned 
round till a horizontal spring projecting from its upper end 
touches the inner coating of the jar, when this is to be chaiged 
from an independent source, or when, for any other experimental 
reason, it is to be put in connexion with a conductor outside 
the case of the instrument 

(5.) A small replemsher of the kind described for the quad- 
rant electrometer (§ 362), but with much wider air-spaces to 
prevent discharge by sparka 

(6.) A laige glass or lead dish to hold as large masses of 
pumice as may be, which are to be kept sufficiently impreg- 
nated with strong sulphuric acid 

381. A considerable portion of the jar above the guard-plate 
is left uncoated to allow the observer to see easily the hair and 
white background with black dots ; also several other smaller 
parts of the glass above the guard-plate are left uncoated to 
admit light to allow a small ciroular level on the upper side of 
the guard-plate to be seen. The long arm of the aluminium 
balance-lever is very thoroughly guarded by double cages and 
fences of wire (§ 370), so that it can experience no sensible 
influence fix>m electric disturbing forces when the covering jar 
is put in position and electric connexion is established between 
its inner coating and the guard-plate by projecting flexible 
wires or slips of metal 

383. The aluminium square plate is somewhat larger, and 
the platinum bearing wire somewhat longer in this instrument 
than in the portable electrometer, to render it sensible to smaller 
diflferences of potential The step of the screw is the same as 
in the portable (lAr of an inch), and one division (ilv of the 

u 
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drcamference of the screw-Head) oonesponds to a difference of 
potentials which, roughly speaking, is equal to about that of a 
single cell of Darnell's. The effectire range of the instrument 
is about six^ turns of the screw, and therefore about 6000 cells 
of Daniell'a That of the portable electrometer is about 16 
tuns of the screw (equivalent to about 6000 cells). Neither 
of these instruments has sufficient range to measure the poten- 
tial to which Leyden jars are charged in ordinary electric 
experiments, or those reached by the prime conductor of a 
powerful electric machine. The stationary instrument with its 
long screw and its laige plates now described, would go far 
towards meeting this want if its aluminium lever and platinum 
suspension were made on the same scale as those of the port^ 
able electrometer; but for an instrument never wanted to 
directly measure differences of potentials of less than two or 
three thousand cells, the heterostatic (§ 386) principle is iA 
general not usefiil, and therefore I have constructed the follow- 
ing very simple idiostatio (§ 386) instrument, which is adapted 
to measure with considerable accuracy differences of potential 
from 4000 cells upwards, to about 80,000 celLs. 

LOKO-BANOE ELECTROMETEB. 

"11 
383. In this (fig. 16, Plate VI^) the continuous attracting^ 

plate is above, and the guard-plate with aluminium balance 

below, as in the portable electrometer ; but, as in the standard 

stationary electrometer, the upper plate is fixed and the lower 

plate is moved up and down by a micrometer-screw. The 

mechanism of the screw and slide has all the simplicity and 

consequent accuracy of that of the standard electrometer. In 

the only long-range instrument yet constructed the step of the 

screw is the same as that of the others (lAr of an inch). In 

future instruments it would be well either to have a longer step 

or to have a simple mechanism (which can be easily added) to 

give a quick motion ; as in the use of the present instrument, 

the taming of the screw required for great changes of the 

potential measured is veiy tedious. The guard-plate projects 

by more than an inch all round beyond the rim of the upper 

attncting-plate ; partly to obviate the necessity of giving it a 
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iliick rim, wluch would be required to pierent bniahee and 
sparks fifom originating in it^ if it had only the same diameter as 
the oontinnona plate above* and partly to guard the obeerver 
from receiving a spark or shock in measuring the potential of 
an electric machine or of a Leyden battexy, and to prevent his 
hair from being attracted to the upper plate. Thus the guard- 
plate is allowed to be no thicker than suffices for sti£fness, and 
this allows the observer to see the hair at the end of the 
aluminium balance-lever without the lever being made of a 
dynamically disadvantageous shape, as would be necessary if 
the guard-plate were thick, or had a thick rim added to it. 
No glass case iB required for this instrument The smallnesa 
of the needle and the greatness of the electric force acting on 
it are such that I find in practice no disturbance to any incon- 
venient d^ree by ordinary currents of air ; although it and all 
these attracted disc instruments show the influence of sudden 
change of barometric pressure, such as that produced by open*^ 
ing or shutting a door. If not kept under a glass shade when 
out of use, the lower surfeuse of the upper attracting-plate, and 
the lower surface of the guard-plate and attracted aluminium 
square, should be carefully dusted by a dry cool hand. Gene- 
rally speaking, none of the vital electric organs of an electro- 
meter should be touched by a doth, as this is almost sure to 
leave shreds fatal to their healthy action. 

[(Addition, 1870) I intend to cover the whole instrument 
with a glass shade, well varnished over a huge space round an 
aperture in its top, into which an insulated electrode for the 
upper plate will be cemented : because with the instrument 
open as it is at present great difficulty has been experienced in 
measuring high tension on account of dust and shreds which 
impair the insulation.] 

384. The effective range of this instrument is about 200 
turns of the screw. Sather greater force of torsion is given than 
in the portable electrometer, and a rather smaller attracted disc 
may be used, so that upwards of four cells may be the electric 
value of one division. The instrument in its present state 
measures nearly but not quite the highest potential I can 
ordinarily produce in the conductor of a good Winte/s electaio 
machine, which sometimes gives sparks and brushes a foot long. 
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385. The dassification of electrometers given above is founded 
on tbe shape and kinematic relations of their chief organic 
parts ; but it will be ronarked that another principle of classi- 
fication is presented bj the different electric systems used in 
them, which may be divided into two classes : — 

L Idiostatic, that in which the whole electric force depends 
on the electrification which is itself the subject of the test. 

H Heterostatic, in which, besides the electrification to be 
tested, another electrification maintained independently of it is 
taken advantage o£ 

Thns^ for example, the long-range electrometer (§§ 383, 384) 
is simply idiostatic, and is not adapted for heterostatic nse ; but 
each of them may be used idiostaticall j* The absolute electro- 
meter was at first simply idiostatic (§§ 358-363) ; more recently 
it has been used heterostatically, and is about to acquire (§ 363) 
special organs adapted for heterostatic use ; as yet, however, no 
species of the absolute electrometer promising permanence has 
come into existence. [See §§ 364-367 describing a heterostatic 
absolute electrometer of a species which (Jan. 1871) promises 
to be permanent] 

386. It is instructive to trace the origin of various hetero- 
static species of electrometers by natural selection. A body 
hanging; or otherwise symmetrically balanced, in the middle 
of a symmetrical field of force, but free to move in one direc- 
tion or the other in a line tangential to a line of force, moves 
in one direction or the opposite when electrified positively or 
negatively. Bohnenberger^s arrangement of this kind has a 
convenient and approximately constant field of force ; and his 
instrument was chosen in preference to others which may have 
been equally sensitive, but were less convenient and constant^ 
and it became a permanent species. 

387. Sennet's gold-leaf electroscope, constructed with care 
to secure good insulation, electrified sufficiently to produce a 
moderate divergency has been often used to test, by aid of this 
electrification, the quality of the electrification of an electrified 
body brought into the neighbourhood of its upper projecting 
electrode, causing, if its electricity is of the same sign as that 
of the gold leaves, increase of diveigence; if of the opposite 
dlgo, diminution. By connecting the upper electrode with the 
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inner coating of a Leyden jar with internal artificially dried 
atmoephere, the charge of the gold leaves may be made to last 
with little loss from daj to day ; and by inanUtfng Farada/s 
metal cage (§ 342) round the gold leaves, and alternately con- 
necting it with the earth and with a conductor whose difference 
of potentials horn the earth is to be tested, an increase or a 
diminution of diveigence is observed according as this differ- 
ence is negative or positive, the gold leaves being positive. 
Hence (through Peltier^s and Delmann's forms) the heterostatic 
stationary and portable repulsion electrometers, described 
(§§ 274-277, 263 above) in the Boyal Institution Lecture 
on "Atmospheric Electricity," and in Nichol's Ojfdopasdia, 
article " Electricity, Atmospheric^** already referred to, of which 
one species still survives in Eling^s College, Nova Scotia* and in 
the Natural Philosophy Classroom of Edinburgh University. 
The same form of the heterostatic principle applied to Snow 
Harris's attracted disc electrometer gave the portable and 
standard electrometers described above. 

388. A modification of Bohnenbeiger^s electroscope, in which 
the two knobs on the two sides of the hanging gold leaf became 
transformed into halves of a 
circular cylinder, with its axis 
horizontal and the gold leaf 
hung on a wire insulated in 
a position coinciding with its 
axis ; producing a species de- 
signed for telegraphic pur- 
poses, but which did not ac- 
quire permanence by natural 
selection, and is only known 
to exist in one fossil specimen. 
In this instrument the wire 
bearing the gold leaf was connected with a chaiged Leyden 
jar, and the semi-cylinders with the bodies whose difference of 
potential was to be tested. But various modifications of the 
divided-cylinder or divided-ring dass with the axis vertical 
and plane of motion horizontal have done some practical work, 
and one species, the new quadrant electrometer (§ 346), pnn 
mises to become permanent 
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